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PREFACE. 


At  the  reqnest  of  many  teachers  who  wish  eel  to  use  the  Hand- 
Book  as  a  practice-book  for  their  pupils,  no  answers  and  but  few 
hints  were  given  in  the  book,  but  it  has  been  thought  desirable  to 
prepare  this  "  Companion  "  which  will  fully  meet  the  wants  of 
both  Teacher  and  Private  Student,  as  expressed  in  numerous  sug- 
gestions from  Teachers  and  Students  throughout  Ontario.  Full 
solutions  are  given  of  all  the  difficult  problems,  and  in  every 
case,  the  hints  and  steps  are  such  as  to  meet  the  requirements  of 
the  Student.  It  is  beheved  that  the  Key  will  prove  useful  not 
only  in  lessening  the  labour  of  Teachers,  but  also  in  assist- 
ing that  large  class  of  Students  who  are  endeavouring,  without 
the  aid  of  a  Teacher,  to  obtain  a  thorough  grounding  in  Element- 
ary Algebra. 

To  J.  Ryerson,  M.A.,  of  Barrie  Collegiate  Institute,  J.  C.  Har- 
stone,  M.A.,  of  Port  Hope  High  School,  and  Mr.  Jas.  Miller,  of 
Bowmanville  High  School,  my  thanks  are  due  lor  valuable  as- 
sistance in  the  preparation  of  the  Key.  J.  A.  M. 


Digitized  by  tine  Internet  Arciiive 

in  2009  witii  funding  from 

Ontario  Council  of  University  Libraries 


http://www.archive.org/details/keytoteachershandOOmcle 


CHAPTER  I. 

Exe-cise  i..  page  1. 

1. 

9;   -69;   1  ;  0;   1206;   -29;  If. 

2. 

-160;   106;  41  ;   108. 

a. 

-rV  Ih   -25,  125;  ^V   "31,    -4Vt;  0,    -1. 

4. 

9,  3;  7,    -,V 

5. 

176;  82,  254f4;    -37-7i3/3. 

6. 

.18  each. 

7. 

146;   14;    -72;    -270  ;  396. 

8. 

Eacb  =  0. 

Exercise  ii.,  page  7. 

1. 

-1;         2.      -166542;                  3.      100. 

4. 

-2967511;             5.     968;            6.      -162             7.     10 

8. 
2. 

-8;          9.     0;          10.      -20;         11.     706440254900 

1  +  3 

— 

13 

-38 

+  3 

3 

+ 

19.75329 

+  31.8043 

.5 

•5 

+ 

3  29222 

+  5.3007 

8 

8 

.52675 

.8481 

4 

4 

2634 

424 

4 

4 

263 

42 

3 

3 

20 

3 

1+6-58443 


10.6014 


Ans. 


-3 

1  +  3 

-13 

-38 

.7 

-3.77931 

+   2.3379 

+  30.165 

7 

.5455 

7.038 

9 

545 

.704 

3 

69 

90 

1 

• 

2 

3 

-    .77931 


10.055 


Ans. 
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-2 

1  +  3 

-13 

-88 

.8 

-2.80512 

-   .3898 

+  27.0934 

0 

.1559 

+  10.8374 

6 

10 

677 

1 

13 

2 

3 

1-f   .19488      -13.546' 


0 


Ans» 


13.     0  for  each. 


0,  16a4  ; 
26rt6    -26«.' 


Exercise  iii.,  page  7. 

2.     a,  av^3 ;    3.     2a,  0 
;     5.     0;  6.     4a4  ; 


3   • 


c; 


10.     0; 


7. 
11. 


6«*; 
a 

a  +  6 


12. 
15. 


^  (i+2c); 


14.     0. 


(13).      a2_^i2^c2; 

From  the  value  of  x,  the  cube  in  the  given  expression 

/  a+*i  3  3(a  +  6) 

becomes    L,  _    I     ;  also  x-\-1a^h=  — ^ — >  andx  — a  — 26=  — 

3(«+^') 


the  second  fraction  in  the  given  expression  =— 1, 


and  the  result  is 
16.  0; 


17.  0 


+ 1  =  (12rt 2^  _  Ucdr-  +  2863)  ^  (36  -  a)3. 
18.    -62c;       19.    20,  21,  22,  each  =  0. 


23.  The  square  of  the  difference  of  two  quantities  is  equal  to 
the  sum  of  their  squares  diminished  by  twice  their  product. 

24.  (rt  +  6)(rt-6)  =  rt2_i2;         25.  2(^+6)7i,  4a;2. 

26.  The  product  of  two  binomials  which  have  one  common 
term,  is  equal  to  the  square  of  the  common  term,  plus  the  sum  of 
the  unlike  terms  multiplied  by  the  common  term,  plus  the  product 
of  the  unlike  terms. 

27.  (a  +  6)2-2a6  =  a24-62. 

28.  The  sum  of  the  cubes  of  two  quantities  is  equal  to  the  sum 
of  the  cubes  of  the  quantities,  increased  by*thi'ee  times  their  pro- 
duct multiplied  by  their  sum. 
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29.  {x-y^^  =x^  -y^  -?>xy{x-y.)     30.  ^^—^^^^  =  {x  -  yY -^  y-y . 

X  -r  y 

31.  The  difference  of  the  cubes  of  two  quantities  divided  by  the 
difference  of  the  quantities,  is  equal  to  the  square  of  the  sum  of 
the  quantities,  diminished  by  their  product. 

32.  r/2  =  3/2.  33.  ;  =  ^/(i,/3). 

34.  Area  =  ^  \^(2m^)  x  \/(2/2),  where  /,  m,  are  the  sides  of  rect. 

35.  xr-,  w(r2 -r'3)  =  7r(?--fr')(r-r'),  where  r,  ?•' are  the  ra-lii. 

36.  ifr^h,     ^nvr^h,     ^nr^h. 

Exercise  iv.,  page  10. 
1.     2(&a:-hn/).  2.     ^{nx-by). 

3.  a^{x-z)-ab{x-y)-b^{y-z).       4.      ^x-\-y-{-z){a-\-h-[-c). 

6.      2{x  +  y-\-x){a-^-\-b^-\-c^-ah-ac-~hc).  7.     0. 

8.     2(ax'  +  c?/+/-2).  9.     rt2  4./,2_|_^2. 

10.  'lx\a-2b).  11.     (a  +  6-6-) 

Exercise  v.,  page  12. 

1.  2(a;2+9?/4),  4rt=62.  4.  4(a2_62)3. 

5.  0:2  +  4.7:,  -3ia;4-4a:-?/2  4. 3I2/4.         6.  a^ . 

8.  a;2_6a:3  +  9aT4+2a-?/-6iJ?/2-6a;2?/  +  18a;2?/2+y2_6^^3^9y4 

9.  4a:?/(2-2-7/2)^2(l  +  12a:2  +  16a:4.)     10.  ^\c^, 

11.  «2_262,  8rt6(rt  +  6)2.                         12.  ^2[a-c){h-d). 
13.  -l:t;2  4  iy-j+|22^i  (^,^4.^2+2;^)       15.  (1+^:2)2. 

16      4(av/  +  ?/2  +  za:)-2(a:2-|-^2_|_2-2j.      -17.     ^2. 
18.     (rt2+262_2c2)2.  19.     IQx^-y^. 

20.      -4rt6.  21.     4(a  +  6+r)2. 

23.     4(l+a;2+a:4+a;«).  24.     (a2:c2 +^,2^2)8. 

Hints  and  Solutions. 
1,  2,  3.     See  Ex.  1. 

4.  The  quantity  in  first  brackets  is  seen  to  be 
(a-^ou-\-a  —  b)~=-i\^a  +  b)-y  now  multiply  tins  by  {a  —  b)^. 
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5.  Actual  expansion,  or  use  formula    [4] . 

7.  Actual  expn.  of  given  expression,  or  by  symmetry. 

9.  See  Ex.  1. 

10.  The  expression    is  seen    to    be   (2«  —  6  +  26— c  +  2^-a)' 

-(rt  +  6  +  C)2=&C. 

12.  Actual  expansion,  or  by  formula  [4] 

{a^2b-{-c){a-c)-{c+2d  +  a){a-c)  =  kc. 

13.  Expression  is  seen  to  be  {hx  —  y-{'hy  —  z+lz  —  x)^  =  &c. 

14.  Transi-)03e  left  hand  member,  and  expression  becomes 
(x  —  y  +  y  —  z-}-z-x)^=0,  &c. 

15.  Expn.=.(l-|-a;)4-2(l+x-2)(l4-a;)2  +  (l+a;2)2-|. 
(l-x^)^  =  {(1-hx)^  -  {l+x^)}-^  +  {l  -x^y-,  &G.     See  Ex.  4. 

17.  {(a;-2y  +  82)-(e2     2?/)}2  =  &c. 

18.  Expn.  = } [a^  4-  62  _ c2)  -  (c-2  - 62) }  2  =  &c. 

19.  Expn.=  {(.'c+^)2-(a;-2/)2p=&c. 

21.  Given  expn.  =  (3a-6+36-c-+3c- 6')2  =&c. 

22.  Expn.   =      (2ir2-^2_^2?/2-c2+222_x2)2=    a;2  +  //2-{-22)a 

=  &c. 

23.  'Exim.  =  2{{1  ^x^ y -{- {I ~x^)-^ -{-{x+x^y  +  {x-x^y} 
=  &c.     See  Ex.  2. 

24.  Exr)u.  =  {ax-{-by)'^~2{a^x^+h^7j^)(ax  +  by)^ 

-\-{a^x^-\-h^-ij^y  +{n^x^  -b-^y^)^ 

=  {{ax-\-b7j)^-{a^x^-\-h^y^)\^-\-{a^x^     b^y^)^ 

=  4a262a;2^2_^(./2.,.2_^2y2)2  =  &c.     See  Ex.  4. 

Exercise  vi. 

1.  l-4a:+10;c2-20a:3  +  25a;4-24:/;5-f  16:^6  ; 
1 -2a;+3tc3 -4.'c3+3a;4  -  2a:^  H-:c«. 

2.  1  -4a:  +  8.v2  -  Ux^  +  Ux^ - Sx^  +  ox^  +  Ga:^  +  x^  ; 
l  +  6x'+15a;2-^20u;3  +  15a;*  +  6a;^+«6. 
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1 -f-a;3 +y 3 +22  _  2;c 4- 2^  +  2z -  2.r?/ -  2^2  +  2//3  ; 
^x-^  +1^2+3622  _^^.^-f  6.?^  -4.V2. 

4.  x^  -2x''!/ i-Sx^y^  —  4x^!/^  -^-Sx-y^  -2xy'^  +1/^  ; 

4-2c-(/x--+(/2^.8. 

5.  By  actual  expansion,  or  left  hand  member  is  seen  to  contain 
[ay  —  bx)^      :.  by  s\"mmetry,  &c. 

6.  Expression  = 

{ (ax  +  by  +  cz)  +  {hx-^rcy  +  az) }  { (a^i-  +  hy  +  cz)  -  (/)a;+  cy  +  «2) } 
=  {ax + 6//  +  rz)  3  -  (^x-  +  cy  +  az)  2 

7.  Multiplying  by  2,  we  have  to  show 

{^a-h)^  ^{b-  cy-  ^{a-cY  -2{a  -b){a-c)-\-2{a-b){b  -c) 

-2{a-c){b-c)  =  0, 

i.e.,  {{a-b)  +  {b-c)-{a-c)\^=0, 

8.  S{a^+b2-\-e^)-2{ab-{-bc  +  ca). 

9.  Expand  the  giren  expression,  and  result  can  be  put  in  the 
required  form.  Or,  expression  is  symmetrical  with  respect  to  b 
and  a  I,  which  may  therefore  be  interchanged,  giving  the  re- 
quired result. 

10.  Putrt  — 6  =  a;,  b  -c  =  y,  and  :.  a  —  c  =  x+y;  then  we  have 
to  show  (xy  —  xy  —  y^—x^  —  xyy=x-y^  +  y^{x-{-yr-\-x-{j:-\-yy, 
i.e.,  {x^  +xy-\-y^)-  =&c.,  then  see  Ex.  4. 

11.  -^a-  -\-lb-^x^  +^\c^x^-\-4:'J^x^  -2abx~acx^Sadx 

-\-\bcx^  -2bdx^  —cdx- . 

12.  Put  x=b  —  c,  y  =  c  —  a,  and  .•.  x-\-y  =  b  —  a=-z,  since 
a:+z/+2  =  0.      Then  x^-^y^-\-z^={b-cY+{c-a)^-^{a-b)^ 

=  ,  by  Ex.  6,  2(rt-/;)2(6-c)2  +  2(6-c)2(i--«)2+2(c-a)2(a_6)3 
=  2(ic2^2+y222+22a;2);  but  {x^  -y^- ^  ^  &,c.,  =  2[x^ -t  y^ -\-z^) - 
2{x^y^-\-y^z'^+z'^x^)=x^  +  y^i-z^,  by  substituting  from  the  first 
result. 

13.  The  given  expression  reduces  to  2(a^b'^ -\- b^c^  +  c^a^) 
i-4rt6c(a  + 6  +  c),  which  by  Ex.  2,  gives  the  result. 
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Exercise  vii.,  page  15. 
1.  (a2-i2)2;  2.  ix^^!/^;  3.  a4^_3,,3^2  4_464. 

4.  a;4-7/4  ;  5.  a^s  .  6.  16a;2  ;         7.  0. 

8.  {2^/2  _|.(3A2_4,.2)}|2^2_  (3^2  _4c2)} 
=  4rt4_9^,4  _  16c4+24/j2c2. 

9.  {6  +  (2a-3c)}{6-(2a-3c)}=i2_9c2_4^^8  4.12ac; 
{-3(^  +  (2't-6)}{-3c-(2a-6)}  =  9c2-4«2_/>2_u4a6. 

10.  x^-y»,  11.  :c8+:c4z/4  +  ?/8. 

12.  Expression  =  (a +  6) 2 _(rt/,4- 1)2  =a2_rt2/,3^.62_i. 

13.  First  two  facto-s  are  (b^-^-c^  -a^){b^ -^-c^+a^) 

=  (62+c2)2_a4=^)44c4+262c2-rt4 

=  262c 2  by  given  condition. 
The  second  pair  of  factors  gives  {a2-f-(62  -c^)}  x 
1^2  _ (^2  _  c2)|  =  a4  _  (52  _  c2)2  =  a4  -  (64+c4  -  2/;2c2)  =  263c3  by 
the  given  condition  ;    /.    result  is  262c2  x  262c- =464c4. 

14.  ^4_|_,^4_^^;^^2^2. 

15.  {x^  +  Sx^-[-l-{2x^+2x)}x{x^+dx'^-hli-{9.x^  +  2x)} 
=  a;8  +  2ic«+3a;4 +  2.^2^1. 

16.  4:a4'x^  -4:a^x>/-ha^}j^  -a^x^-2a^x^ij-{-2ax^  +  2ax^ij-x^. 

17.  Apply  formula    [4]  and  result  is  at  once  obtained. 

18.  Using  formula  [4]  the  mm.  of  the  quantities  whose  squares 
are    given,  =a- +62 +c2+a6+6c+ca+a3  +  a64-ac  — 6c  =  (a-|-c)2 
-f-(rt  +  6)2.     And  the  difference  of  the  quantities  =  a2  -|-62  ^c^-^ab 
hc-i-ca  —  a^-ab  —  ac-\-bc  =  (b-\-c}^;    .'.  product   is    {(rt  +  c)2  -f 
(a+6)2}  x(6  +  c)2  =  (a  +  c)2(6+c)2  4-(«  +  6j2(6  +  c)2  =  &c. 

19.  By  formula  [4]  expression  =  2(rt6  +  cc?) +  a2  + 62— c^ -rfs 
multiplied  by  2(^6  -i-  cd)  —  cr^  -  62  +  c2  +<;Z2.  The  former  factor  = 
(^a-irbY -{c-d)^  =  {a  +  b-^c~d){a  +  b-c  +  d) .  The  Latter  idi,cioT 
=  {c-\-d)^  -{a-by  =  [^i:^d-Ya-b){c-\-d-a-\-b),    :.    &c. 

20.  By  formula  [2]  the  first  factor  is  (x  —  y+z)^,  and  the 
second  is  (a;-y-z)2  ;  .-.  their  product  is  {(a;  — 3/+ s; (a;  — ^  —  ;s)} 2 
=  (a;2+^2_2;c//-22)2. 
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21.  x^  -y\  22.  ^--6a2  +  27a*. 

23.  Expression  =  {m'\-p-\-n  +  q^{m-\-p-{n-\-q)\ 

21.  First  pair  of  factors  gives  {x^ -[-x  -l){x^  +t -{-l)=x^ -\-1x^ 
4->'- -1.    Tiie  second  pair  gives  {l-\-x- -x){i-{x'^ —x))  =  1  -  x^ 
H-2.c^  —x^.     The  only  term  exactly  the  same  in  these  two  results 
is  Ix^y  we  have  .-. 
(2a;3  4-^-4  +.7:2  _  l)  .[9.v,.3  _  (2,.4  4.-^.2  _  1)}  :^  2.^2  -irx^^-2x^  -x^-  1-. 

25.  Expression  =  (a;4+;r2^2+.y*)2-(a;2?/2)2=  by  formula    [4] 
(«* -\-x^y^+y^ ■\-x^y^){x^  +x^y^  +2/*  -  x^y^) 
=  \x''-\-y^)^{x^^y^)  =  x^{.v^+y^Y^^j^[x^+y^f 
=  (.i;*i-x-2^2)3_p(2^4  4.a;2^2)3.     See  Ex.  4. 

Exercise  viii.,  page  16. 

1.  a:*-4-4x3 +3^-2  -2x--12;  ^2  +  72  _2.r^-|- 8.^3- 8^/2 -h  1522. 

2.  a:^  +  12.c34.49a;2^. 78a; 4-40;  see  Ex.  2;  x^ +hx^  -  a^ 

4-3a6-2/y2. 

8.  a8+8rt6_i0a4_l04(i2  4-105;  x^  ^1x^  -  x^ -1. 

4.  a:4^.5^;3^2  _  12^-2^3  4_5^;^^3+y4. 

i:2  v^  1x         1y 

5.  a:-"-2a;''~rt2-16rt-63;  -^   +   —   +   —  +  — -1 

7/2  ^2  ^  ;,. 

6.  n2a:2_^2??a:^4-?/2  4-10/2a:+10</+21. 

J.  (a;4-^)2+2//(a:+«)-%^- 

8.  a;*"  f  2a;3"4-a;2«(l_a-6)     a;"(«  +  />)4-«6. 

9.  ^a;8-a;-t//2  4-?/4-a^4  4-23/3-8. 


/I  1  '3  /I  1  \  5 

10.      —   4-  —      +2   —  +  —    --r. 
\  X  y  I      '      [x  y  I       4 


11.  First  and  third  factors  give  (a>-2)2  _2  =  a;2 -4a:+2  ;  the 
second  and  fourth  give  (a;  — 2)2  —  3  =  a:2  —  4x4-1,  a^j  ^;g3_4^4_2j 
(u;3  _4ic4- 1)  =  {x^  - 4ic)2  +  3(^2  _4a;j  4-2 

=  a;4-8j;3  4.i9a;2_i2a;4-2. 

12.  (x-{-b  +  a){x  +  b-a)  =  {xi-b)^-a2  ;  and  (x  +  b  -  c)(x+b  +  r) 
-  (x-\-h)^  -  c2  ;  product  of  these  =  {x-\-b)^  -  {a^ -\-c^){x-\-b)^  -{-a^c^. 
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13.  Expres8ion  =  (rt-f6)3-|-(rt4-6)(c  +  f?)4-e^ 

+  {c-{-d)^-{-{c  +  d){a-^h)+ab 
^{a-\-h+c-\-cl)2  =ab-\-cd. 

14.  Apply  the  formula.  Or  by  symmetry  as  in  Ex.  7,  pa»e  36. 
Type-terms  are  a^  and  ab ;  we  see  that  there  is  no  a^  and  dab 
:.  &c. 

Exercise  ix.,  page  17. 

1.  2(l  +  3a:4);  2xi/^(3x^ +x^y^). 

2.  96(^2  +  63+^^2);  i(27a2_27rt6+762)  3.  (x+y)^. 
4.  8rt3.       5.  Sx^.       6.  Sx^       7.  «3.       8.  27a:3.     9.  (2-Ha;)3. 

12.  8(a;2+?,'2)a.    14.  (a^ +b^){x^+y^).    15.  0.  16.  0. 

Hints  and    Solutions. 
1  and  2.     See  example  1. 

3.  ={xi-y-z-\-z)^.     See  Ex.  2. 

4.  Sum  of  the  two  cubes  is  (Ex.  1.)  2a{a^ -\-Sh^),    :.    &c. 

5.  Last  term  may  be  written  -h^ix-y){x  +  y)^  :,  expression 
=  {x-y  +  x+yr  =  {^xy^  =  &o. 

6.  'E.xim.=  {(l+xi-x^)-{l-x-\-x^)}^  =  {2x)^.      See  Ex.  3. 

7.  Expn.  =  ((t-6-c+6  +  r)3.     See  Ex.  2. 

8.  Expn.=  {(3:c-4//+5z)-(o2-4?/)}3  =  &c. 

9.  By  formula  [6]  tliis  is  {{l-\-x+x^)  +  {l-x)}^  =  &c. 

10.  First  term  of  given  expression  is  «*  _  Qa^b-^12>a^b^  —  8nb^  ; 
in  this  write  a  for  b  and  b  for  a,  and  2nd  term  is  b^  —  Qb^((-{. 
12/>2rt2  _  8kt3,  ;.  difference  is  a*  -  6*  - 6a6(rt2  -b2)-\-8ab{a^  -  62) 
=  ,,4_54+.2'<6(a2-62)  =  (a2-62)(<t2+^2_|.2«6) 

_  /a  -  b)[a  +  6)3.     Or,  expand  botn  sides  of  identity. 

11.  See  last  solution. 

12.  By  formula    [6]    lhis=  {{x^+xy+y^)-{-{x^ -xy+y^)}^^■ 
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18.  Treating  left-hancl  membGr  as  in  10  above,  there  results 

=  {a^+b^)^+Ua^b^{a^-^b^)+4t^a^L^  which,  formula  [1] 

14.  Expand  the  first  cube  by  formula  [6],  and  last  term  of  given 

expression  cancels  out,    .*.  &c. 

15.  From  the  given  condition  c=  -(a-{-h)  ;  substituting  this 
value  of  c  in  the  given  expression,  it  becomes  a^  +  b^  -{a-\-b)^ 
+  3rt/>(a+6)  =  (a+6)3-(rt+6)3,  by  formula  [6]. 

16.  As  in  last  solution  ;  y-  =x^  +z^j  substitute  in  given  expres- 
sion this  value  of  z/-,  &c. 

Exercise  x.,  page  19. 

1.  l-Bx+6.v^-7x^-\-6x^-Sx'+x^; 

a^  ^I3_c3  _Sa2(b  +  c)-hSb2{a-c)  +  3c^(a-b)-}-ealc  ; 

1  - ex+21x-^ -  5Gu;3  +  lll.<;*  -  174x5  +  219a;6  - 204x^  +144a;«  - 
-6^xK 

2.  -  (x^  +lSx^  i-llx'  +29x^  -24x'  ~m:c*  -^ox^  -Sx^  -2.) 
5.  0.       6.  45.i;6+168  2a:^i/2-432.f2^223.       7.   (^ax  +  by-\-cz)\ 

BfesTS  AND    Solutions. 

1.  Cube  first  two  by  [7]  ;  last  prob.  may  be  treated  as  a  bino- 
mial, and  cubed  by  formula  [6]  ;  or  see  Ex.  4,  p.  36. 

3.  Equating  the  right-hand  members  of  formulas  [8]  and  [9] 
the  identity  is  at  once  derived. 

4.  See  hint  on  Q.  14,  Ex.  9 

5.  By  formula  [8]  the  first  four  terms  of  the  given  expression 
is  seen  to  be  {x -2y-]-y—2z+z  —  2x)^  = —{x-ry-\-z)^,  hence,  &c. 

6.  By  actual  expansion.  But  more  easily  by  symmetry,  as  in 
Ex.  7,  p.  36. 

7.  By  formula  [8]  the  given  expression  is  seen  to  be 

{2ax  —  by-\-2by-cz-\-2cz  —  ax)^  =  &c. 
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8.  Cabins:  bv  formula  [6] ,  expressioD  becomes 

(a;3-?/3)3  +  27a:«//3_|_9^.j^/{(^3_2/3)(a;3-?/34.3u;2y)}  +  27.y3:/'>^ 

{x  +  yY}  =  (x^  -  y^)  3  H-  9x^y{Sx^y^  +  (x^  -y^Y  +  ^^^^l/{^^  -y'^) 

+  ^xy^{x+yY\  ;  now  the  quautity  in  the  last  brackets 

=  {x^-y^Y-\-^xy{x^y  +  x^-x]j^-^x^y-\-^x''if'+^xy^-\-y^) 

=  {;x^  -y^Y  +  ^xy[x''-  -^xy-Vy^'Y  =[x'' +xy+y^'Y  {{x- yY +^xy\ 

=  {x''-Yxy\-y-Y\  2indi  {x^ -y^Y  =  i:x~yY{x- +^y+y-)^^    •'•  &c. 

9.  From  formula  [9]  {a-\-h^cY  -'^'S.a^h  =  a^  +h^+c^  ^Qahc, 
Add  IQahc  to  both  sides,  and  this  becomes 

(^a^h  +  cY  —  ^{a{h-cY+h{c-aY+c{a-hY} 

=  ft3^^3^c3  +  24rt6c,  i.e.,  a3  +  63+c3-(rt  +  6  +  c)3 

=  -^{a{h-cY-\- +  ...}-24fl6c ■ (1) 

From  same  formula,  by  transposing, 

a3  4.^3_|_c3=:(a-f  6  +  c)(rt2  4-62^^2  _  ah -he  -  ca) -\-^ahc 
=  i{(«-6)2  +  (6-c)2+(c  -a)2}(a  +  6  +  c)  +  3rt6c. 

Multiply  both  sides  of  this  identity  by  8,  then 

Add  this  to  (1)  and  the  identity  is  found. 

10.  This  is  derived  at  once  by  putting  x-\-y-\-z  =  0  in  formula 

[9]. 

11.  The   condition   is   ic-2v-3z  =  0;    and   result   follows  by 
writing  in  formula  [9]  —  2^/  for  y,  and  -  82  for  s. 

12.  This  is  same  as  last  two  :  expression  is  divisible  by 
(a;2+a:2/  +  ?/2)  +  (-'^'-^y+2/')  +  22!-',^.^.,by2(a;2+2/2+zn,  &c. 

13.  In  formula  [8]  write  a+&  for  x,  b-\-G  for  y,  and  c-^a  for 
z,  and  the  identity  at  once  appears. 

14.  Cube  by  formula  [G],  and  note  that  last  term  in  right-hand 
member  may  be  written  -3abxy{ax  —  by). 

15.  See  Ex.  9  solved  above. 
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16.  Equate  the  two  right-hand  members  of  formulas  [8]  and 
[9] ,  and  m  the  result  (see  prob.  3  above)  write  a  +  b  —  c  for  a;, 
i  +  c  —  a  for  y,  and  c-^a  —  b  for  z. 

17.  See  solution  of  Ex.  10  above. 

18.  From  15  above  (solved  in  9)  we  have,  by  multiplying  by  2 
ana  subtracting  Gabc  from  both  sides, 
2(a-}-6-fc)3-54'<6c  =  2(a3-j-53 4.^3  _3a6c)  +  6{a(6-c)2 +  ...  +  ...} 

Or  substtuting  for  2[a^-{-b^  -{-c^  —dabc)  its  value  from  15  above, 
=  {(a-6)2  +  (6-c)2+(c-a)2}(rt-h6  +  c)  +  6{a(6-c)2  +  ^(c-a)2 
+c(a  — 6)-}  =  ,  by  addition,  the  required  result. 

19.  In  problem  3  of  this  exercise  (derived  as  in  16)  put  2a  — b 
fox  X,  'Ib  —  c  for  ?/,  and  2c— a  for  z,  and  the  identity  appears  at 
once. 

2U.  From  the  last  (fiven  relation  2xijz  =  2abc\  add  this  to  the 
three  other  given  relations,  then 

x'{y-\-z],:^y''{z+x)-\-z'^{x-\-y)-\-%c>iz  =  2abc. 
But  by  equating  the  right-hand  members  of  formulas  [7]  and 
[8],  we  see    at  once  that   the  Z^^hand  member  of   the  above 
=  {x^y){y-\-2){z^x). 
Note.  — The  above  identities  can  be  proved   as   in  Art.  XXVI, 
Exercise    xi.   page  21. 

1.  x^ ^Qx^y  +  16x^y'^  +20x^y^  +  lbx^y^ -\-Qxy^ -\-y^  ; 

x'  ■^7x^y-{-21x^y-^  -{-S5x^y^  +  Sox^y^  -h  21x^y--^'7xy^  +y'  , 
x^+Sx'  y  +  ^Sx'^y-  -i-oQx^y^  -^lOx^y^  +  o6x^y^  -\-2Sx^y^  -\-8xy' 

x^^  +12x^  ^y+GGx^^'y^  -\-220x^y^  +  4.dox^yi-\-192x' y^  + 
924:x^y^  +792x^y'^  +&C. 

2.  The  signs  will  be  alternately  positive  and  negative. 

3.  a5_5fl46-fl0a362-10a2634-5rt64-63  ;  a^^ -8a^b-{-2Aa^b- 
^S2ab^-{-16b'^  ;  same  as  last,  terms  in  inverse  order. 

4.  l  +  6?ri4-15wi24-20?z3  +  15m4H-6«i5+m6  ;    m^-^bm^  +  lOm^ 

•-h  107^2 +  5?n+l ;     64//iC4.192wi5-f240m4-f  160^3  4-607712 
i-12w-i-l. 
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5.   120.     6.  0^8 -4:««//H-6.c^'/- -  4x27/3 -u  y4  ;  a^-10a^'>'^  + 

160«969  +  240««Z>i2_i92a36i5  +  64fti8.     7.  495a«64-792a'6«. 

8.  Given  expression  =  5x^y  +  10x^i/^-{-5x^y^-{-5x2j^ 

=  5xy{x^ -{-y^ -^2xu{x+y)}  =  oxij(x+y){x^  - xy  +  y^  +2xy). 

9.  Multiply  identity  in  8  by  2,  then 

2,{{x  +  yy  -x^-y^}=  5xy{x+y){2x'^  +  2y^  +  2xy) 

=  5xy{x+y){x^+y^-+{x+yy'}. 
In  this  identity  put  a-:^  for  jc,  c  —  b  for  ^,  and  therefore  a  —  biox 
x+y,  then 

2{(a-fe)5  +  (6_c)5  +  (c-a)5}  =  5(a-6)(6-c)(c-aj{(a-6)24-... 
+  ...}.     See  examples  page  13. 

Exercise  xii. 

ANSWERS. 

1.  l+,^'3-|-.7•4+.r^4-.r^^ 

2.  lJ^x-{-x^  +x^  +a;4 -f .-c^"  +a;7-  +  a;»  +a;9 -\-x^ ^. 

3.  a:4  +  2.t'3-85x2-86A'4-1680; 

2x'9  -  Sx^  +4a;5  +«4+.f  3  -  2x^  -x+  2. 

4.  a;«-57a;4  +  266a;2-l. 

5.  18a;8+21x'+S.^6^2;^  +  63a;3  +  96a;2+43.r  +  6. 

6.  l-ia;2-|cc4, 

7.  6j?i  2  _  4aj9  _  5^8  _  2aj7  ^  g^e  _  lOa:^  +x*  -  5x^  +  o.^^  4  ^_^i^^ 

8.  a;3_|_9a;2+i0a:+ll.  9.  x^-\-Sx^.  10.  ic4_3.c3. 
11.  a;4  +  8a:5-8aj.       12.  (1),  -1;  (2),  -1;  (3),  -4.       13.    -1. 

Hints  and  Solutions. 
Nos.  1 — 11  are  intended  as  simple  exercises  in  Horner's  mul- 
tiplication, but  the  student  who  has  read  the  first  three  Chapters 
will  notice  short  methods  of  solving  several  of  them. 

1.  Omit  x^  from  the  second  member 

(1 +a;+a;2 +a;3 +a;*)(l  -  a;  -  ic^ +a;s_ - a;i  2  ^^1 3)  = 

{l+x  +  x^+x^-\-x^){l-a:){l-x'^  -x^"") 
^{l-.T^){l-x'{l-^x-)}  =  l-x'-x''{l-x^'>). 
Now  add  the  omitted  {1+x+x^  +  x^  -\-x'^}x^. 
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[The  above  is  the  solution  of  the  problem  as  it  appears  in  tha 
Hand-Book  ;  a  misprint,  however,  occurred,  the  problem  should 
hfive  been  {l-i-x+x-  ■}-x^-{-x^){l  -x"-  ^x^  -x""  -\-x''  -x^--^x^^) 
of  which  the  product  is  l+x+x^-\-x^-{-xy'' . 

2.  {\+x-)(\+x^x'\+x^+x^){l-x^{l-x)\  = 

l+x-\-x-  +x^  -^x^  +x^-\-x^  ^x"^  ^x""  +x^  -x^{\  -x^ ''). 

1  (correeted)  and  2  a-e  particular  cases  of  the  general  theorem 
l-\-''^x-  +  ...-\-x'-''+^-'^^x''^'^-hx''^'  +  ...'\-x'^-^-irx"*+x'^"+'''^'' 
=  {l+x+x-  + . . .  +x'^){l  - x^'-^-x^'^^ - a;'"+i+'-4-a;"'+2+* -a^'"+2+*^ 

^'Lm-^oJfk _j_^.OTrn— 1^  +  w+ft^ 

4.   {(a;3-16:c)  +  (5a;2-l)}{(x3-16a;)-(5x- -1)}  = 
(a;3-16.6-)2-(o:c2_l)2. 

6.  i/(l+^)  =  l+^.c— I..-2  +  &C. 

.-.    V{l—x)  =  l~^x—^x^  —  &.G.,  (by  writing  — o;  for  .r), 

and    V{l-x-)  =  l  —  ^x-  -|a;4-&c.,  (by  writing— a;^  for  x). 

12.  Arranging  the  terms  of  the  sum  in  order 

x^^-\-x^^+x^^  + +x^+x=  -1, 

•   or,  a;i6^^j5_^^i4.|_ ^^2^x  +  l  =  0.  (a) 

Multiply  both  members  by  ic  and  add  1  to  each  product. 

a;i7_|.^a6_|_^i5_^ j^x^+x^'^x+l  =  i  (6) 

{l)-{a)  .:  x^''  =1 

.-.  x^^=x,  x^^=x^,  a;2o=a;3,  &c.  (c) 

The  product  of  the  first  pair  of  factors  is 

-h.l'2  4  4.a;2o_^3.2  8^3.3l  =  |by  {c)}x^ -^X^  ^  X^ +X^  "^  ^X^'^  ^-x"^  ^  + 

-|-a;i  5  _|.3.i  6  j^x  +  x-  +x'^-\-x^-{-x''  +a;8  ^-x^  ^  +./j1  •*  =  - 1. 

Similarly  the  other  products  may  be  found.  Instead  of  writing 
the  two  lines  as  above,  the  student  will  find  it  convenient  to  write 
only  the  latter  line  ;  this  may  be  done  by  subtracting  17  at  once 
from  any  index  that  rises  above  that  number.  Detached  coeffi- 
cients should  also  be  used. 

13.  AiTanging  the  terms  of  the  sum, 

a;i  2  4.3.11  ^3.1  o_^ +x^^x=  -1.- 

or  0:^24.^1 1  4.^1 04. 4_3;2  4.3,4. 1^0. 
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Multiply  both  members  by  x  and  add  1  to  eacli  product 

iCl3+:c'2-f.fll  + _|_;c3-|-x2+^  +  l  =  l, 

.-.  x^^  =  l,  j-'^'^=x,  x^^=x^,  x^^=x^,  &c. 

Multiply  the  given  factors,  subtracting  13  from  any  index  greater 
than  that  number,  the  product  is 

5{x+x''+x^-^ +x^ '  +x''')  +  lx'^  =  -5+4:=  -1. 

The  following  are  other  examples  of  this  class  of  problems.    la 
each  case  the  sum  of  the  factors  is  assumed  to  be  equal  to  —1. 

1.  {x-^x^){x--hx-)=~l, 

2.  {x-+x^][x''-^x^]{x^-i-x'^)  =  l. 

3.  {x-{-x^  -[- x'^YyX^  +x^ -\-x^)  =  2. 

5.  {x+X^+X^-{-X^  +  iC^O+X'  -)(^^  +X^  -^X'^+X'  +X^  +X^  1)  =.: 

-3. 

6.  (x+x'^-^x^  +x^  1  +x^ ^+x^ 8)(a;2  +x^  +x^  +x^^  +^i «  +x^  ^) 

7.  {x+x'i^+xi+xl+x'+x^+x^^+x^'^+x^'') 

{x'  +u;3  +X-8  +^1 0  -h^i  -  +xi  3  ^x^^-i-x^  ^+x^^)  =  5. 

Exercise  xiii. 

I.  Sx^-2x^-4:X+2.  2.   5x^-ix^+Sx^  -2x+l. 
3.  a4  +  2«3_|-3a2_^4ff  +  5.  4.  x^+2x''7j  +  dxy^ -\-hj^. 

5.  a^  +  da^x  +  dax'^+x^.  0.4^2+8.^+7;    -13a:-20. 

7.  10^'34-5a;2+l;  10a;+10.         8.  x^'-xy-^-y^. 

9.  X'-a^.  10.  x^-}-{l  -  a)x^  +  {1  -a  +  b)x^-  +{1  -a)x  +  l. 

II.  3^3+2:c'^+a;  +  li;  3.Ka5  +  l).     12.  53?^+ 13a:// +12// 2. 

13.  Gx^-x^-x^+x^-x  +  Q;  -1.  14    2xi-Sx^+4:X^ -5x+6. 

15.  a+6.  16.   a:  +  ?/+2.  17.   10.^;^  ;  10(a;*~20). 

18.  mx^-]-nx^+a.  19.   l-\-x  -5lx-^  -  3x^  +  9x*. 

20.  33.  21.    -4.  22.    -20. 

23.  15^/4.  24.  85a;+8.  25.  755. 
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Hints  and    Solutions. 
The    whole  of  this    exercise   should    be   worked  by  Homer's 
methoda. 

1.  Work  like  example  5,  page,  27,  also  as  follows  :  Multiply 
both  divisor  and  dividend  by  —1  aud  arrange  in  ascending 
powers  of  x. 

6         17        -5       -6 

-12        -6  9 

4_     -8       -4  6 

_9 


10 
6 


.  2  -4 

2.   {(5x^{x  +  l)+x'>+l 
■^(^+lj. 
3  is  merely  a  variation  of  2. 
5.   {a^-x^)^^{a-x)^  =  [a-\-x)^ 


3. 

-  (^4-1)2   =  (5a;5 +^4  _^.3  _^^.2  _^._L]  ) 


7. 


8. 


10 


9 


-90 
90 


-44 
45 


10 
0 


!  10 

//6 


x-\-y 


(a:3-2/3)  = 


=  x^ 


1  ;       10       10. 

-xij  +  y^. 


10.   {{x^  —  l)-ax{x^-l)-\-bx^{x-l)}^{x-l) 
=  {x^-^x^+x^+x-tl)-((x{x^+x-{-l)  +  bx^. 

11. 

-1 
-1 


2-^2. 


12. 


13 

-5 

12 


6 

7 
-3 

7 
-2 
-3 

6           6 

-1      -u 

-2        -T 

5 
-1^ 

3 

60 

2 

91 
65 

1 

0 

169 
-25 

-91 

156 

-65 

60 
-60 

13 


12. 


This  is  a  particular  case  of  {{m^  —  n^)x"  +  {w^  -\-n^)xf/-\-2mn7/^} 
{2m)ix^  -(m^  ■rn^)xy-{-{m^  -n-2)y^}  =2mn{m^  -n2){x^-\-^i)  + 
{7i^-{-2m7i~-m^){m^-\-n^)xy{x-  -y^),  a  formula  which  tl>e  student 
may  verify.    In  the  case  in  the  Hand-Book,  m  =  3,  ?i  =  2. 
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6 

-1 

2 

—  2 

2 

19 

6 

-4 

-8 

12 

-16 

20 

-24 

-  1 

—  2 

3 

-4 

5 

-6 

3 

2 

-3 

4 

-5 

b 

14. 


Work  also  in  ascending  powers  of  x. 


15. 


-  8^36 -12a2i2_  6^63 -64 


1 

-2 

0 

2 

-1 

3 

3 

3 

-3 

-3 

-3 

1 

1 

1 

1 

1 

16.     {{x^y)JrZ\^^.{{x^y)-\.z]^. 

J.9.  Factor  the  divisor  first. 

i(2-Mla;-6a:2)  =  i(2-a;)(l  +  6a;). 

i(2  +  13a;-36x3)z=^(l  +  6a^)(2+:c-6ir3). 

i(4-13a;2+6x'3)  =  ^(2-2;)(2+a;-6a;2). 
.-.  quotient=i(2+a;-6a;2)3. 
23.   {(3..)4-(2^)44-i5^4}^{(3^)_(22/)}. 

Exercise  xiv.,  page  31. 

All  these  are  done  as  in  Exs,  1  and  2,  Ai't.  VIII. 

1.  2/3 -27/2 -4?/ -9,  ifi/  =  u;-3. 

2.  2/34_3^  +  5,  if^  =  u;H-l. 

3.  2/*  +  Bl,  if  y/  =  a;-2. 

4.  ?/4-f4^3_43,^'.'4.92^_67,  if  ?/  =  ic4-2. 

5.  3?/»  +  30^4  +  119//3  4-238^2_|_249//  +  106,  if  2/  =  a;-2. 
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8.  (a:-2^3)_3^(^_2v)2-18//8(a;-2.v)-24?/3. 

9.  (x-yY  -lOii^{x-y)^^'li)U^^x-  >jf  -I0y^{x-y), 

10.  {2x+y)^-^%f'{2x  +  y)-{.-^y^. 

11.  512^3  _3^_^M>^,  if  ^^i^_^i^. 

12.  z/4-21j/2  +  40^-28,  if  j/  =  .(;+2. 

Sol.  of  9.       I   1        -  5  0  0 

1  +1       -4        -4 


-1 

+  1 


1 

-4 

-4 

—  4 

+  1; 

0 

1 

+  1 

-3 

-7 

-11 

1 

-3 

-7 

-11; 

10 

1 

+  1 

-2 
-   9; 

-   9 
"^20 

1 

-2 

1 

1 

+  1 

-1; 

-   1 
-10 

1 

_  +  i_ 

1; 


CI1A.PTER  II. 

Exercise  xv.,  page  33. 

1.  a^b+rih^  -j-a^c  +  ac^  +b2c  +  bc^  ;  {a-by -\-{b  -  c)^ +{c  -  a)^  ; 
a{b-c)-{-b[c-a)+c(a-b)  ;  ab{x  —  c)-\-hc{x-a)-\-ac{x  —  b)  ;. 

^a^b^c=  2abc{a^-b)=abc{a^h  +  a^c-{-b^c+ah^+ac^+bc^)', 
{a-\-l){c—a){c-b)-^{b-\-c){a~h)(a-c)+(c  +  a){b-c){b-a); 
{(a+c)^-b2}  +  {{h+a)2-c^}  +  {(c  +  by-a^-}  ; 

2.  abc-{-bcd-^cda-{-dab;  a^{b -\-c-{-d)+b^(c+d+a) -\- 
c2(f/+rt-}-6)+fZ2(a  +  6  +  c);    (a-b)  +  {b-c)  +  {c-d)  +  {a- d) 
+  {a-c)-\-{b-d);  a^{a-b)  +  b^{b-c)-\-c^{c-d)  +  d-^(d-a). 

3.  Write  a  for  b  and  i  for  a,  and  there  results 
(x-\-b){b-\-a)(a-\-x)  +  bax,  which  is  identical  with  "given  expn.' 

4.  Interchange  a  and  6,  then  [h -{- a}^ -\- [b  —  a)^ ,  which  is  iden- 
tical with  the  given  expn.,  it  being  remembered  that  (6  — a)2  = 
(rt-6)2;  interchange  rt  and  -6,  then  (a  — 6)2  +  (-6  — a)^  = 
(a+6)3-H(.?_6)2,  .-.  &c. 

5.  This  is  at  once  evident. 

6.  Change  a  into  b,  b  into  c,  and  c  into  a,  then 

b^{c  —  a)  —  c'^(b  —  a)  —  a'^{c  —  b),  which  may  be  put  in  the  form 
a^ (b  —  c)  —b^ (a  —  c)  —  c- (b  —  a),  the  given  expn. 

7.  Given  ex^n.  =  {a'^-\-b-)(c- +d^),  smd  the  symmetry  is  evi- 
dent. 

8.  Interchange  x  and  y,  the  expression  plainly  is  unaltered. 

9.  Interchanging  x  and  y  there  results 

{y^.-x^-\-dyx{2y-j-x)}^-\-{x^^y^  +  Syx[2x+y)}^ 
which  is  identical  with  given  expn. 
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10.  Intcicbange  a  and  6,  then  h(h-}-2a)^ -[-ri(a-\-2h)^,  which  is 
identical;  interchange  a  and  —6/ then 

-b(-b-2a)^-a{-a-2b)^=h{h  +  2a)^\-a{a-\-2b)^ 
which  is  identical  with  the  given  expu. 

11.  Observe  that  the  quantity  within  the  sqimre  brackets  is  the 
diference  of  two  squares,  and  by  formula  [4] ; 

The  fust  factor  is 

(a+c){b-^c)-\-2c(a  +  b)+{a-c)(b-c)  =  2{a  +  c){h-{-c). 

The  second  factor  is 

(^a  +  c){h-^c)-^2c(a-\-b)-{a-c)(h-c)  =  4:c{a-{-h) 

:,  the  whole  expn.  =  ^6  x  2(a  +  6-)(6+c)  x  4iC{a+b) 
=  8fl6c(«H-6)(6+c)(e  +  a), 
which  is  plainlv  symmetrical  with  respect  to  a,  b,  c.  , 

12.  In  the  given  expression 

2abc{a-\-b-\-c)  =  2{a^bc^b^ac  +  c^ab)  =  2{ab.ca-\-ab.bc-\-ca.bc). 
Kow  interchanging  ab,  be,  ca,  there  results 

b^c^  -\-c^a^  -^a^b^  -i-2{bc.ab-\-bc.ca-\-ab.ac)  =  &c. 

13.  X  and  ij.         14.  ax  and  by  ;  x,  y,  and  z. 

15.  /■  and  h.  liS.  x  and  </,  also  x  and  —z,  and  y  and  —  z. 

17.  With  respect  to  a,  b,  and  -c  ;  i.t?.,  a  may  be  changed  into 
6,  b  into  —  c,  and  — c  into  a. 

18.  Symmetrical  with  respect  x^,  —y^,  and  z^.  i.e.,  we  may 
change  x 2    into    -y^,    -y^  into  z^,   andz^   mto  x^  \  this  gives 

x^ ^z''  -y^ ~^x^  +z^){-z'^  ■\-y^){- y^ -\-x^)  = 

which  is  identical  with  given  expression.     Or,  by  [8] ,  expn.  = 

19.  b  and  c.  20.  a  and  c.  21.  a  and  &. 
22  rt2,  2a6.  23.  rt^/,^  abc.  24.  a26,  a6c. 
25    x^,  x^y,  x^y-  .     Same,    x^y,  x^y^  ; 

26.  Not  symmetrical, .-.  none.  Same.    27.  x*,x^y,  v^y^yX^yz. 
28.  a^,aH,  a^ be,  abed.     a^,a^b^.  29:  a^,  a^b. 
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Exercise  xvi.,  page  37. 

7.   14:{x^-{-y--\-z-^)-^'2{xy  +  yz+zx).  8.   24:aocmni\ 

9,  2ak(a  +  6  +  c).  10.  a262+62c2+c3a3. 

Hints  and  Solutions. 

1.  Type-terms  a^,  ab  ;  former  occurs  iu  each  of  the  four  terms; 
2ab  occurs  iu  first  aud  second,  —  2c<6  in  third  and  fourth,    .-.   &c. 

2.  Type-terms  as  last,  a^  in  each  term  ;  —  '■lab  in  first  and 
second  terms,   +2^6  in  last,  result  —2ab,  .-.  &c. 

3.  Type-terms  a^,  ab  ;  a^  in  each  term,  2'fb  iu  first  and  third, 

—  2ab  in  second  and  fourth,  .-.  term  ab  vanishes,  &c. 

4.  Type-terms  a^,  ah;  a^  in  first  and  second  terms,  2ab  in 
first,  —ab  in  second  and  third,  .\  ab  vanishes,  &c. 

5.  Type-terms  x^,  xy ;  x^  in  each  term,  2xy  in  first  and  last, 
-'Ixy  in  second  and  fourth,  .-.  xy  vanishes,  &c. 

6.  Type-terms  a^,  a^b,  abc ;  a^  in    first,    second    and   fourth, 

—  aS  in  third,  .-.  2a^  ;  3a^b  in  first  three  terms,  —fia^h  m  last, 
.-.  6a^b;  6abc  in  first,  and  —6abc  in  each  of  the  other  three,  .*. 

—  12a6c,  &c. 

7.  Symmetrical  in  x,  y,  z:  x-,  xy  type-terms  ;  x^  in  first  term, 
9a;2  in  second,  and  4a;2  in  third,  .-.  14aj2  ■  —4,xy  in  first,  —6xy  in 
second,  and  +I1xy  in  third,  .*.  result  is  'Ixy,  &c. 

8.  Symmetrical  in  ma,  nb,  re;  type-terms  rn^a^,  m^a^nb, 
abcmnr;  m^a^  in  first  and  last,  and  —m^a^  in  second  and  fourth, 

;.  this  term  vanishes  ;  Sm^a^nb  in  first  and  last,  and  —Hm.^a^nb 
in  second  and  third,  .•.  this  term  vanishes  ;  Qabcnmr  in  each  of 
the  four  terms,  .-.  &c. 

9.  Type-terms  are  a^bc,  ah^  ;  ab^  in  first,  —ah^  in  second,  .•. 
this  term  vanishes  ;  a^bc  in  first  and  second,  .-.  2a^bc,  &c. 

10.  Type-terms  are  a^b^,  a^bc  ;  2a26c  in  first  term,  —2a'^bc in 
second,  .-.  this  vanishes;  a^b^  in  first  term,  .-.  &c. 
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11.  Type-terms  are  a^x^,  abxy;  a^x^  occurs  twice,  and  ^nhxij 
occurs  twice,  .-.  2{a- +b^  -^c^)x^,  and  -^{ab-^rbc-^-cajxy,  and  the 
same  for  y^,  z^,  and  yz,  zx,  .'.  &c. 

12.  Type-terms  are  a^,  a^b,  a^h'^,  a^bc  ;  these  are  obtaiued  by 
taking  terms  of  the  expansion  ;  thus 

a*  in  each  term  ;  -^a^b  in  first  and  last  terms,  —-^a'^b  in  second 
and  fourth,  .•  this  term  vanishes;  Qa'^b^  in  each  of  the  terms  = 
24:a262  ;  Vla^bc  occurs  in  first  two  terms,  and  —12a'^bc  in  last 
two,  .-.  this  term  vanishes  ;   hence  result. 

=  rt4+4a3/;-f6a2/;:2  4- +^c[a^^'Sa^b-{-...)'^... 

Hence  the  type-terms  are  a^,  4:a^b,  6a^b^,  12abc,  &c. 

14.  (^a)^=:(a-{-b-\-c-{-d+...)^  =  {{a+b-i-c)-\-d+...}^ 

=  (rt -f  6 +  r-)-i-f4(rt-h/>+r)3(,/ +...)  +  ... 

The  first  of  these  powers  gives  the  type-terms  found  in  last 
Ex.,  and  the  second  gives  the  only  other  possible  type-term, 
abed,  with  coefficient  24  ;  .-.  &c. 

15.  {u^+b-^-\-c'^)^=  2rt6+3  5«*^'2-f6rt2/)3f.2. 

2[ab-{-br+ra)^  =  'Zy,a^b^  +  62a^b'^c-\-V2nn2c^. 
-3(«.3  +  62+c2)(rti,-fftc4-ca)2=  -3  2a*62-62a362c-9a262c2-. 
ei,a^bc. 

Now  add,  and  the  given  expression 

=  Z./6  +  22a3^.3  _(32rt-t6c  +  9a262c2  =  (la^-Babc)- 
=  (a3-f  63-f-c«  — 3rtk-)2. 

A  shorter  solution  is  as  follows : 
By  formula  [01  we  prove  at  once 

aS^I,3^c^^Sabc  =  i{(a-b)^-\-[b-c)^-^(c-a)n(a-\-b  +  c). 
(See  Exercise  X.,  q.  15).     Now  the  given  ex^jn.  is  same  form  as 
left-hand  member  of  this  expn.  ;  for  it  is 

(a^  4-62 -f-c2  |3  +  (a/;4-6c4-Crt)3 +(a64-/-'c  +  ca)3  -  3(a2 -H  62  _,.  c2  j 
(a6-f6c+ca)2  =  i{(a2-f-62H-c2-a6-6c-caj2^0-f 
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(ah  +  bc  +  ca-a^  -h^-c^)2\  x  (rf-[-h-\-c)^  = 

lu  the  same  way,  Ex.  9,  page  37,  may  be  neatly  done. 

16.  {{a-b){b  —  c)}^  =  (ab~b^-ca  +  bc)^,  and  similar  expos, 
for  the  other  two  terms ;  then  proceeding  as  in  other  cases  in  the 
exercise,  the  result  is  la^  +  QZa^b^ -^Zab^  =  {Za^ --Lah)^.  Or, 
add  to  given  expn.,  2(a- b)(b  —  c){c  —  a){a  -  b-\-b-c-^c  a)  [which 
=  0]  and  the  result  is  the  square  required.  (See  Ex.  2,  page  13. 
Also  see  Ex.  6,  p.  18.) 

17.  This  may  be  deduced  from  last  by  putting  a  —  b  for  a,  b  —  c 
for  b,  and  (c  — a)  for  c. 

18.  Terms  in  a^r^x^,  c^s^y^  vanish;  also  terms  in 

abrsx^,     bcrsi/^  )         •  i  -i  .i 

abxsr^     bcxys^^  \  ^^^^'^^'  ^^^  *^^^^  ^^^^'^« 
acs^x^  -^-acr^y-  -  ^acrsxy  +  ^b^rsocy 
^h^{ry+sx)^  =ac{sx  —  ry)^  —4:b^rsxy 
—  h^  [ry  H-  sx) ^  =  ac{sx  —  ry)  ^  -  b^ {sx  -  ry)  3  =  &c. 

19.  a  and  h  can  be  interchanged,  and  also  c  and  d  in  left-hand 
mjmber;  we  have  a-c^,  :.  also  b^c^,  and  .-.  a^d^  and  b^d^,  &c.; 
then  this  is  shown  =  right-hand  member. 

20.  In  the  left-hand  side  a  may  be  written  for  h  and  product 
remains  of  the  same  form ;  also  interchanging  a  and  b  and  also 
c  and  d,  the  product  will  remain  the  same  if  a  vtinics  sign  be 
placed  before  the  second  term. 

21.  Left-hand  member  is  6^w^-\-12'Lw^x^. 

Type-terms  in  right-hand  member  are  w^,  Aiv^x,  w^x^  ',  w^  is 
found  in  6  terms  =  6t<;;  ^w^x  in  first,  and  — 4<t'3a;  in  second, 
.-.  this  term  vanishes;  Qw-x-  in  second,  .*.  this  lerm  vanishes; 
^w'^x^  in  first  and  Qw^x-  in  second  =  12m;2^2^  _.^  right-hand  mem- 
ber =  6l/r4-fl2s«'2.^2=  left-hand  member. 

22.  Type-terms  in  left-hand  member  are  a',  aM),  a^b^,  a^bc, 
a^b-c;a^  in  first  and  second,  —a^  in  third  and  fourth,  =0  ; 
^a^h  first  and  third,  —5a^b  in  second  and  fourth  =  0;   lOa^b^  in 
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first  and  second,  -lOa^b^  in  third  and  fourth  =  0  ;  2a ^ 6c  in  all 
the  terms,  .-.  ves\\\t=  i[S'Ji:a^ 60)  =  16nbc{a^  +b^  -^rj).  Similarly 
first  facto.'  of  right-hand  memher  may  be  proved  =  8r//>^',  and  the 
second  =  2(a2_j_62  ^c-),  .'.  &c.  The  problem  may  be  more  easily 
solved  as  m  Ex.  4,  p.  43. 

Exercise  xvii.,  page  40. 

1.   llo.         2.  pa^-Sqa^-^Sra-s.         3.  2.         4.    -17-3538. 

5.  1,  2(372+1).  6.  0  or  2y\  2/',  0.  7.  36. 

8.    _(62+r/2)3-.(362j3.  9.    -iSa-i.  10.  3888a464. 

11.  a^b^[a-:rh).  12.   0. 

13.  2a^-Sai{a^b)i2b^-\-6ab{a  +  b);  2(a3  +  63) 

Hints  and    Solutions. 

1.  Find  remainder  by  Horner's  division. 

2.  Write  a  for  x  in  given  expression. 

3.  Find  remainder  by  Horner's  division. 

4. 
11 
"TO! 

Observe  that  the  zero  coefficients  in  the  dividend  need  not  be 
inserted  if  the  zero  coefficients  of  divisor  be  not  considered. 

5.  (-l4-l)^-(-l)^  =  l;  writing  -2  for  jc,  we  have  (a+l)^ 
-(a-l)3  =  &c. 

6.  (-?/)"+ ?/"  =  0. or  2?/"  as  n  is  odd  or  even  ;  (  —  y)^"-\-y^'' 

8.  Expn.  =  (.c2-a2)3+(a;2-262)3,in  which  write -/> 2  for  3:". 

9.  In  the  first  pair  of  factors  write    —  2a  2  for  x^  and  we  get 
{ax-a^){-ax-(r2)=-a2x^+a^  =  3a^  (by  substituting  for  a:2). 

In  the  second  pair  of  factors  x'^  -\-2a'^  may  be  at  once   struck 
out,  giving  -{  —  dax)xSax-9a-x^  =  —lSa'^  (by  substituting  for 


10 

-20 
11 

-10 
9.9 

-•89 
21-89 

-8-9 
-25  058 

4-20 
-37-3538 

1  1 

-•9 

-    1-99 

-2-278 

-   3-3958; 

-17-3538 
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10.  Divisor  =0  gives  da^ +4:b^  =  12ah,  whence  Sla^ -^IGh^  ~ 
72r<2/>2  .  substituting  these  vahies  in  given  expression  we  have 
lSabxGabxSea^b2=.S8S8a^b^  =  l(^Sb^.  But  observe  that  this 
is  the  remainder  on  dividing  by  Sa  —  2b.  To  get  the  true  re- 
mainder on  dividing  by  Oa-  —  12ab-\-4:h^,  we  mast  divide  the  given 
expression  (  =  6561aS  +  1290(i464+256Z>»),  we  may  use  Horner's 
division,  thus  : 


+  12 
-   4 


9 


6561         0       0       0       1296         0         0         0         256 


729,  972,  972,  864,      864,    768,  640;  4608  -2304 

where  the  coefficients  of  quotient  are  all  positive,  and  the  remainder 
is  460S^<i7_  230468.  If  in  this  remainder  we  substitute  the 
value  of  3a  (  =  26)  we  get  7686®,   the  rem.  on  dividing  by  3a-26. 

11.  Put«  +  6fora:;  .\a^{a-{-b-ay-irb^{a^b-h)^  =  kQ. 

12.  Given  expression  (cubing  by  formula  [6] ) 

=  (a'^-\-b^){x^-\-7j^),  of  which  one  factor  is  exactly  divisible 
by  a +6,  and  the  other  by  x-\-y. 

13.  Put«--6  for  re,  then  {a-h)^  +a^  -\-b^  -dah(a-b) 

^a^  -K^  -^ab(a-b)+a^-\-b^-^ab{a-h) 
—  2a^  —  Sab{a  -  6)  ;  in  second  case  put  —  (<2  —  6)  for  x, 
...    _  (rt,_  6)3-|_rt3  ^h^^Sab(a-b)  =  263-f  6r;6(V/, -  6). 
Or,  interchange  a  and  6  in  the  first  result ;  in  the  third  case  put 
a  +  6fora;,    .-.  (a  +  6)3+a3  +  63 -3a6(a+6)  =  2(«3-f  63). 

14.  Let  the  polynome   be  ax^-{-bx^~^-\- +hx-{-k]    to  find 

remainder  put  1  for  x,  result  is  a-^b-i- +h»^k. 

Exercise  xviii.,  page  41. 

1.  Dividend  =  .'c2''+' —  (  — 2/)2"+i  which  is  divisible  by  .t -(-?/) ; 
dividend=aj2"  —  (  —  ^)2",  and  divisor  =  ic—(  — 2/),  .'.  by  the  Cor.,  &c. 

2.  Dividend  =  (./;4)3 -(-7/4)3,  and  divisor  =  ic4__(_.,y) 4. 
dividend  =  {x^)^  -  (  -y^)'\  and  divisor  =  a;^  -  (  —yY  '■> 
dividend  =  {x"^^)^-  {-y^^}'^,      divisor  =  ;cio-  (-y/)io  ; 
dividend  =  (a;-)^^  —  (—i/^)^^,  and  divisor  =  ^2  _  (_y2). 
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3.  'DiYidend  =  (nx-\-bif)^ —  (  —  f'X—riy)'^,  divisor 

=  ax-\-by  —  {-Im-ay),  .'.  by  Cor.,  &c. 

4.  Divisor  =  ax-[-hy +  CZ  -  [hx-j-n/-\->iz),   :.  &c. 

0.  Expression  is  divisible  bv  '2y -x  —  {'2x—y)  =  S{y—x). 

6.  Dividend  =  (2//-^)3'»+i-(//-2x-)-'*-ri,  which  is  divisible  by 
^!/-x-{y-2x)  =  y+x. 

7.  Expression  is  divisible  by  my  —  nx  —  {mx-ny)  =  {in-\-n)y-{- 
{7n-\-n)x={m-\-n)(x-hy). 

8    J)lwidend={{x  +  y)^}^  +  {{x-y)2}^  =  {{x-\-2jy-}^- 
{  —  ix  —  y)'^}^,  which  is  divisible  by  (x-^y)^  —  {  -(x  —  y)'} 

9.  Dividends  (^24.^^4.^2)3  _(_a.2_^a.^_,/2)3^  ^hich  is  divi- 
sible  by  x^ +xy-\'y'-'  —{  —  x^  -{-xy  —  y^)  =  2{x--\-y'^). 

10  Dividend  =  {(a-|-i)3}3_  |(ft_^j3p^  which  is  divisible  by 
(a  +  6)3-(a-6)3  =  2/y(3a=^4-62). 

ll.-Di^idend  =  ix^+5bx-\-b-^y  ^(-x^-{-hx-b'^y,  which  is 
divisible  by  x^  +  obx  +  b'^  -  {-x^ -^bx-b^j^'Zx^ +  4:bx+2h^  = 
2{x+by. 

12.  Dividend=  {(f/  +  ^>)2}2"+i  -  {-(a- 6)2}=-'"+i,whichis  divi- 
sible by  (a+Z>)3-{-(a-5)3}=2(rt-^+62). 

13.  Dividend  =  {.c3+3a;?/(a;  — 2/)— 2/^}^ 

-  {—x^-{-dxy{x  —  y}+y^}^,  v^hich  is  divisible  by  a: 3-|-3arj/(a;  —  ?/) 
'-y^—{-x^+9xy{x-y)-\-y^}  ='2x^ -6xy[x-y)-2y^  =  2ix-y)^. 

14.  By  Ex.  14,  Exercise  XVII.,  the  remainder  =  3 -5  +  4  -  2 
=  0. 

15.  Let  the  polynome  be  ff.f''4-6,r"~^4- -{-^.i-+Zr. 

Then  a+b-{- +/t-f/v  =  0;  subtract,  term  by  term, 

.*.  a{jf-l)-\-b[xr-^  —  l)-\- A(x-—1),  which  is  exactly  divisible 

byx'-l. 

16.  Let  the  polynome  be  ax^'  +  bxT-^-j-cx^-^-h -\-hx+k.     H 

this  be  divisible  by  a;-rl,  it  must  vanish  for  x=:  —1,  i.e., 

a(-lj"  +  6(-l)'^-i  +  c^-l)«-i+ 4-/,(-l)  =  0; 

if  n  is  even  we  have    .".  a  —  b-\-c— —h  +  k  =  0, 

i.e.,  aH-c+ -\-k  =  b  +  &c.,  and  similarly  when  n  is  odd. 
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Exercise  xix.,  page  43. 

1.  Putn  =  0  in  the  expn.  ?ind  it  becomes  —b^y^  -\-b^x^  -J>^x^-\- 
Z;3y3  —0  ;  .-.  it  is  divisiblo^by  a,  aud  .*.  by  h  (by  symmetry)  ;  in\i 
x  =  0,  expn.  becomes  —b^y^  —  a^//'^-\-a''^i/^-hb^t/^=0,  .\  aj  is  a 
factor,  &c.  ;  .*.  by  symmetry  //  is  a  factor.  Again,  put  —b  for  a, 
.'.  {—bx~by)^-\-{bx-j-bi/)^-^0  =  {);  .:  rt+6  is  a  factor.  Lastly,  put 
x=i/;  .'.  (a//  — %)3 +(6//  — «?/)3+0  =  0,  .•.  a; -?/ is  a  factor. 

2.  Substitute  ax  for  6,  .*.  ax^  —  (a-  -\-ax)x'-  ~{-a^x^  =  0. 

3.  Substitute  —?/ for  ic,    ''•{by~(iyY-{a  —  b){z—y){by  —  ay)-^ 

^a-  h)2yz  =  {a-b)^(y-2  +yz-y^  -yz)  =  0  ; 
(^_ay~by)2-(a  +  b){z^-y){-ay-by)-{a-^b)^yz 
=  {a-\-by'{y2-hyz-y^-yz)=0. 

4.  Putting  y  =  2ax  in  given  expression,  it  becomes  6a^x  —  4:ax^ 
-2(Ja2x^-6a^x  +  4:ax^  -f  20a2x2  =  0. 

6.  Dividend=:aj2(-^6^^^_l_^2(^e_[_^^^  whichis  divisible  by  a;  ^  +y. 

7.  Dividends  a- {G-(l)  +  6ab{c-d)-^db-{c-d)  = 
{c-d){a^-]-Qab-^db^)  =  {c-d){a  +  bb)2  which,  &c. 


Ill   \  ^         I     11   \  ^ 
8.  Put  y  for  x,  then  y  [j^yj     +  ^  |  -  j^yj    =  0. 


9.  Put  b  for  a,  then  /?(6  +  2/>)3  -i(i+2//)3  z=0  ;  also  put  -b  for 
a,  then  -^,(-i  +  26)3 -6(6 -26)3  = -;;(6)3_6( -&)3  =  0. 

10.  Put  6  for  a,  expression  vanishes,  .".  a  — 6  is  a  divisor;  put 
-a  fora;,  &c.  Or,  dividend  =  a^ (^^ '^  _  2a6  +  62) +a;3(a2  _  2^6 +  62) 
=  (a^-\-x^){a  —  b)2,  which  vanishes  when  a—b  does,  and  also 
when  a-^x  does. 

11.  Put  a  =  6  in  the  expression,  then  6(6  -  c)^  -\-  6(c— 6)*  +  z{b~b)^ 
=  b(b—c)^—b{b  —  c)^  =  Oj  :.  a  —  b  is  divisor,  and  by  symmetry 
6  —  c,  c  —  a  arc  divisors. 

12.  Puta  =  6,  then63(6- t')  +  /^3(,_/,)^t-3(6-6)  =  63(6-c) 

—  6^(6  — 6')  =  0,  .".  a  — 6  is  a  divisor,  and  by  symmetry  6  — c,  c  —  a 
are  divisors. 

13.  Put  6  for  «.,  then  64(6-c)+64(c-6)+f4(6-6)  =  6*(6-c)- 
6*(6-c)  =  0,    .•.  a  —  b,b  —  CtC  —  a  are  divisors. 
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14.  Vxitar^h,ihenO  +  {h-c)^{d-by^-{d-by{b-c)-=0,  and 
30  for  the  otlier  divisors. 

15.  Dividend  is  symmetrical  with  respect  to  a,  b,  and  c  ;  put  6 
for  a,  then  {{b-cyi'+{c-by}{{b-c)^b-2-^(c-h\Vj2^^  _ 
{(6-c)26  +  (c-6)26}3  =  62{(6-c)2.f(c-6)2}2_ 

6  3 1  (6  -  c')  2  4-  (c  —  6)  2 )  2  =  0  J    •_  a  _  6  is  a  divisor,  and  by  symmetry 

b  —  c,  c  —  a,  also  &c. 

16.  Put  —ziovx~\-y,  —xiovy-\-z,  —  ?/ for  c+ic,  and  expn.  be- 
comes —  xyz  +  xyz  which  =  0. 

17.  Substitute  —a  for  b-\-c,  -6  for  c-^a,  and  —c  fo?    a  +  ^,    .-. 

—  rt6c(a  — 6)  — rt6(?(6  — c)  — (76c(c  — a)=  —  ahc{a  —  h-^b —  c-\-c  —  a)  =  0. 

18.  Square  the  trinomial  and  reduce,  .*.  —2abc{b  —  c+a),  &c. 

19.  For  a-\-'lh  put  3c,  for  26  — 3c  put  —a,  and  for  3c  — a  put  26 
then  27c3-rt3-8c>3+a3  +  863_27c3=0. 

20.  For  aft  substitute  —  (6c  +  c«),  then 

-(bc-\-ca)^'[-h^c^-\-c^a^-^^ahc^{bc  +  ca) 
=  -  (6c  +  crt) 3 -i-(ftc  +  ca)  3  =  0. 
Or  expression  is  of  the  form  x^-^-y^-^z^  -Sxyz,  which  is  divisible 
by  x  +  y-\-z. 

Exercise  xx.,  page  45. 

1.  3.  2.  1.         8.    -li2|/-2.     4.  2.       5.     36.     6.  11. 

7.    -Ut.    8.    -2.     9.  3.  10.  3.     11.    -9.  12.  42. 

13.  p=  —q,  q  =  6.  14.  p=  —46,  ^  =  14. 

Hints  and    Solutions. 

1.  Find  remainder  as  in  Ex.  1  on  dividing  by  x-  -  x-hl. 

2.  Find  remainder  on  dividing  by  a;-  —2a:—  1. 

3.  On  dividing  by  x^  —  2x  +  3,  as  in  Ex.  1,  remainder  is  iound 
to  be  -2a;  +  l;but(a;-l)2  =  -2,  .-.  x-l=±y{-2)  and 

x  =  l-{-  V{  —  '2>),  substitute  in  remainder. 

4.  Dividend  is  Sx^  +  llx^  +  10a;3  +7a;-  +2a;-h3,  divisor a;3  -^3,:^ 

—  2x-\-b  ;  remainder  is  2. 
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6 

9 

0 

-16 

-5 

-12 

-6 

60 

-1 

-   2 

-3 

-i-6 

4-^ 

+  8 

-fl2 

-24 

3 

2 

3 

0 

-    6; 

0 

0 

0 

36 

remembering^  to  "  skip  "  two  places  on  account  of  the  two  zero 
coefficients  of  the  divisor. 


6. 


11 


+13         +26 
-11         -22 


+52 

-44_ 

+   8; 


_-88 

8c -88, 


|-  substitute  this  value  of  x  in  the 


!  1         +2         +4 
which  remainder  must  =  0,  .-.  c  =  ll. 

7.  Since  3a;+7  =  0,  .-.  x- 
term  2caj  fas  in  second  method,  page  45),  and  muliiply  (as  on 
Dage  28)  to  avoid  fractions,  thus 

1         _2         -9       +0       --J-       -14 
1  3  9         27  81  81 


-7 


-9 


0 


14C 
~     3 

81 
378c 


1134 


13 


which  remainder  =  0, 


8. 


.-10     - 
.-.  c=-Uf. 


+1 

+6 

1 

-4      -1 

1      -3 

6 

+  16 

2 

-18 

+  6c: 
12 

1 

-3     +2; 

0 

6c -f 

+3 
-3 


2 

0 

-10 

4c 

6 

6 

18 

6 

-   6 

-18 

-   6 

2 

6 

2- 

4c 

-12 

70;    -378c       -644 


Divide  by  a;^  —  a;— 6, 


c=-l. 


6 ;  divide  by  x- -?>x-\-Z, 


3. 


10. 


=  5,  .-.  x^%  and  llaj  =  27^  ;  also  -Icx"^  =  -43|-c;  then 
substituting  for  —  "lex-  and  llic.  the  dividend  becomes  2  10  0 
~43|c-h37^,  the  multiplying  to  avoid  fractions,  as  in  7  above, 
this  becomes 

12         1         0         0       -700c  600 


1 

10 


0         0 
60     300 


-700c 
1500 


2       12       60     3U0;         700c     -210J,  .-.  c  =  3. 
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11.  From  the  given  condition,  cx^  =  2hcx~7'kc,  .*.  cUvidend  be- 
comes 4  0  0  (110+2Jc)  —  7|c  — 105;  and  multiplying  as  in 
last  example. 

4       0         0     (8804-20C)      -120c        -1680 


+  5 
-30 


20     100 
-120 


100 
-600 


H-600 


4     20 

See  page  28. 
page  45: — 

0 

-30 


20;  180-f20c,  -120c-1080,    .-.  r=  -0. 

Or  omitting  c.  as  suggested  in  second  method, 


0 

20 


0 
100 
120 


880 
-100 
-600 


-1680 
+   600 


20      -    20; 


180, 


-1080 


in  which  remainder  we  have  to  insert  8x24-c   with   180,   and 
— 16  X  7ic  with  — 1080,  getting  the  same  results  as  before. 

12.  x^  =  3x-4:,  .'.  x^  =  3x^--4:x  =  9x-12-4x=5x-12,  .-.  cx^ 
=  5cx  -  12r- ;  so  —  ox'^  =  15u;  —  20  ;  substituting  values  in  the  divi- 
dend it  becomes 

3-16  0  0       5c- 129     -12c  +220 

9     _2i      _99  _ii3 

-12     -f28  -fl32 +284 

"3     -   7      -33     -71;     5c— 210,     -12c  +504  .-.  c  =  42. 

3a; -3,  .-.  10u;2  =30ic  — 30,   substituting  this  value  in 


13.  X 
dividend  we  get 
I  1 
+3 
-3 


0 

15 

3 


(;>+30) 

36 
-15 


q  +  30 
-36 


115  12;  -p-9,         q-6 

.'.    -p-9  =  0,  q-6  =  0,or  p=-9,q  =  6. 
14.  The  divisor  is  a*  — 5a2 +7,  and  "skipping"  for  the  zero 
coefficients  in  dividend  and  divisor,  the  work  will  stand  : 

1      -5         10        -15         29      -p  q 

+  5  5  15  40 

-7  -   7  -21  -56 


1 
40,  g 


8;     40-;;,  g-- 56 


f>^. 
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Exercise  xxi.,  page  51 

ANSWERS. 

1.  h=-S,  c  =  m,  ^/=-24.     2.  r=-20i,  J=-13^,  ^  =  60f. 
3.-  6= -3,  c=-10.  4.  a  =  S,  6  =  0,  c=  -57. 

5.  a=-2,  c  =  24i,  ^  =  0.         6.  c=-10Gi,  d  =  202^, 

7.  «  =  200,  A  =-810,  r  =  639. 

8.  a  =  4,  c=-27,  f/  =  7,  ^  =  30.  9.  399. 

10.  x^  -  {p  +  S)x^  ■h{2p  +  q  +  S)x-(2J  +  q  +  r  +  l). 

11.  a-3-(/9-3)a;2-(2/j-^-3)a;-(j9-^  +  r-l). 

12.  rx^-{Sr-q)x^--{-{'dr-2q-\-p)x-{r-q+p-l).     ■ 

13.  a;3-^a;2+/;?-a;-r2.       14.  x^  ~(p^ —  'lq)x^ -h{q^- -'^pr)x-r^. 

15.  a; 3  —  2^0;^  +  {l>y+q -)x-\-r^  —  }iqr. 

16.  ?-a;2  — (^^+3r)a;-  +  (j:>3  _2j»(/+3r)a;  — (7^9  — r). 

33.    -1.         34.  1.         35.    -1.         36.   1.         37.    -1. 
38.  a^h-\.rJrd.  39.  a  +  h+c-\-d.  40.    -16. 

42.  Let  a  and  c  be  the  lengths  of  the  parallel  sides,  and  h  and  k 
be  the  lengths  of  the  diagonals,  the  square  of  the  area 

=  ^^{]iJ^hJ^a  +  c){h+k  -a-  c)(a  +  c-\-h~k)(a-\-c  -  h-\-k). 

43.  Let  a,  b,  c  and  d  be  the  lengths  of  the  sides,  the  required 
polynome  will  be 

^\{a+b  +  c-d){a-^b-c  +  d)(a-b-^c-\-d){-a'\-b+c  +  d). 

Hints  and    Solutions. 

2.  x*-\-cx^  +  dx-\-e  =  {x-H)(x+S){x-M){x  +  r).  Equate  the 
coefficients  of  x^,  .'.  0=  -li4-3-4i+r,  .-.  r  =  3.  .  For  r  sub- 
stitute  this  value  and  expand.  (The  factor  x-{-r  must  be  intro- 
duced into  the  right-hand  member  to  raise  it  to  the  same  dimen- 
sions as  the  left-hand  member.  In  the  whole  of  this  Exercise  the 
si»n  =  must  be  understood  as  the  symbol  of  identity.) 

3  x^+hx-+cx+2\  =  {x-2)(x-\-^)(x-r).  Equating  terms  in- 
dependent of  a,  24  =  6/*,  .-.  r  =  4. 
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4.  ax^  +  !)x-+rx+90  =  a(x-S){x-^-5){x-2)',     .•.  90  =  30a; 
.-.  rt=3.  * 

5.  ax^-^cx^-S0x-\-e=a{x—l\)(x-\-4){x-2h)(x-\-r).    Terms  in 

Alsoe  =  rt(-li)(4)(-2|:)/-  =  0:    -30--a(- li)(-4)(- 2A)  =  15 
.-.  rt=  -2. 

6.  81^4  +  6ra:24-4r7a:  +  5  =  81(a;-lf)(a;+3i)(ic-li)(a:-r) 
...  0=  -l|-f3i-li-r     .-.  r=i. 

7.  rt^-*+i.i'3+ca;2  -81  =  a(a;-|)(j'-f)(.f-3)(a;4-r)'.     Terms  in 

Also  81  =  I .  f  .  3  .  f>-     .-.  a  =  200. 

8.  ax^-\-cx^-^Jx-\-e  =  a{x-2){x-l^){x  +  l){x-{-r) 
.'.  0  =  a(-2-li+l+/-)     .-.  ;-  =  2i 

.-.   U  =  a(l-2)(l-li)(l  +  l)(l-f2i)  =  3ia     .-.  a  =  4. 

9.  ax^-i-cx-\-d  =  a{x-li)(x-2i}[x-{-r) 
.-.  0  =  a(-li-2i  +  r)     .-.  r  =  4. 

.-.  49=rt(3-li)(3-2f)(34-4)  =  4|rt     .-.  a  =  lQ 
.'.  value  =  16(-3-li)(-3-2|)(-3  +  4)  =  391. 

10.  .•.  x—l=a  or  b  or  c. 

.-.  (x-l)^-p{x-l}^-^q{x-l)-r. 

1  -p  q  ~r 


-1 


1  —^-1  q+p-^1;        —r  —  q-p  —  1, 

1  -p-2;  q  +  2p  +  3 

1;  -;,-3 

1 

a;3         _(^4.3)a;2  +  (5,+2^j  +  3>-(r+g4-i^+l). 

11.  .-.  a;+l  =  a  or  b  or  c 

...  ^x^l)^  -p{x-hl)^+q{x±l)-r. 

12.  .-.  :; =rt  or  6  or  c, 

1  -X 

'''[iZTx]    -P\l^j    +^[r^j-'''      Multiplying    by 
-(a;-l)3  this  becomes  r(a;- l)3+9(;r-l)2-j.2)(.r-l)  +  l. 
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1  f 

Q 

P 

1 

r 
r 

q-r 

q-2r; 

q-3r 

p-q+r; 
p--2q  +  3r 

1 

r 

1-J0+ •;-?*. 


rxl  +  {q-S7')x2-{-(p-2q  +  S7-)x-^(l-p  +  q-r). 

We  have  solved  this  problem  at  leDgth  from  the  data  and  by 
the  methods,  used  in  the  preceding  problems,  but  the  work  might 
have  been  much  shortened  by  taking  for  granted  the  following 
theorems  which  the  student  should  note : 

If  x^  —px^  +qx—r  vanish  for  x  =  a,  or  ft  or  c 

x^ -{-px^ -{-qx-{-r  will  vanish  for  x=  —a,  or  —b  or  —g 

and  rx^  —  qx^  +px  —  1  will  vanish  for  x=   —  or  -tt  or  — . 
Therefore  rx^-\-qx^  +px-\-l  will  vanish  for  x= or  ~  -j 


1 


or  — 


Combining  this  with  the  solution  of  No.  10,  we  get  at  once  the 
solution  given  above. 


18.   .-.  x: 


r         r         r  x 

—  or  —  or  -r- ;  or  — 

c  a  b  r 


2  IX\ 


1  1  1 

—  or  -T-  or  — 

a         b  c 


ov  x^—qx^-\-prx  —  r^. 


1. 


14.    .*.   i/x  =  r(  or  b  ov c       or  \/x=  —n  or  —b  or  — c 
.-.  {x-\-q)\/x—{\:>x-\-r)  or  {x-{-q)  \/ x-\-{px-\-r) 

.*.  the  required  polynome  =  {{x-\-q)\/x-{px-\-r)\  x 
{{x^-q)  ^  x^{px-\-r)'\  ={x^qYx'-  {^x-\-rY  =x^  -[j—1q)x^  -ir 
{q^-2in')x-r^. 
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15.  p  =  a-\-b  +  c,  q  =  ab-\-bc-\-ca,   r  =  abc. 

r 

,'.     a(b-{-r)  =  q-bc  =  q-    —- 


X-q  l_  i_       .    _J_ 

r     ~        a  b  t: 

IX-q^^  'x-ar  ix—q\ 

[r]    +'^1^~)   +^M.    r     l"^^-     See  note  to  No.   12, 


.*.     r 

above. 

...    ^:c-q)^^q{x--qY-\-pr.X-q)  +  rK 

.p  :c-hl       1  1  1 

lb.  .'.  — —  =  —  *^^'  "7"  ^1'  — ; 

,',  r{x  +  \)^  -pq{x^iy  +p\x+l)  - p^. 

17.  {x-iy^  -x^  =  {..:'' -"Ix  +  lY'-x"' 

=  Mult.  of  {[x--'2.c-\-l)+.v}  o.  a;3-x  +  l 

.-.  {x-\y-  ~x'^+.r^-x~l)  =  ^i\\\t.  (a:3--r  +  l). 

A.lso  {x—\)'^^~x^-\-{x-—x+ly^  vanislies  for  a;  =  l 
anl  .-.  ^  Mult.  (a;-l).  ' 

But  x"^  -x-\-l  does  not  vanish  for  a:  =  l, 
aucl  .-.  it  is  not  a  Mult,  {x—l) 
,'.  [x-lV^- -x^  +  [x^-x  +  ly^--s^^hi\i.  {x^--x-{-l){x-l). 
ora;3-2.c2  +  2./j-l. 

18.  {x-iy^-x^  =  (.r^  - 2.r+l)8  _a;8 
=  Muit.  {(x^-^x  +  l)-x}  &c. 

19.  (^-2)io(2:c-5)»o_;ci«  =  (2.r2_9.7;  +  10)i''-a;io 
=  Mult.  {{2x^ -Qx+lO)  ~ x)  ov  '2{x^  -Ix  +  D) 

.-.  (.r-2)i«(2.c— 5)10 -.ci« +21 0(^-2  .-4x'r5)-5 
=  Mult.  (a;3-4r6-  +  5). 

Also,    210(.^2  _4y_|_5).5__^.10=45(^3_4^_^5V5_(.^.2)5 

=  Mult.{4(.7;2  _4^.4.5)_^2|  or  3.c^^  -  lCu;  +  20,  whicb 
=  (.t;-2)(3x-10j 


34  CHAPTER    TWO. 

.'.  {x-2)'^{2x-r5)^^-x^'>  +  2^''{x-4:x  +  5)^=  Malt.  {x-2). 

[Instead  of  the  part  from  Also,  we  might  have  proceeded  by 
enquiring  whether  the  expression  would  vanish  for  .c  — 2=0  or 
2a;  — 5  =  0,  the  factors  of  the  first  term  successively  equated  to 
zero.] 

x^—4,x-\-o  and  x~2  are  prime  to  each  other,  .*.  since  aach 
measures  the  given  expression,  their  product  will  do  so  or 
(a;-2)io(2:c-5)iO--a;io+2(a;3-4a;+5)5 
=  Mult.(a;-2)(.c2_4^_{.5^  or  x^ -6x^ -\-13x~10, 

20.  (x^+ix+Sy^-x^^ 

=  M\i\t.{{x^i-ix-{-3)-\-x}  0Yx^-{-5x+S 
.-.  (x^-^4:x  +  3y^-x^»-x''-ox-3  =  Mn\i.{x^-[-5x  +  S). 

The  factors  of  x^-{-4:x+3  are  x-hl  andu;-h3.     Trying  these 
we  find 

a;i  8  _|_^2  _!_ 5^_j_3  =  0  if  a;+l  =  0, 
.-.  (.-^2  4- 4a;+3j '^-x^^-x^  -5^-3  =  UalL[x+l)ix^ -\-5x-^3). 

21.  (9a;-4)2i(a;-l)2i_a;2i 

=  Mult.  {(9a:-4)(a;-l)-a;}   or  9:^3 -14a; +4. 

.-.    (9/;-4)3  1(^_l)2  1_a;2  1_(^«J^2_l^^^i^3  1 

=  Mult.  (9.t;2-14.c  +  4). 
Alsoa;3i+(9a;3-14£f  +  4)2i 

=  Mult.  {a;+(9^2-14a;+4)}  or  (9a;-4)(a;-l) 
.-.  (9a; -4)3 i(a;- 1)2 1  -a;3 1  - (9a;3  -  14a;4-4;-^  ^ 

=^Mult.  (9a;-4)(a;-l). 
Again  (9a;-4)(a;- 1)2 i-(9a;2-14a;+4)2i 

=  Mult.  {(9a;-4)(a;-l)-(9a;3  -Ux+i)}  or  x 

.'.  (9a;  -4)2i(^-l)2i_a;3i_(9a;2_i4^_|_4)3i=,M:alt.aj 
.-.  (9a;-4)3'(^-l)3i_a;2i_(9^«2_i4^^_4j3i 

=  Mult.a;(a;  -  l)(9a;-4)(9a;3  -  14a;  +  4). 
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22.  [6(.r-l)}i3_(2a:2-L3a;-4)i3 

=  mi\t.{6{x~l)-i2x-tox-4)}  or  _  (2a-5  -  8r  +  2)  ; 

«:Miilt.  {G{x—l)+{'2x^-Sx  +  2)}  or  2a;2+3a;-4; 
(2.c2  +  3a;-4)i'3_(2.r3-3:c  +  2;i3  = 

Mult.  {{2x^J^Sx-4:)  -  (2a;3  -3a;+2)}  or  6(x-l) ; 
.-.  given  polynome  =  Mult,  of  6(;a;-l)(2ic3  + 3a; -4)(2x2_  3-^+2) 

23.  As  in  22,  1st  and  2nd  taken  together  are  found  to  be 
mult.  01  3rd ;  2nd  and  4rd  taken  together  are  found  to  be  a  mult, 
of  1st. ;  and  3rd  and  1st  are  found  to  be  mult,  of  2nd. 

24.  (2a:8+3a;-4)'6-{6(a;-l)}i« 

=  Mult.  {(2a:3-h3a;-4)-6(a;-l)}  or  (2a;2 -3a;+2) 
(2.r2- 3a;  4-2)1  «-{6(a;-l)}i« 
=  Mult.  {{2x-^  -Sx-\-2)  +  6[x-l)\  or  (2a:2  +  3.«-4) 
and  the  given  polynome  vanishes  if  a;—  1  =  0,  .-.  &c. 

[Problems  17  to  25  are  merely  cases  of  the  following  simple 
theorems 

(u^-ris^-f  1  -2i2n+i  -r2"+i=Mult.  uv{u-^-v)  ; 

(U  — l-)2'»-?t2n_j.2n^2r'l-2"-"'    =  Mult.  Uv{u-V.)] 

2G.  lix^+x-^\=0.  (See  Example  10,  p.  49,  Hand-Bookj. 
.-.  .1-3  =  1,  x^=x,  x^=x^ 
.-.  .^+a:4  +  l=a;2+a;-hl=0, 
i.e.  x^  +.i'*  + 1  =  U  if  a-2  4-  .f -f  1  =  0 
...  a:3^a;*  +  l-Mult.  (x2-fa;+l), 

27.  Iix^-{-xy+y^=0,  .'.  x^-^x^i/-{-xi/^  =0, 

.-.  x^-\-X'i/-i-xy^-\-y^=y^,  .*.  x^-jryix'^ +xy  +  y^)  =  7j^, 

.«.  x^=y^,  .•.  x^=y^,   .'.  x^^=xy^  and  x^  =x^y^ 

.-.  x-^y^=x-7/^   .-.  x^'^+x-^y^+y^'^=xy^-^x^y^  ■^y^'' 

=  ?/8(a;//+a;2+?/2)  =  0,  .-.  x^'' +x^y^ +y^'' =0 

if  a;2+xy+y3=0or  x^''-+x''y^+y^'' ^l^ult.  {x^+xy-\-y^). 
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28.  lfx^i-}-x^+x^-\-x-\-l  =  0  .'.  x''  =  l  .:x'^=x^,x^=x*, 
x^=x  .'.  x^--^  -\-x''  ^.r^'  -^x^  +  1  =  x^-  +x^  +x+x^  ^l  =  0. 

29.  By  last  exercise  ;  x'^=x,  x^-=x^,  x^  =x^  and 
...  x^^+x^--\-x^-\-x^  +  l  =  xi-x^-{-x^+x'^^l  =  0  if 

x^-\-x^+x^^x  +  l=0. 

30.  If  ^3_^.^.2,/+.^^2  +  ,^3  =  0  .'.x^  =  y^  .•.x'^^:=rx^y^\ 
x^'^/j^=x^y^^,  x°ij^''=xfj^^ 

31.  May  be  written  x^'^  -X'-hx^^+x^-^-X'-^x-l-l 

=  Mult.  {x^+x^-\-x^'+x-{-l).      x^'  -x^=x^{x^''-l) 
=  MiTit.  (:t--l)  =  Mult.  {x^+x^+x^tx+i). 

32.  l+x+x'^+x^-hx^+x^+x^'-^x^^-x-^ 

=  Mu\t.{l+x+x^+x^-^x^-{-x'+x<^).      x"-^-  x^ 

=x^{^x^9—l)  =  Uu\Ux'  -1) 

=  Mult.  {x^  +x'  +x^  +x^  +X''  +x-\-l). 
[81  and  32  may  also  be  solved  by  the  method  employed  above 
to  solve  Nos.  26  to  30.  See  also  the  note  to  the  solution  of  Prob. 
2,  page  13.  Probs.  26  to  32  may  also  be  solved  by  the  methods 
iUustrated  in  Art.  XII.  of  the  Hand-Book.  The  solutions  of  28 
and  29  by  the  second  of  these  methods  will  be 

,^i2_|_a;9  4..ce+a;3+l  (x'^-l){x-l) 


28. 


29. 


x^-^x^-\-x''+x-\-l      ~    {x^-l){x-'-l) 
(x''^-l){{x^-l)-x(x'-l)}    ^    (x^^-l)(x'^  -1) 
V-l)(^^-l)  \x^-l){x^-l) 

{x^^-l){x^-l)x 

{x^-l){x^-l)  * 

a;'6+a;^^+:K^+a^^  +  l    _    (a;^" -l)(a;-l) 
x^  +  x-'-bx^+x  +  l       ~    {x^-l){x^-l) 
(a;2o_l){(a;i6-i)  _a;(a;^5_i)]. 

{x'-l){x^-l) 
(a.2o_l)(.^i6_i)    ^   (x2<>-l)(a;^g-l)a; 

{x^-l){x^-l)      ~       {x^-l)(x^-l)    J- 
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38-37  and  40.  If  6-c  =  0,  these  polynomes  vanish,  hence 
they  are  multiples  of  b  —  c,  and  s*.  by  symmetry,  of  D.  But  they 
are  only  of  the  same  dimensions  as  />,  viz.,  6,  /.  they  are  numer- 
ical multiples  of  D.  The  numerical  multipliers  may  be  deter- 
mined, as  is  done  in  Ex.  9,  page  48,  Hand-Book,  by  assuming 
particular  values  for  the  letters,  or  it  may  be  determined  by  div- 
iding the  terms  involving  a^b-c  in  the  several  polynomes  by 
—  a^b^c,  which  is  the  term  in  D  involving  these  letters  to  these 
powers.  Thus  in  33  put  d--0  (since  d  is  not  involved  in  a^b^c) 
and  we  obtain  at  once  -\-a^b^c  +  &c  ;  and  -\-(i^b^c-. —  a^b^c=  —1. 

38.  This  polynome  is  symmetrical  with  respect  to  all  the  letters 
it  involves,  and  it  vanishes  if  b  —  c  =  0,  hence  it  either  vanishes 
identically  or  it  is  a  numerical  multiiile  of  {a-\-I>-{-c-\-d)D,  for  a 
numerical  multiple  of  {a  +  b-{-c-{-d)  is  the  only  linear  symmetri- 
cal function  of  a,  6,  c  and  d,  and  the  polynome  is  but  one  degi-ee 
higher  than  D.  Assume  values  of  a,  b,  c,  d  that  will  not  make 
(rt  +  /j+f+r/)Z)  vanish,  and  the  numerical  multiplier  will  be  found 
to  be  1.  Or  divide  the  term  involving  a^b^d  in  the  polynome  by 
the  corresponding  term  in  {a-*-b-{-t-ird)D. 

3\).  The  above  solution  oi  38  will  apply,  word  for  word,  to  39. 

41.  The  sum  of  the  fractions  — ,    — ,    —  —  increased 

12       3  71 

by  the  sum  of  their  products  two  by  two,  increased  &c. 

-(i  +  T)(i  +  i)KT) (i+|)-iwhich 

=  l.A.l ^+l_l  =  (.  +  r,-l=n. 

12       3  n 

42.  The  area  will  vanish  if  the  parallel  sides  lie  in  the  same 
straight  line,  in  which  case  h-^k  —  a  —  c  =  0,  or  a-\-c-{-h  —  k,  or 
a  +  c  —  h-^k  =  0.  The  area  will  also  vanish  if  the  diagonals  (and 
consequently  the  sides)  vanish  simultaneously,  i.e.,  if  h+k-^a-\-c 
=  0.  Hence  the  area,  and  therefore  its  square  or  any  other  power, 
will  involve  h-\-k-\-a-\-c,  h  +  k  —  a  —  c,  a-\-c+h  —  k,  u+c  —  h-^-k  as 
factors.   But  it  is  given  that  the  square  of  the  area  is  a  polynome 


38  CHAPTER    TWO. 

of  four  dimensions,  hence  it  can  only  be  a  numerical  multiple  of 
these  four  factors.  Write  s-  for  the  square  of  tho  area  and  m  for 
a  numerical  constant 

s2  =  m{h  +  k-\-a  +  c){h-{-k-a-c){a'\-c-^h-k)(a+c-h  +  k). 

To  determine  m,  let  c  =  0  in  which  case  the  trapezium  becomes 
a  triangle  with  sides  a,  h,  k  and  by  Ex.  6,  p.  47,  Hand-Book, 

8^=^\{h  +  k  +  a){h-^k-a){a-^h-k){a-h-^k), 
.',  m  =  ^\. 

Or  m  may  be  determined  by  taking  as  a  particular  case  a 
rectangle  with  adjacent  sides  of  lengths  3  and  4,  in  which  case 
a  =  c  =  4,  A=^  =  5,  and  s  =  12,  from  which  it  will  be  found  m  =  j\, 

[The  formula  for  the  area  of  any  quadrilateral  is 

16.S2  =  (2M  +  «2  - /,2 ^c^-^d^){2hk-a2  -hb^-c^  +(1^) 
in  which  5  is  the  area,  h  and  k  the  lengths  of  the  diagonals  and 
a,  bj  c,  d  the  lengths  of  the  sides  taken  in  order.     This  formula 
is  due  to  Gauss.] 

43.  The  only  way  in  which  the  area  of  a  quadrilateral  inscribed 
in  a  circle  can  vanish  is  by  three  of  the  sides  becoming  equal  lo 
the  fourth,  i.e., 

a-^h-^c-d  =  0,  OY  b  +  c-\-d  —  a  =  0,  oi  d+a-\-h  —  c  =  0. 
If  all  the  sides  vanish  simultaneously,  it  will  be  found  to  be  only 
a  particular  case  if  one  of-*these  four,  or  rather  of  all  of  them 
simultaneously. 

.-.  s^=m(a  +  b+c-d){a  +  b-c  +  d){a-b-\-c+d){-a-^b+C'hd). 
To  determine  m  tnke   the  case  of  the  square  .-.  a  —  b  =  c  =  d, 

.'.  a'^  =  m2a.2a.2a.2a, 
.'.  m  =  j\. 

Exercise  xxii.,  page  53. 

1.  Transfer  the  right-hand  member  and  the  resulting  polynome 
on  the  left  vanishes  for  ic  =  0  or  +6  or  —b,  i.e.;  for  three  difierent 
values  although  it  involves  only  the  second  power  of  x,  hence  it 
vanishes  identically. 
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2  and  3  may  be  proved  in  like  manner.  In  No.  3  divide 
through  by  z^  and  replace  z  by  c  ;  the  formula  will  then  bo  seen 
to  be  symmetrical  with  respect  to  a,  h  and  c. 

LThese  theorems  are  merely  cases  of 

(x—a){y  —  a){z—aA  . 

— 71 — ^—7 ^ +  two  similar  terms  =  aj  +  v+2     a-b  —  c, 

{b  —  a){c  —  a)         '  '^ 

^         ^^  _^     u         .1  ..      =1,  and 


{b-a){c  -a) 
(x-a\(ij-a) 


+  three     "  "      =0 


{b-a){c  -a){d  -a) 

respectively.  They  may  be  proved  like  Example  1.,  Page  53 
Haud-Book,  or  by  the  method  applied  to  Probs.  8-25,  Exercise 
xxiii.  For  the  general  theorem  see  the  solutions  of  those  prob- 
lems.] 

4.  Change  the  signs  of  a,  b,  c,  in  Example  1.,  page  53,  Hand- 
Book. 

5.  Holds  for  rt  =  0,  or  —6  or  -cor  —(b-\-c)  .\&g.     Or  thus 
6c(62  -c2)  +Crt(c2  -a^)^ab{a^  -  h^)  = 

{b  +  c)hc(b  -a)-\'[c-^a)ca(c-a)-\-{i+b)ah(a  -b)  A. 

Also  0  =  abc{b  —  c)-{-  b  ca{c—a)-^         c  ab[a — b)  B. 

then  A-\-B  gives,  &c. 

6.  Treat  as  a  polynome  in  a.     This  identity  is  a  case  of 

(i+x 

1 r- ^i 4-  three  similar  terms  =  0. 

{x-ij)[x-z)[x-ur 

7.  a2(6_c)+62(c_a)  +  c2(a-6)=  -{a-b)\b-c){^c -a) 
.-.  a^{b^-c'^)-\-b\c^  —  a'')-\-c'^\iX^-b')  = 

and    (rt-h64-G)3-a3-63-c3  =  3(<(+6)(5+c)(c+«,  by  [8]. 

8.  See  Prob.  2,  Exercise  Y.  , 

{a^-^rh'^ic'''  ^d^\e'^  ^r-)={{ad^bcY  ^{bLl-acY){e'^  ^P) 
^\(ad^bc)f^i^bd-aQ)e\'^^\ad-\-bc)e-(}jd-ac\f)'i. 
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9.  See  Prob.  9,  Exercise  XI.     Or  thus 

.'.  x^{x-\-y)^  =  —)i^^  = —x^y  .'.   [x-\-y)^  =  —x^y 

.'.   {x-\-y)^  —x'""  =  ~x^y  —  x^  —x^y-  =  —x^{x'  +xy-\-y-)  =  0. 

.-.  {x-{-yr-x'-y^=Oifx^+xy-{-y^=0 

.'.  x-+xy-\-y^  is  a  factor  of  {x-\-y)^  -x^—y^. 

Also  {x-\-y)^  —x^—y^  =0  if  x  =  0  ov  y  =  0  ov  x  +  y  =  0 

=  U'xy{x-hu){{^-^  yy-i--^"-  -hU^' 
Determining  k  it  will  be  found  =  5. 
Substitute  a  —  b  for  x,  b—  c  for  y,  and  .*.  —(c  —  a)  for  a;H-?/ 

(a— Z;)5  f-(6  — c)^4-(c  — rt.)5 

=  |(a_6)(6-c)(c-a){(a-6)2  +  (/9-c)2  +  (c-rt)3}. 

10.  The  left-hand  side  vanishes  for  x  =  0,  or  ^  =  0,  or  z  =  0,  and 
it  is  of  but  three  dimensions,  .  •.  it  =  kxyz.  k  may  now  be  deter- 
mined. Or,  transfer  the  left-hand  member,  and  the  resulting 
polynome  on  the  left  will  vanish  for  x  =  0,  or  y  —  z,  or  —y-^-z^  c: 
—  y-z,  i.e.,  ior  four  values,  hence  it  vanishes  identically. 

11.  By  Ex.  2,  p.  18,  Hand-Book, 

(a-b)^-\-{b-c)^-i-{c-a)^  =  S(a-b){b-^c){c-a) 

and  .-.  (a2_^2)34.(^2_(;2)3  ^(c3-rt2)3 

12.  x^{y+z)^  +x!,z{y+z)  =  x{y-\-z){xy+yzA-zx) 
y^{z+x)-  -\-xiz{z  +  x)  =y{z-{-x){xy-\-yz-t  zx) 
z^{x  +  y)^  -\-xyz{x-\-y)=z{x->r  y){xy-\-yz  +  zx) 

.'.  by  addition,  &c. 

Exercise  xxiii.,  page  57. 

ANSWERS. 

1.  5i4  +  15f4.  2.  6.  3.  3. 

4*  -  {A{b^c->rd)^B{a+c  +  d)-\-C{a  +  b^d)^D{a-\-h-]-c)}. 

6.  0.  6.  5b4^-30ab^i-'dOa^b^-5a^b.  8.  0.  9.  0. 
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10.  0.  11.  7.  12.  a  +  h  +  c  +  d.  13.    -1. 

14.  a  +  h-\-c-\-d.       15.   {a-\-b->rc){a^  -{-b-  -Vc-  -\-ab-{-hc-\-ca)-\-ahc. 

16.  (rtH-6+c)2(rt3+Z/2+c-)  +  2(/k-(rt  +  ^-i-(;. 

17.  a-\-b  +  c+d).  1«.  (rt4-6  +  c+(/)2. 

19.  (a  +  /^  +  c  +  i01(«  +  ^  +  '^^+<0--(<'^  +  ^^-fc^^  +  «c4-i</  +  rttO}  + 

20.  rt  +  Z/  +  r.  21.  3.  22.    -1. 
23.  0.                                 24.  0.  25.  0. 

26.    l  +  rx-^^x^--{-^\x^.  27.   l-4-.r-|.>;2-^^5a;3. 

28.   l4.ic4a;2-h^-3.  29.  l-2u;4-3.i;2 -4.^:3. 

30.  l-\-lx-lx^-+i^xK 

Hints  and  Solutions. 

7.  Let  {l-{-nx-^hx^-\~cx^+kc.){\-ax+bx'^  ~cx^+kc.)  = 

l-\-Ax  +  Bx^  +  Cx^  +  Dx^-\-Ex'^+kc. 
Change  x  iuto  —  x. 

.-.   (l-rt.c  +  6.«2_(,^3  4&c.)(l+^a:4-^^^--+c.i'3  4.&c.)  = 

l-Ax-^Bx^-Cx^+Dx^-Ex^-\-kQ. 
.-.  1  +  .4a;+5.r2  +  Ca:^  +&c.  =  1  -  Ax  +  Bx^  -  Cx^-\-kc. 
.'.  Ax->rCx^-\-Dx'^  +  kQ.  =  0. 
Now  this  is  to  hold  for  any  vahie  whatsoever  that  may  he  given 
to  a;;  .-..4=0,   C  =  0,   D  =  0,  &c. 

8.  Assume  -, 77 rr- 77 t:  = 

{x  —  a){x-  b){x  —  c)[x—d) 

A  B  C  D 

Multiply  by  {x - a)(x -  b){x - c){x -  d) 

.-.  l  =  {A-\-B-hC-\-D)x^-&c. 

.'.  A  +  B  +  C+D^O. 
Multiply  both  sides  of  (a)  by  a;  -  a  and  in  the  result  put  x  =  a 

1 


••     {a-b}{a-c){a  —  d) 
by  symmetry,  &c. 


=  A, 
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_     .  X  A 

9.  Assume  j w jri r? f,  = A-kc. 

(x-a){x  —  h){x-c){x-r1)     x-a^ 

10.  Example  1,  page  65,  Hand-Book. 

x^  A 

11.  Assume  7 w tw w tx 4-&C. 

{x—a){x  —  o){x  —  c){x— a)     x  —  a 

x^  A. 

12.  Assume  -, w rr? 77 j\=-'^— — -  +&c. 

{x-  a)(x-h){x—c){x--d)  x  —  a^ 

,'.  x^=x^-{a+b-\-c^d-A-B-C-D)x^  +  &G. 
.'.  0  =  a-{-b-\-c  +  d-A-B-C-D 
-.'.  .A  +  B  +  C+D  =  a-i-b-{-C'^d. 

1  A 

13.  Assume  , r? rr? w 1^ x= +&c. 

{x  —  a)[x-'0)[x  —  c){x—a){x—e)     x  —  a 

A-^B-^C-T-D-{-E  =  0. 

Also^=  . — ^ -,    B  =  &c. 

(a  —  h)(a  -  c){a  -~d)(a  —  e) 

''(a-h){a-c)[a-d){a-e)  ~^ "^(e-a)(c-^)(e-c)(e-5)  "^ 

Let  e  =  0,  and  multiply  by  abed ; 

•*•    {a-b){a-c)(a-d)   ^    "^   ^"^' 

Or  thus:    Prove  by  the  method  employed  in  Ex.   1,  p.  53, 
Hand-Book, 

{y-'b){y-c){y-d)  ^ 

{a-b)(a-c)(a-d)     "^    ~    •^• 

Then  take  the  case  y  =  0. 

14.  1st  Solution.     Find  a  polynome  in  x  that  will  become 

u{a  +  b){a-\-c),  b(b  +  c){b-^a),  or  c{c-{-a){c'\-b)  according  a.3x  =  a 
or  b  or  c. 

a{a  +  b){a-\-c)  =  i{a  +  (i){a  +  b){a+c) 
b{b-hc){b+a)  =  U^+a){b-hb){b+c) 
c(c+a){c-^b)  =  J(c+«)(c4-6)(c-f  .) 
.'.  required  polynome  =  i (a; +  tt)(a;+ 6) (.^-4-^). 
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{x-a){x  —  b){x  —  c)    -  x  —  ((        ^ 

...  x^  +  {a+b  +  c)x^  4-&C.  =  ccS  -  { (a  +  h-\-c)  -{A-^B  +  C}}x^  +&c. 

Multiply  (a)  by  x  —  a  and  let  x  =  a. 

2a{a-{-b)(a  +  c) 
•*•    y— _-TT/    _  V     =  ^,  values  of  5  and  C  by  symmetry. 

Add  together  the  values  of  A,  B  and  C  thus  obtained  and  take 
half. 
2nd  Sulu'.ion.     Assume  (x  —  a)(x—b)(x—c)  =  x^+px^-{-<jx-\-r. 
.*.  jL>=  —  (a+/>-4-c),  ^  =  a/j  +  ^yc"  +  c«,  r= — abc. 
Express  a{a-\-b){a-\'c)  in  terms  of  a,  p,  q,  r. 
a(a-\-b){a-k'c)  =  a{a--\-ab'\-ac-\-bc)=a^{a  +  h  +  r)-\-abc=  —pa^  —  >• 
Substitute  x  for   a   and   use   the    resulting   polynome   for   a 
numerator. 

—px^—r  A 

{x  —  a){x  —  b){x—c)  x—a 

,'.   -px^-y  =  {A'}'B-^C)x^-&c. 
.-.  A+B  +  C=—p  =  a  +  b-hc. 
Determine  A,  B  and  C  as  before. 

[Either  of  these  solutions  is  easily  derived  from  the  other,  for 
any  multiple  of  {x^a)[x—b){x—.c)  may  be  added  to  or  taken 
from  any  polynome  satisfying  the  conditions  stated  in  the  first 
solution,  and  the  resulting  polynome  will  still  satisfy  those  con- 
ditions.    Now 

\{x  +  a){x-\-h){x+c)-Ux-a){x-b){x-c)=  -px^ -r, 
showing  how  the  second  solution  may  be  derived  from  the  first.] 

15.  a^{a-{-b){a-hc)  =  -pa^-ra^. 

-px^  —  )'x^  „        A 

.*.    —px^—rx^=  —px*  +  {p^—pq-\'A+B-\-C)x^—6iii. 
.-.    -r=p^-pq-\-A-^B-{-C 
.'.  A  +  B-{-C=^—p{p^-q)-r. 
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16.  a^(a-\-b)(a  =  c)=—pa^—ra^ 

« 

Assume  (,,_,)(^_,^^,,_  .^  =  -px'  +p'x-p'  +;,,_,+ -^+&c 

.*.    —px^ — 7'x^  =  — px^  —  rx^-\-(—p'^  -f  '2iy-q  — 

2pr-{-A  +  B-[-C)x^-&G. 
.'.   A+B+C=p^-2p^q^'2,pr. 

17,  18,  19,     a(«  +  5)(rt-}-c)(rt+f/)  = 

a(-prt3-r), 
if  {x~a){x—h).c—c){x—d)=x'^-\-px^+qx~+rx-^s  so  that 
J9=  —{a+b-\-c-\-d),  q  =  ah+hc  +  cd-\-da-^ac+hd 
r=—  [ahc  4- hcd  +  cc?a  +  f/ai) ,  s  =  abed. 

— px^  —  rz  A 

tor  17,  assume  > w tw r, 7t= +&c. 

[x — a){x — 0){x — c){x  —  d)     x—a 

giving  A  +  B+C+D=-p, 

—px^-7'x^  A 

For  18,  assume  (-_,)(^_6)(^_,^(^_rf^= -^+ ^3^+&c. 

giYmgA+B^C+D-=p2, 

_  —px^—rx^  A 

For  19,  assume  7 tt ttt s:7 k=  -??a?+»2  _j_ +&c. 

{x—a){x-h){x-c){x—d)        ^     ' -^       a;  — a 

giving  A  +^  +  0+  D=  -p^-\-pq—r. 
[Diwide—j^x^  —rx^  by  a;3+/»a;2+(2'.>j+r  and  compare  the  coeffi- 
cients of  the  powers  of  x  in  the  quotient  with  the  values  of  the 
expression  in  14-19] . 

20.  1st  Solution,     het  {x-a){x-b){x-c)=x^-^px^'\-qx-\rr 
b  =_(a+2P)-c 

c  =  ~(a+p)-b 

])-\-^—a=  -(a+^j)  — a 
.-.  bcih^'C-abc)=-{{a+p)  +  a]{{a-^p)  +  h}{{a-\-p)-\-c] 

=  -(a-p)^+p{a-{-p)^  -q{a-\-p)'\'r 
.-.    -hc{b-\-c)  =  {a4-p)^-p{a+p)^+q{a-\'p). 
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Substitute  X  for  a  in  the  right-hand  member  and  expand  (See 
Ex.  5,  p.  47,  Hand-Book),  and  ^vije  obtain  for  numerator 

Assume    — -p^r     ^',J^~P^   =  1   +     -H  &c.         («) 

(a;  — a)(a;  — o)(a:  — (•)  a;  — a 

Mult,  (a)  by  iC  — a  and  then  put  x  =  a. 
-hcih^c)       ^     „ 

A^  r  ~k'r-^..  B  =  &c. 

{a  —  b){a~c) 
2nd  Solution.  b  +  c=  —(a+p).     hr=-a(h-^c)+q  =  a^-{-ap-\-q. 
.-.  bc{b  +  c)=-{a^-^pa-\-q)(o-\-p)' 

=  -  {a^  +2pa^  -{-{p^  +q)a-{-pq}. 
The  solution  now  proceeds  as  in  1st. 
3rd  Solution.     bc{b-{-c)  =  bc(a-\-b-\-c)  —  abc=—pbc  +  r 
=  -  p{a-+ap-\-q)  +  r. 

Assume     px^+p'x+pg-r    ^      A  ^^^ 

{x-a){x  —  b){x—c)         x  —  u 
.:.  A-]-B  +  a=p. 

21.  Ist  Solution.     2a-\-b  =  (a  —  p)~-e 
2«+c=  (a~p)  —  b 
a-\-b-\-c  =  {a  —  p')—a 
.;{a  +  b-^c){2a-\'b){2c(-\-c)  =  {a-p)3-\-p(a-p)^+q{a-p)+r 

=  a^-2pa2  +  {p2+q)a-{pq-r). 

Assume    x^2j.x^0^l+q)x-{pq~r)  ^  ^  A  ^^^ 

{x  —  a){pG—b){x  —  c)  a;  — a 

Determine  A-^B-^-C,  and  A,  B,  C.  (It  will  be  A^und  to  be 
necessary  to  divide  through  by  a-\-b-\-c,  which  was  introduced  as 
a  factor.) 

2nd  Solution.     {2a-{-b){2a-\-c)  =  4.a^-{-2a{h-\-c)+bc 
=  ^a^  ■\-a{a  +  b+c)-\-ab-\-bc^ca 
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.-.  Assume    (^a){x-h){x-c)   "     x-a  ^  *^" 
...  A+B+G=d. 

22.  a{b+c)=—a{a-(a  +  h-^c)}=  -a{a-\-p). 

Assume     ^-^ j( -,    = h  &c. 

{x  —  a){x-b){;x-c)  x-a 

,'.  A  +  B-\-C=-l. 

23.  b-^c-\-d=-'{a+p) 

—  X — p  A  „ 

Assume     ; j-^ r-. jr    =    +   &o. 

(x—a){x-b){x-c){x-d)         x-a 

...  A+B  +  C-[-n  =  0. 

Or^  (rt +  & 4- c+(/) (Problem  8) -(Problem  9). 

2i.  bc-\-cd^dh=-a{h-\-c^d)-{-q  =  a^+im^q, 

x^{x''+px  +  q) ,  _^     ,   0 

Assume    l^^zra)(^^ix^c)[x-d)=^^ 

.-.  x^+l^x^^-qx^  =x'^  -\-px^  +  {q-\-  l  +  B^O-\-D)x^  +  kQ, 
...  A-\-B-\-C+D  =  0. 
Or,  a^{bc-\-cd  +  db)  =a{a^(bc+cd  +  db)} 
=  a { a{abc +bcd  +  cda  +  dab)  -  abed } 
=ia[—ra  —  s}. 

—  rx^  --S  A 

-  Assume  ^^_a)^x-bj{x-c){x-drx~-^'^^''' 

...  4+B  +  0+Z>  =  0. 

25.  bc  +  cd  +  db  =  a^+pa-\-q 

x^+px^q ^  ,  ^^ 

^ss^^®    l^-a){x-b){x-c){x~d)- x-a-^^""- 

...   ^  +  5  +  C+^  =  0. 

[Probs.  8-25  are  all  included  in  the  general  theorem,  '*  If 
there  are  ???  quantities  h^,  h^.  h^,  .  .  .  .  h^  and  n  quantities  (no 
two  of  which  are  equal)  a^,  ^g,  a^,  .  .  .  ,  «„• 
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term  independent  of  x  in  quotient  of 

{x{x-hi){x-h2)   ....   (a;-/i„;i}^ 
{(x-a^){x-a.2)     ....  (a;-0}- 

Cor.  If  m  +  1  is  less  than  ?i,  there  is  no  *  term  '  and  the  value 
=  0  ;  if  ;;?  + 1  =  ?i,  the  '  term  '  =  1. 

The  student  will  find  it  an  excellent  exercise  to  obtain  Probs. 
8-25  from  this  general  theorem  ;  thus  for  8  let  ni  =  1  and  71  =  4, 
and  assume  A^  =«j  —  1,  a^=a,  ^g  =6,  a^  =  c,  a.  =d.] 

26.  Assume  l-{-x  =  {l-j-ax  +  bx^+cx^+&c.)^ 

=  1 +  2au;  +  (a2  4.26).(;2 -f  2(a6-fcj.c3  _^&c. 
.-.       2a  =  1     .-.  a  =  A. 

ab-{-   c  =0     .*.  c  =  -^\. 

.'.   ^(l  +  x)  =  l+hx-lx^+^^^xK 

30.  Assume  l+x={l-j-ax-{-hx^-[-cx^-^&c.)^ 

=  l  +  3rta:  +  3(«2  +  6)a;2  +  («3+6a64-3c)a;3+&c 

ao-4-Ga6  +  3c  =  0  .-.  3c  =  ^V-3,V  =  /7,  .'.  c  =  -/j. 
Exercise  xxiii.  (a),  page  61. 

ANSWEBS. 
1.    (p_^'  +  y)l^=(p+l)(p2_^^^_^). 

9{3(p2_^)(^r-;>t)-(^^-r)(;;r-t)}x 
{3(7^5'  -r)(r2  -qt)  -  (pr-  t){qr-pt)}. 

g       4a:"(a;3 + Spx^  +  3^a;  +  r) 
x^+^x^6qx^4^rx  +  i' 

10.    -4p;  (4j9)2-2(6^);    -  (4;?)3  +  3(4rt(6^) -3(4r)  ; 
(4;,)4-4(4i;)2(6^)4-4(4rt(4?)  +  2(Gg)2-4£ 
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-{i2^'-h5(4p)^eq)-5{4p)^ir)-5{4p){6qy  +  5{4.p)t  +  5(6q){ir); 

-  12(4;;)(62)(4/-)  -  2(6^)3  +  6(6^)i+3(4r)3. 
11.  s^s^-AsyS^  +  Ssl;  SqSq-6s^s^  +  15s^s^-10s]. 

12-  -43i4^^:^'^i=^'^'2  =  28,.3=-3,.,  =  544,.,= 
-70,56=8683;  2  («-^^)4  =  4526  ;  S  («-&)«  =  264122. 
Hints  and  Solutions. 

1.  U=.x^-\-px+q,    V=x^+p'x-\-q. 

Any  common  factor  of  U  and  V  will  be  a  factor  of  {V—U)-x 
=  x^—x-{-p'—p. 

.*.  x^  —x+p'—p  and  a;2+^>^4-^  must  have  a  C.  F.  Now 
apply  Ex.  1,  Art.  XI.,  p.  58. 

2nd  Solution.     Any  C.  F.  of  C/  and  V  will  be  a  C.  R  of 
{{x  +  l)U-V}^x={p-^l)x+{p-p'  +  q) 
and  F-(a;-2->)^7=(i;2+jj'_^)a;  +  (^>+l)3' 
.-.  if  [/  and  F  have  a  C.  F. 

p+1         _  p-p'-\-g 
p^+p'-q    ~    (p  +  ^)q 
or(p-\-l)^  =  {p-p'  +  q){p^-{.p'-q). 

2.  If  expn.  =  exact  cube  it  must 

=  {x^-\-a^x+f)^=x^+^a^x^+^{a^^-J')x^  +  {a^-{-Qay')x^-\' 
m^  ^a\tyx^-\.'6ay^x+f^. 
Equating  coefficients  (Theor.  IV.), 
a^+f=b 

P^a^f    =d  or  bf=d 
a2/3=63 

fi        d      c—a^ 
.•./=—- =-1- = -TT-i- =  ft  -  a*. 
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S.  1st  Solution.      U=ax^-{-Ox  +  c,   V ^a  +  bx^-^cx^'' 
R={{ax  +  c)V-(cx-ha)U}  ^x  = 

(c^-a^+ab)x^-\-bcx^—bcx-{c^-a^-{-ah)  = 
(c2  _i,2  -^ab){x^  -  l)+6c(«2  _  l)x 
{(c2_a2+a/.)(x'^  +  l)+6r4(^2-l). 
S=icx-\-b)U-axV  = 

bcx^^{c^-a^-\-b^)x-{-bc. 
Any  quadratic  C.F.  of  U  and  V  must  be  a  C.F.  of  R  aud  S  or, 
(rejecting  the  factor  x^  —1  in  R  which  involves  a  particular  value 
of  x)  of 

(c^  -a2-{-nb)x^  i-bcx-^-ic^-a^+ah) 

and  brx^  -^{c^  -a^-{-b'^)x+bc', 

c^  —a'^+ab  be  c^  —  a^-{-nb 

^Tul  Solution.  If  »«;2  _|_^^^j3  is  a  factor  of  t/,  7?a;2  +  rta;-f-;n  will 
be  a  factor  of  V,  .'.  if  wa;^  +?zj;+;;  is  a  C.F.  of  ?7and  V,  vi=:p  and 
.-.  every  C.F.  is  of  the  form  mx^  -\-nx-{-m  which  may  be  written 
m{x--^kx+l). 

{ax'''-irhx-\-c)  -f-  (a;-  -\-kx-{-l)  =  ax^  — ^^-.c^+lower  terms. 
(c  +  bx-{-ax^)  ^  {1  -{-kx-^x^)  ^c-^t-^b  —  ck)x+  higher  terms. 
Assume  U={x^  -i'kx-\-l){<ix^  —  akx -  -i-{b—  ck)x -\-c) 
i.e.  ax^  +  bx-\-c  = 
ax^  -[ak^-\'Ck-a  —  b)x^  -{ck'^^ak-~bk-c)x^-\-bx-\-c. 
.'.  ak^-{-ck-{a-{-b)  =  0 
ck^+(a—b)k-c  =  0. 
These  equations  must  both  hold  for  one  and  the  same  value  of 
k.  they  must   .-.   have  a  common  factor,  .-.   by  Ex.  1,  Art.  XJ., 
Hand-Book, 

Ij2c2  =  (c2  _rt2  —ab){c^  -  {a^-b^)}, 

4.  1st  Solution.      {{ax  +  c)V-{cx-^a)U]^x  = 

{c^  - a'i)x^-{-abx^  - abx  -  {c^  - a^)  = 
(ca;2  -a2)(a;4  --  l)-^ab{x^ -l)x  = 
{(r-  -a^)(x^  +  l)+abx}{x^-l)  =  W. 
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Also  {ax^+c)V-(cx^+a)U}^x'^  = 

abx*  -{-{c^  -a^  -bc)x^  -{c^  -a^  -bc)x-ah  = 
ab(x^-l)  +  {c^  -a^  -bc){x^  -l)x  = 
{ab(x^  +  l)i-(c2-a^-bc)x}{x^~l)  =  W' 

.•.  TV  and  W  can  differ  only  by  a  numerical  factor, 

c2  _  ^3  ab 

•*•         ab      ^c^-a^  -be' 

2nd  Sol.     {ax^  -irbx^  -{•c)  =  {x^-\-kx-\-l){x^  -akx^  -ck-^l)^ 
ax^  —  {ak^  +ck—a)x^  —{ck^-^ak—c)x^-\-c 
.*.    ak^  -i-ck  —  a  =  0  and  —  {ck^  -f  ak  —  c)  =  b 
i.e.  ck'  ■\-ak-\-b  -  c  =  0 
.-.    a''b^={a^-G^){a^+c{b-c)}. 

5.  ax^-\-lKC^ -\-rx  +  d=  {x^ -\-kx-\-l){ax^ -\-{b  -  ak)x-ird}  ^ 

ax^+bx^-{ak^-bk-a-d)x^  -{ak-dk-b)x+d 
.-.  ak^  -bk-(a  +  d}=:0 
and  (a  -  d)k  —  [b  —  c)  =  0 
.-.  dk^-ck-{a-\-d}  =  0 

.-.  (a-ri)3(«4.,/)  =  (5^_ac)(6-c). 

a;— («  —  ;?)+ linear  remainder. 

For  exact  division  this  remainder  must  vanish,  and  .*.  x—{a  —  p) 
must  be  a  factor  of  x^+px^  -\-qx+r,  which  will  .-.  =  0  if  in  it 
o  -  jo  be  substituted  for  x. 

•••   {a—p)^-\-p{ci-p)^+q{n-p)-{-r  =  0. 

Expand  by  Horner's  method,  Hand-Book,  Art.  VIII. 

{x^-\-px^  -^qx-^-r)  -f-  {x~  -\-ax-\-b)  = 

[x  +  — )  +  X  (linear  polynome) 

\  b  ! 
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,».  X  4-  -*-  must  be  a  factor  of  a;^+i^a;- +2:c+r,  which  will  .-. 
b 

=  Oifa;  =  -  -1 

h  • 

7.  (^*+jo»+9)^(^^+ax+6)  = 

a;2  _  ,^^  -^-(rt2  _  ^^  -^.  linear  remainder  ; 
.*.     {x^  ■\-j)x-\'(i)  =  {x'^  ■\-ax^h){x-^-  -ax-\-cr-  -&)  = 

a;4  +  (a3_2a6)a;+(a2_6)6. 
.♦.    a3_2a6=jt?.     (^a2-6)6  =  ^  .-.   {2a^  -2ab)2ab  =  ia^ci 

.-.      (a3+j9)(rt3_^)=4a2g.  I. 

Also    a''b{a^'b-2b^)^=p^b^ 

8.  I     1             ip                         Gq                                        4?-       t 
a\ a       a2+4flyp u^+U^p-^6aq T 

1        a  +  4jo        a^  +  4:a2-j-}-6q  a^ -^4:a'^p-[-6aq  +  4:r      R 

a  2a  2  -\-4:ap  3«  3  +  ^a  ^p  4-  6^/^^ 


1      2a-\-4.p     3rt2+8«^^  +  6^;       4a3  ^-l2a->+12a^  +  -4r 
.-.  4a3  4-12rt2p  +  12a2  +  '±r  =  0. 
.*.  x^  +  8/^a:2  +  ^qx  +  ?•  is  divisible  hy  x  —  a 
and  .-.  has  a  C.  F.  with  ^a;3  +  32a;2+3r.c4-t. 

9     _J_  J_  J_  1 

ic  — a         x-b  "^  ic-6-         a;  — c^    ~ 

4:X^-'d{a-\-b-{-c  +  d)x'^+2^ahx  —  {ahc-^bcd-\-cda  +  dab) 

4a;3  +  12;J3;^4-12t/a;+4r 
a* +  4iya;3 +  6^0:2 +4ra: -m' 
Multiply  this  by  af". 
10. 


-4^ 

-4/- 
—  t 


4         12/>     12^  4r 

-16i>     16;.2      _64p3-|-48jt?^     256jt;4_288/)^^4-48/?r 
-24^  24pg  -96^2^+72^2 

-16r  16;?r 

-4t 


4,      -4^,     16/?2-12^,       -64j^3  +  72py_12r, 
Continue  the  division  to  three  more  terms. 
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4:x^  -~4:{a  +  b  +  c-\-d)x^A-iS{a^+h^-{-c^-\-d^)x^ 

=  ^x^  —  iiS^x^-^Qs^x^  —  4:s^x-\-ti^. 
Pat  a;  =  a,  =6,  =c,  =£^11  succession, 

(a-b)^    +(6-c)4  +  (/>-fZ)4    =.9o64-4Si/r'^  +  6s2/>3- 4.536+6-4 

(rt.-c)4        +(/>_c)44-(c_.i)4=SoC4-49^c3+6s2c2   -  4.53 C+S^ 
(«_rf)4       -j-(6-iZ)4  +  (c-cZ)^=.Sofl'4_i,5^,;3+6s3ci*-4s50J4-6'4 

...  2{(a-6)4-h(a-c)4+  ...  +(c>-^/)*}  = 
SqS^^  -  4S1S3  +  6S2S3  -4.S3S1  +4S4 

Similarly;  (a;-a)«+(aj-6)6  +  (a:  -  c)e  +  (x-d)^  :^ 

SqX^  —6s ^x^ -i-lBs^x"^  —  20s^x^  -\~lo^ ^x'^  —6s.x  f  Sg. 
Pat:c  =  (X,  =&,,  =c,  =6?  in  succession  and  proceed  as  before. 

N.B.  Sq,  s^,  S3,  &c.,  are  the  coefficients  of  the  terms  taken  in 
order  of  the  quotient  in  No.  10 ;  they  are  .*.  known  polynomes 
in  j9,  q,  r  and  t. 

12.  Substituting  in  Ex.  9,  p  =  0,  6^=-14,  4r  =  l,  t= -38,  the 
result  there  obtained  becomes 

a;"(4a;3-28a;+.l) 

Dividing  as  in  Ex.  10,  omitting  the  line  for  p. 


7616 

3 

1064 


4 

0 

-28 

1 

14 

56 

392 

-42 

-1 

-4 

-28 

38 

152 

4 

0 

28 

-3 

544 

-70 

8683 

.•.So  =  4,s,  =0,6-2  =  28,  S3  =-3, 64  =  544,  .9,  = -70,  6-6=8683. 

Now  substitute  these  values  in  expanded  and  reduced  expres- 
sions for  ^{a-b)^  and  2(a-^)®. 
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Exercise  xxiv.,  page  62. 

1.  (3m-f2)^;  (c^-1)^. 

2.  (?/3-23)2;  4v2(2a:  +  ?/)3. 

3.  iSab  +  2ny'  ;   4:y^Sx-y)2. 

5.  (a+64-c)2  ;   (3i;4-i?/2  )2. 

'■(.-.«)■=  Kir- (liT. 

7.  ra;3-52)2.  8.  (^2-2a;i/  +  ^/2)2=(^_y)i. 

10.  (3^-4//-2.c-f-8i/)-^=(^^-z/)2. 

11.  (x-^  -X!/-\-i/-^  -hx^-^xfj  ^2/')^  =-i{x-  +y'')i. 

12.  (5a;*-*  +  2^-//+'7//2-4a;2-6.v2)2 
=  (x2  +  2!cy4-?/2)2  =  (.f  +  j/)4. 

■M(T)"-(T)"r-  "■'•-'-')' 

15.  (a2-62-(;)2. 

16.  (a-6)2  +  (6_c)2  +  (c-a)24.o(,,_^,)^^_c) 
-2{a-b){c-a)-2(b-c){c-a) 

=  /a_5_{-6-c-(c-a)}2=(2r/-2c)2. 

17.  (2rt2_364-4c)2. 

^alve  last  three  as  in  Example  4. 

Exercise  xxv. 

1.  (7'<+26)(7rt-26).  2.  (3a4.i5)(3^-l5). 

3.  (9a2-462)(;9rt2-|-462)  =  (3a  +  26)(3a-2^y)(9a2+462). 

4.  (10x-Qy){l0x-{-6y).  5.  o6(a4-2a;i/j(«-2.cy). 

6.  (3a;3_4i/3)(3a:3  +  4i/2).  7.  (|c  +  l)(|c-l). 
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8-  {^y^-lxz){^y'^-^lx^. 

9.  (9a2  -  l)(9a2  +  i)  =  (3^  -l)(3a  +  l)(9^,«  +  1V 

10.  («2_462)(fl,2+462)(^^_2/,)(a+26)(a2+463). 

11.  a^e-&ie=(a*   -fesj^^s +^,8)^ 

(a.4-54)(rt4_f.54)(rt8_|.58)  =  &C, 

12.  a--(/;-c)2=(rt4-6-c)(a-^+^). 

13.  (a  +  26  +  3a;-4^)(a  +  26-3a;  +  4?/). 

14.  {x^+2xyJrif^){x^-2xy^ryY  =  {x-^yY-{x-yYox{x^-y'^Y 

15.  (a;  +  2/+22)(a:+.v-2z). 

16.  (8.^:  +  8)(2-2a:)  =  16(a;+l))l-rr). 

17.  (2xi/  +  .7;3+i/2-23)(2^^_^3_2/3_f_,2), 

(.r4-J/+2)(ic  +  2/— 2)(25— a;  +  i/)(2+a;-?/) 
IS.  {x-^xy-y^+x^-xy-7/'^)y. 

{x^+xy+y^  -{x^  -xy+y-^)}={2x^  -2ij'')y.2xtf 

=  ixy(x-{-y){x~y). 

=  {{x-zY-y^}{{x-^z)^-y^} 

=  (x-z+y){x-z-y)(x+z+y)fx+z-y). 

20.  2(a+c)x2(6  +  cZ)  =  4(a  +  c)(6  +  f/,). 

21.  4(l+2.c2)x6a:  =  24a:(l  +  2a:2). 

22.  2{a^-{-2ah  +  b^)x4:ab  =  8ab(a-{-bY. 

23.  (^2  -62  4.^2  _,/2 -f-2ac  -26ii)(a2  _  ^2  4.02  _  ^2  _  2ac  +  2&cf) 

=  {(«  +  c)2-(6  +  </)3}{(a-c)2-(6-^)2}s 

x(rt  +  i  — c  — (/). 

24.  (.c2_^2_22_27/2)(a^2_^^2_^2  4.2^2) 

=  {x^^-{y+z)2}{x2-(y-^)2} 

=  {x+y+z){x-y-z)(x  +  y-z)ix-y-\-z). 

25.  2(((6_3a363+6e)x4a3/;3  =  ya363(a«-3^/3/j3_j_/j6). 
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26.  (a«+/)6)(ae-6«)  +  6a3/,3(rt6_66^_8a363(a6-6«) 

=  («6_66)(a6-2a363  4.66 

=  (a3_63)(rt3+^3j(,t3_63)2=(«3  4.^,3(^3_53)3. 

27.  (x^  +  ?/^  +z''){x''  +7j^  -{-z^  -2xy-2uz-2zx). 
26.  {x-^,-^zy-{>/+z)^={x+2z)ix-2y). 

29.  -(a4+^4_|.^4_2rt2/,3_2rt3c2_262c2) 
=  -(rt2_^3_c2)2_,_4/,2c2 

=  (26(;+rt2  -62 -c2)(26c-,a2  4-^2+^2) 

30.  x^+i/^+z^-{-2x'y^  -2x^z''-2y^z^ 

^(x^-y^-z'^^  —  ly'Z^ 

=  {^.2._(y2_2^2+22)}{^2_(^3  +  2//Z  +  22} 

=  (a:  — ?/+2)(a;+?/  -z){x-\-y+z){x-y  -  z). 
Exercise  xxvi.,  page  G7. 

1.  {x-~l){x^2),  {x-l){x-2)-    (^+4)(^  +  3). 

2.  [x-^){x-6)\  {x—l){x-l2)\  {x-12){x  +  o).    . 
S.  (2.i5-5)(2.^+4)  =  2(2.c-5)(.c+2)  ; 

(3^-20)(3x-30)=3(3x-20)(2;-10). 

4.  {kx+\2){ix-S); 

(5.i-  +  5)(o.c+3)  =  o(a;+l)(5u:+3) ; 
•  (3:c3-4)(3.c3_5). 

5.  {^x+4.)(ix+B)  ; 
(4a:2-.5)(4./j-+4)  =  4to-5)(:r  +  l). 

{2(;c+^)~llf{2(a-+^)+9} 
8.  (a+6-3c)(a+6+c).       9.    {x  +  7/-f(:c'4.7/)2;  .;^^  +  ^_|.(a;_^)2  j 
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10.  {a  +  b-(a  +  b)^}{a-i-b  +  {a-b)^}=r 
(a-\-b)(l-a-b){a+b  +  {a-b)^}. 

11.  Last  three  terms  =  —{'2x-\-ij){x-\-2i/)  :.  the  required  factori 
are   (x^  +xy+y^-{-2x+!/)x  {x^  +xi/-hy^  —  {x-\-'2fj)} 

12.  {a—S{b-c)}{a-\-{h-c}  =  {a-3b-i-Sc)(a-\'b^c). 

13.  [(x^  +  y3)2^2a^x^+y^)+a^\-b^  = 
{x^+jt/^  +  a^)^—h^  =  &c. 

14.  (a;2-10a;-12)(a;2_10a;4-8). 

15.  (x^  -  14:c  +  40 -  30)(.j;3  -  14.r+40  -h5) 
=  (a;2  -  Ux-{-10){x^  -  Ux  +  45) 

=  (x^  -  Ux-^10){x~d){x-5). 

=  {x-]-yyix-yy-={x^-l/l)^. 

17.  (22-l)(22-2)  =  (2;  +  l)(2-l)(22-2); 
(a;2-3)(>2-fl);  (3.::4  +  5^2)(3^4_2i/2). 

18.  (c'»  +  2)(c'»-i);   (.c3_2)(a;3  +  l) 

19.  (a;'"-a^")(a;'»+6i/"^). 

Exercise  xxvii. 

1.  (x-hy){bx-tj), 

2.  (3a;4-iy)(2a;— ?/)  =  3(a;  +  2?/H2a;-?/). 

3.  (56aj-20^)(a;-7/)  =  4(14a;-5^)(a;-2/) 

4.  (56:c-207/)(a;-7/)=4(14a;-57/)(:f-2/). 

5.  (56a;-4)(a;-20?/). 

6.  (28a;-20//)(2x--7/)  =  4(7a;-5i/)(2a;-!/). 

7.  (28.c+7/)(2x-20.v)  =  2(28.c+7/)(a;-10,y). 

8.  (2S.r-10?/)(2:c  +  2y)  =  4(14.«-5^)(a;+?/). 

9.  {8x-5y)(7x^^y).  10.  (ar  +  5.vf7a--4//). 
11.  {Sx-{-y){2x -by)  =  2{Sx-^y){x-Sy)  12.  (3a;-2i/j^2.c  +  3^). 
13.  (28.c4-^)(2a;+20?/)  =  2(28.c+y)(a;+10y). 
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14.  {5ej;-10i/){x-2ij)  =  2{28x-5y){x~2i'). 

15.  {•2Sx-^oy){2x-4:y)  =  2{2Sx  +  5y){x-2y). 
10.  {5Qx  —  5y){x—4:y). 

17.  {Sx~2i/){7x-10y)  =  '2{-ix-y){7x-  10//). 

18.  {o()X-[-4:y){x-5ij)=4:{14:X+y){x—5y). 

19.  {9x-{-Sy}{4:x-5y)  =  S{3x-^y){4:x~oy), 

20.  (8.6-+o^)(9.6-— 8//). 

Exercise  xxviii. 

1.  (5x-7){2x+d).  2.  (5a;-f3)(2^-7). 

3.  (5.c-3)(2.c-f-7).  4.  (2a;-5)(3x--ll). 

6.  (4^<  +  l)(3rt-2).  6.  (3a;-7)(4.c-3). 

7.  (3u;  +  7)(4a;+3).  8.  (oa3-46-3)(3a3+563). 

8.  (oa3_463)(3.,3 4.552).  9.  (4a;+l)(3j;-l). 
10.  Sy^x-y){'^x-\-2y).  11.  (2ar-+-3y)(2.c+y). 

12.  x^Sb-i-x){2b-Sx).  13.  (3u;2  4-7?/2)(2uja-5?/^). 

14.  (2.c3-9)(a;3+5). 

15.  (4a;3-2/3)(.r2-9?/2) 

=  (2a;+y)(2a;-y)(.c-3?/)(a;  +  B?y). 

16.  Here  we  have  exactly  the  15th  with  x+2  forV  .*.  the 
factors  will  be  found  by  changing  x  into  a; +2  in  the  factors  of 
the  15th. 

^2x-{-4:-{'y){2x+i-7j){x-{'2-3y)(x-t2  +  3y). 

17.  Jjetz  =  {2x+By)  smd  a  =  {Sx-2y). 

It  becomes  6z^  +  Daz-Qa^  =  {Bz-2a){2z  +  Sa). 
:.  Ans.  {Gx+dy-Qx-\-\:y){4:X  +  6y+9x-iJy) 
=  l3yxlSx=lQdxy. 

18.  Making  same  substitutions  as  in  the  17th, 

6z^  +  5z^a^ -Ga*  =  [Sz^  -2a2){2z^  -\-Sa^) 
=  (12.c2  +36.^y  +  27i/3  -18^:2  +2ixy  -  Sy^)  x 
{8x''i  -^2-ixyi-lSy^-{-21x^  -36xy-{-12y^) 
=  {ldy^'}-G0xy-6x^){3ox^-12xy-hB0y^)> 
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19.  Leta  =  (a;2+7/2+:c^),  b  =  {x'^ -xy-'ry''), 

:.    6a2  +  13a&- 38563  =  (a-7^)(6a+556) 
=  (8a://-Ga;2_6y2)(61a:2+49a;z/  +  6l2/2) 

20.  Leta  =  (a;3+2.rv+2^2)^  b  =  {x'' -2xy +  %/-), 

.-.  (21a2_5a6-662)  =  (7rt  +  36)(3ft-26) 
=  (10a;2+8a;i/+20^2)(a;2_|.io^y  +  2?/2) 
=  2(5.c2+4^^  +  10i/2)(^2_^10aj?/+2^2). 

Exercise  xxix.,  page  73. 

1.  {lx+Qy^-S){x-y-z).  2.  (5a;-5.v-22)(4a;+i/+4). 

3.  (3a;3-h4^3+i3)(.^3_^2_i.)  4.  (4^_|-5^)(5a._ 43^  +  7). 

5.  (9a;+8^-20)(8^-//-l).        6.   (a;+32/)(ic-42/-5). 

7.  (4aj+3?/-z)(2a;+3?/+2).  8.  (3a;-2^-22)(2a;-3i/-r45) 

9.  (3a;3-2?/- ^-522)(2a;2+5^2_5). 

10.  (15a;2  +  8?/2-|-522)(a;2 -27/2 +323). 

11.  (2a-56-7(3)(2^i  +  36+3c). 

12.  Expression=(rt3 -/)2_c2)2_452c3 

=  (a3  -  63  _  c2  4-  26c)(a3  _  &3  -  c^  -  26c) 

=  {a2_(5_c)2}{ft2_(^^c)3} 

=  (a-6  +  c)(a+6-c)(a+64-6)(a-6-c). 
Hints  and    Solutions. 

Most  of  these  examples  can  be  factored  by  the  method  of  Art. 
XVII ;  but  a  few  solutions  by  the  method  of  next  article  may  be 
given. 

1.  {lx^^y)(x-y);  {lx+S){x-2)',  (-y -z){Qy\-S) 

Ix+Qy,    7a; 4-8,    6?/ +  8,    x-y,  x-z,    -y-z.     Hence  the 
factors  are,  &c. 

3.  Factoring  the  partial  products  as  in  Art.  XVIII,  and  arrang- 
ing in  two  lines : 
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Sx^'+4:y^',         32:2  +  13,         4?/= +13 

Hence  the  factors  are  3j;^+4?/-4-13  and  x- — y-  —  !. 

Note. — lu  cases  where  numerical  terms  appear,  consider  these 
terms  as  involving  z^. 

5.  (9x  +  Sy){8x-y);  (9^-20)(8.c— 1) ;  (8y-20)^-y- 1),  and 
arranging  in  two  lines  as  before. 

9x-\-Sy,  9a; -20,         8^-20 

8.C—   2/,         8j:—    1,         —y—1 
,'.  the  factors  are,  &c. 
9.  Omit  terms  involving  z,  Qx^  -lOy^  +llx'^y^  +  10y^  -15x^ 

Factoring  the  first  three  terms  we  have  Sx^  —  2y^ 

2x^~\-Dy^  ;  but  the  last 
two  terms  show  that  the  third  term  of  second  factor  must  be  —  5, 
hence,  &c. 

Exercise  xxx.,  page  75. 

.  1.  Quantity  =  x^+lx^  +  */  -  V  ^(x^+W^-  V >    ^^^^^   gives 
the  factors  a;2+|-  + 1|/ 5  ;  '2x^+^±^i/o. 

i.  x-  -{-l^y^±pj^l/D,  as  in  last  Ex.  ; 
q\ia,ntity  =  ^(S6x^-{'60x^y^-[-25y^-lSy^) 

=  ^i^{(6^2+5^2)2_i3^/4|^  ^hich  gives  the  factors 

T-V(6^' +0^3 +  ^2^13). 

3.  Quantity  =^{16x^ -{-^0x^^25-13),  which  gives 
^(4:.:c3-f5  +  i/13) ;  writing  k  for  x-{-y,  the  quantity  = 
Bk'^-i-ok^Z'  -\-z^,  which  factor  as  in  second  part  of  Ex.  2 
above,  and  restore  the  value  of  k  and  factors  are 

5.  (2x^--\-Hy^){2x^+iy^);  i{4(a  +  /->)2  +  *4:^/13}. 

6.  Multiply  by  4  X  3,  q\\B.ntity  =  j^^{S6x'^-[-96x^y2  +  55y^) 

=  T2(6a:2-fot/2)(6a:2-hll2/2); 
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Second  part  derived  from  the  first  by  putting  ?/  =  1, 
.-.  factors  are  (6.^2  +5)(Ga;2  +  11). , 

7.  ;^(oa;--fl0zt3i/10);    (2a2-f3±2/2). 

8.  From  second  part  of  last  Ex.  we  write  at  once 

{2(a;^v/)24.(3±2|/2)22}  ;  fi^om  first  part 
i{10x^  +  {10±3i/10)tf~}{10x^  +  {20-6i/10)y^}. 

9.  Quantity  =-J(81^4H-126a;2H-36)  =  l(81ic4-fl26a;2 +  49-13) 

=  i(9a:2 +7  +  1/13). 
In  second  put  m  for  y-{-z,  and  afterwards  restore  the  values  ; 
factors  are 

10.  i(2:i;2  +6+  a/ 6).     In  second  quantity 

=  i(49a;*  +  280a;3+400-85),  which  gives  4-(7a;' +20 ±V85). 

11.  Quantity  =  |(16a;4 +72:^21/2 +  58?/4) 

=  J  (16aj4 +72^3^2  _^81?/4- 23^4),  ^jjigh  gives 

12.  |{7(a-6)2+8c3+V29};  |{3.^3+52  ^3}. 

13.  i{Sx^-\-{S±^/S)y^}  ;  in  this  write  a-^b  for  «,  a-6  for  y 

.-.     |{3(a  +  /02-i-(3±y3)(a-6)n. 

14.  {7a2  +  (6+ a/14)63};  (5A7i2+9^i3)(5^2+3,i2). 

15.  {7(m-f-»)2+(6±i/14)(/n-w)2} 

Exercise  xxxi.,  page  77. 

1.  {x^±2xy-\-By^;    {x^±xy~y^)\  x^±xy^y^). 

2.  (a;2  +  2x?/  +  2.v3;   (4ic2 +  3a;?/  +  ?/2) ;   fe2+a;?/+?/^). 

3.  (a;2±\/2u:  +  l);  (aj3±i/6aj//  +  %^)  ;  l=t2t/ -4^^^). 

4.  (a;3±3a;+l);  (a^^n- v/6u;+3) ;   (^a;2±2ary4-2/2. 

5.  Expn.  =  7/4  +  lla;3//3  +  ^-^-^x*  -  -'|-'a;4  =r/2  +  V^^iblx^  ^5  ; 
Expn.  =;c®+4a;4</4  +^^  -4ic4//4,  which  gives  the  factors 

x^+2y^±2x^y'^  ; 
Expn.=a*+Su;2  4-10-4x2=  the  factors  »2 +4 ±2«. 
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6.  Expn.  =  (2x^  -|-//2)2  _  12^x^1^-  =  2x'' -\-7j^ ±lxij ; 

4tx^  +  l  =  (2x^+l)^-4:x^=2x^+l±:2x. 

7.  a;2«  +  8//2'»i:4u;V";  x^"'  +  2y^"'±2x'^y'^  ;  ^x- -  ii/^±xy  V5. 

8.  2a:2'_l±2a:;  'K^^n.= -{^x^ -6x^y^  +  S6y^ -x'^y^) 

Ex^n.  ^ x^  +  2a^x^y-  +u^y'^  -2a^x^ y-  =  x^  +a^y^ ±axyi/2 

=  a;2"» -(- 2'"-i^27»-h2"'.v/"». 

10.  Expn.  =  (4aj« -3)2  -x^  =ix^-S±x;2x^  -  2±2a;-|/2  ; 
Expn.  =  +  (9.^4  - 12^2^2  4.^4)  = 

-  {Sx^-2y^+xy  (Sx^--2y^  -xy). 

11.  (2^3i:|.c^/-3?/2);  a;2±2«  +  5). 

12.  a*+64  +  (rt+/.)4  =  (a2-f.62)2_a2&2  4.(^_j_j)4_a263 

=  (,,2^a6+62)(2f,2+2«6  +  2?;2^ 

=  2(a2-frt&  +  7,2)(,,2  4.^f5_^/,|,)  =  2(a2-|.rt&  +  62)2. 

If  6  =  1  we  get  the  second  part  2(a2-{-a  +  l)2. 

13.  {{x^-yy  +Mx  +  y)z^z^}{{x+yY  -^x^y)z^z'^]. 
1-4.  Expn.  =  (a4  /')*  +  "^^(«+^)^  +  V<^*  "  V^^* 

15.   {4rt2-f-5a(6-c)  +  2(6-c)2}{4fl2_5a(5-c)  +  2(&-c)2} 
IG.   {2(a+^>)2±3(a2-62)-3(a-&)2}_= 
4(a2  -h  5a6- 262)(62  +  5a6  -  2a2). 

17.  From  13tb, 

{[x^+y''  -xy)^±^(x^-Ml^  -xyMx-\-y)  +  {x+yy} 

18.  FromUth,  {a'^ +ab  +  b^-)+l[a-b)^  ±l{a-byy'b). 

19.  4a2-f2a+l);  (ic2zh7a;+4). 

20.  (a;2±9a;y+9?/2);  (l  +  32+oz2). 
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21.  {(,/?-i.i^3_i_2(^.2_|-i),,_L4,i2}  =(3^,44.3^3  4.1)(1  4.4.^3-^4) 
{(.■+l)24:L(.6-2-l)4.3(a:-l)2} 

Exercise  xxxii.,   page  78. 

1.  (.^2  +-3)C«2  +2^  -  3)  =  (x-2  +3)(a;+3)(a;-  1). 

2.  2u2-f3)(.T2+.e-3). 

3.  (a;2-|,4)r.c2  +  3^-4)  =  (a:2+4)(^4-4)(a;-l). 

4.  (^3-4)(3^2_^.«+12)  =  (.r+2Xa;-2)(3a;2+x+12^. 

6.  {x^-S){5x'+4:.c+1d).         6.   (a;3  4-6)(10^2  4.5^_  (30). 

7.  aa^2+^)(^^3+4o.^_^i_).     8.  (ox^--l){5x^-8x+l). 

9.  (o^2_8)(7i^2_6a;-12). 
Expression  =  l^(25.c*  —  64)  -  6u:(5^  —  S). 

10.  7(9.r*  - 16)  -  13a:(3.«3  - 4)  =  (3a;2  - 4)(2U3  _  is.r  -  28). 

11.  10(81a;4_i)-|-|a;(o^2  4.i)^(18a:2  +  l)i45;c-+t.c  +  ^). 
l'>  2(12L'c4-l)-3.j;(lla;2-hlj  =  (lla;3  4-l)(22a;3-3a;-2). 
18.  (ia:2-|)(|a:2+i.c+|). 

14.  8(«2-2?/2)(10a;3_4.c//  +  20y2^, 

15.  (2.c2-5^2)(i2^2_6^^^30//2). 

16.  (a;3-16?/2){2x2  +  ia:?/  +  327/-2) 

17.  (a;2-|)(lla;2+10.c+V). 

18.  10(ic2+2)(4a;-^+3.c-8). 

19.  (x^  -62/2)(13a;2-12x//+7S.v2). 

20.  (a;2+4//2)(8a;2 +  3.^^-127/2). 

21.  (y-3?/2j(5a:2+4.C(/-hl5?/2). 

22.  2(ic2-2t/-')(2.c2-7a:?/-f2?/2). 

23.  (a:2+i^2)(a;2+80a;.y-l2/^). 

24.  («2-6i/2)(2a;^-a:2/+122/2.) 


Exercise  xxxiii.,  page  79. 

(3.24.27)2 -6^(^24.27)  +  9a;2-36j;2 

2.  x^+Sx'^-5x^  +  2x{x^-\-4:)={{x-^  +  4:)^+2x(x^  -\-4:)-{-x-} 
-6x^=x^-\-x(l±  y3)  +  4. 

8.  1x2+1+^(1  +  1/5)^}. 

4.  (a;2  -Hl)2-4x(a;2  +  l)  +  4a;3-5a:2=a-^-J-1  -r'2+i/5). 

5.  {2x^-^2-Sx±x\/{'2S)}  6.   (x2  4_i5,._  5)(^2  _3._5)_ 

7.  (4x2_2)(4x2-6.7:-2).  8.  (x^-{.Sx+4:){x^  -Sx+4.). 

9.  fx2+7a;-2)(a;2-^a:-2). 

10    (x^-h5x!/  +  S>j^){x^  -  xy-^Sy^) 

11.  (x-3-l)2+6a;(a;2_l)  +  9a;2-16a;2  = 
(x^+10x-l)(x^-  +2x-l). 

12.  (^2^7.c?/  +  ^^)(a;--3a://  +  7/2). 

13.  (2^2  _ 5y2y2  ^2xy{x''  -  by^-)+x^y^  -  AGx^y^  = 
{2x^  +xy  -  5y^  ±xyi/4:6.) 

14.  {x^-{-lxy-y-){x^ -xy-y^). 

15.  (a;2+22/2)2  +  6a-z/(a;2+2//2)+9.c2j/2-3a:2^2  = 
(^2_^2^2+3a:^4.a:?/i/3). 

16.  {Bx^-{-10xy-2y^)(Sx^-ixy-2y''). 

17.  TVU21-«*+'i8'ia:^^^+4847/4  +  10a;2/(lla:2+22?/2) 
-46T^^x2^2}=^i^{11^2+22^^^+oa:.y  +  tf^^v/ll}. 

Exercise  xxxiv.,  page  78. 

1.  (y-z^x^-y). 

2.  ax{hy+c)  +  {by-c){hy+c)=^{by+c){ax-\-hy-c\ 

8.  (g2+rt)(a;+rt)(a;-a).  4.   {2x~a){x-2b). 

5.  (a;+3a)(a;+26).  6.  (a;-62j(a;_a)(a;+«). 

7.  (a;-6)(ic+&)(a;-a)(a;2+aa;+a2). 
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8.  (2x-^Ba)(4x  +  5h).  9.  {a  +  b.c){a-hx  +  cx^). 

lU.   {a  +  bx){a -  ox)  +  cx^ {a  +  hx)  =  (a-  bx){a-i-bx+cx^)* 

11.  Group  the  terms  contaiuing  a,  also  those  containing  b. 

.'.    {((x  —  d)[bx'^-\-cx-J), 

12.  {px  —  q)ix'' -x  —  1). 

13.  If  written  a2  ^ab  +  2ac  —  2b^ +5bc  -  dc^  it  becomes 

[a-b-c){a  +  2b-\-3c). 

14.  x^-\-x^-\-x  +  ax^-bax  +  a  =  {x  +  a)(x^+x  +  i), 

15.  {mx—n){2JX^-{-  qx  —  r) . 

16.  x{x^  —bx  —ax-{-bc)  —a{x^—bx  —  ax-\-bc)  = 
{x  —  a){x  —  b){x  —  c) 

17.  x^  -  {b-{-c)x^  -\-bcx-\-ax-  - a{b-^c)£  -\-abc 

=  x(x^  -  b  +  cx-{-bc)-\-a{x^-\-b^cx  +  bc)  =  {x+a){x-b){x--c) 
Group  terms  as  in  last  example. 

18.  .-.  {x+a){x-\-b){x-c), 

19.  a^{x^  —  ax-y  -  xij  +  ay^)  +z[x^  —  ax^y  —  xy -\-ay^) 

=  {a-+z){x^  - c(x^y - .vy+ay^)  =  {a^ -^z){x-ay){x^  -y), 

20.  ahx{ax+by)-{-cdyiax-\-by)—efz{ax-\-by)' 
(abx  +  cdy  —  efz)  {ax  +  by) . 

21.  ax{ax^  -bx-\-c)  +  c[ax^  —bx  +  c)  =  (a.f  +  c)((7a;^  —  6a:+c). 

22.  mx{x^  -y^)-ny{x^  -  y^)-^rz{x^—y'') 

=  {x^  -y^){mx-7uj  +  rz)  =  {x-y){x-)ry){mx-ny+rz). 

23.  ax{nix  —  ny)-{-by{mx—7iy)  +  cz{mx—ny) 
(mx  —  ny)  {ax  +  by  -\-  cz) 

24.  77w;(aa;  —  bcx  •+-«)+  7i(a^  —  bcx-\-a)  =  (?7?a;  +  ?i) {ax  —  hcx-\-a). 

25.  C2(a262_i2^^_^2^2_^^y0^) 

-xz{a^b''-b^xy-a^yz+xy^-z)  =  {c^-xz){b^-y»){a^  -  xy). 

26.  Arrange  in  three  groups,  terms  in  m^,  teiTQs  in  a,  and 
remaining  ones. 

.*.  x^{x^-{n  —  n^)}—m^x^{x^-n-n^}-a{x^-n-n^) 
=  (a;3  -  m^x^-a){x^  -w-n^). 
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27.  {1+x-tJ)-ox(1-\-x-x'^}-^Ix''[1-{-x-x"-) 
-cx^(l-{-x-x-^)  =  {l-{-x-x'-){l-ax  +  bx--rx^). 

28.  Group  terms  in  d,  .*.  ax{a'^x^  —  ahxy -\-acxy  —  hcy^) 

—  dy{a-x^  -  abxy+acxy  -  bcy^)  =  {ax ~  dy){ax  —  hy){ax  +  cy). 

29.  mx{m^px'-  —npx-{-m^nx  —  n^) 

-\-q(m-px'-  —  77  i>x-{-  >k'^  nx  —  n^)  =  {mx-\-  q){px  +  n){vi^x  —n). 

30.  m^x^ip^x^-\-//'x^-\-q^xy^+q^y^)- 
n^y^ip^x^  +p^-X'  -hq^xy  -^q^y^)  = 
{mx-hny)imx-ny){2)^x^+q^y^){x+l). 

Exercise  xxxv.,  page  82. 

1.   (a+x){a-h).  2.   {ax  +  b2/)[bx—ay). 

3.  x^-a^-^ax{x--a^)  =  {x-a){x-ta){x'-^ax-ha^). 

4.  x{a-{-x)(a^  -i-ux-{-3:'^)'  5.   {ax  —  b)(cx-bd). 

6.  25x*-5x^+x^-l  = 

{2dx^  -  1)  -x(5a;2  -  1)  =  (Sa;^  -  l)(5x^  -x  +  1). 

7.  {a-b){a  +  b-i-x-c).  8.   {a^ +b){a-\-b). 
9.  {x^-y^'){x-'  +2xy+y^-)  =  {x-y){x-\-y)K 

m  {x-y+l){x^+xy+y'-).  11.  (6-2^)(2  +  M- 

12.  x^  -1+S{x^  -l)  =  [x -l){x-^  +4:x-\-4.)  =  {x-l){x-^2)^ . 

13.  (iP -?)(/>— 2(72). 

14.  a3+rt2-2  =  .^3  _a2-|-2rt2-2  =  a-(a-lj+2(a2-l) 

=  (a-l)(rt2  +  2a  +  2). 

15.  3«264  -  2rt63  _  1  =  SaH^  -  Sab^  -\-ah^  -  1 

=  3a62(a62-l)+(^/62-l)=r(a63-l)(3rt/;2-L.l). 

16.  2/(2/2 -1) -2(^-1)  =  (^-l)(//2-|-^ -2)  =  Cv-l)2(2/  +  2). 

17.  2a^  -a^h  -  ab-^  -^-Ib^  =  '>.{a^  ^b^)  -  ah^a  +  b) 

=  (a+6)(2rt2--3rt6  +  26-^). 

19.    1/3'»-2iy2V-2?A2n4.2;3n=(j,n^2n)(^2n_3^ngn_,_g3»). 
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20.  a{a^-h^)-Sb^{a-b)  =  (a-b)[a2-^ab-Sb^). 

21.  a'"(a"*  — c")  -  2c"(a'"  -  c")  =  («"•  -c")(a'"-  20"). 

22.  {ax-b){x^-ax-b). 

23.  35a;2"  +  15a2a;"_21rt2a;"— 9rt4  =  56"(7a;"+3a2)— 3a» 
(7.c''  +  3a2)  =  (5a;~-3a3)(7a;'»  +  3a2). 

24.  a^b^  —  {hc—ca)^  =  (ab-{-bc-ca){ab  —  bc-i-ca). 

25.  (?/i2  _62)(a-//i)  =  (w-6)(mH-6)(a-77i). 

26.  (i-3a2)(l-9^t2)  =  ^L_3(^2j^l_3a)^1^3,tj. 

27.  (a;-2/)3-(a;-.v)22  +  (.t-^)2-22 
=  (a;— ?/)  2  (a;  -  ^  -  2) +2(03  -  2/ -  ^) 
=  (ic-2/-2)(x2-2a;^+?/2+2) 

28.  6m{4:m^+n^)-7n[4m^-\-n^)  =  {em-7n){hn^  +  n^). 
^9.  a;"'(a;"  +  ^'"}  +  ?/"(a;'^  +^"')  =  (•'''" -\-y''){x''  +y'^). 

30.  a;*  +  2a;3^^/4.a;2y2  _  (a^x^ -[-2axy^  +y^) 
=  (x^-{-xy)^-{ax+y^)^ 
=  {x^-\-xy  +  ax+y'^){x^+xy  —  ax-y^). 

Exercise  xxxvi.,  page  84. 

1.  (x^-y^Yx^-i-yn 

=  {x-y){x+y){x^-+xy  +  y^){x^  -xy+y^)  ; 
(x-l)(x'--^x-\-l)\  {x+2.){x^~2x+4:); 
{2a-Bx)i4:a^-]-Qax  +  dx^};  {2-hax}{4:-2ax  +  a^x^). 

2.  x^-{a^y  =  {x-a^){x^-^x^a^+x^a^~\-xa^-{-a^); 
(3a-4)(9a2  +  12a+16);   {a^  -b^){a^+b^); 

=  («3_fe2)(,,3+^2)(^6  4.^4);    (^.2)5  _  (2?/)^  = 

(a;3-2?/)(a;8+2a;6^4-4a;4?/34-8a;2i/3  +  i6«/4). 

3.  (a- 6).  4.  (0^+4?/). 

5.  Expn.  = = 

^  x-y  x—y 

*(a;+2/)(a;2+2/2)(a;4+^4). 
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6.  {(3^2  _  2x2)  -  (Sx^  -  2.v2)}  {(3i/2  -  2x^y'  +  r^if-  -  2x2)  x 

(3^.2  _2^2)_^(ar2  -2^2)2*^ 

=  o(y3  -x2]{7x^  -  11x2?/^ -^7 i/i)  ; 

{a4^-4:b2){a^  +  4:l>^)  =  {>r--2b){a2+2b){a^-\-4:b^). 

7.  {x-ij){x'^+xy-h!i^)—x{x  +  ij){x-!/)-\'y{x-!/) 

=  {x—y){x2^xy  +  >f—x2-x>i-\-il)  =  y{x-y)\y  +  \), 

8.  b{x^-a^)-{-ax{x^      a2^-[.a^{x-a) 

=  {x~a){  b{x '-+ax  +  a  - )  +  ax{.v  J^n)+a^\ 
=  {x-a){{a+h)x^-+nx{a  +  h)-\-a2{ci-lrb)} 
=  (x-a)[x2-{-ax  +  a2){fiJrh). 

9.  b{r)i^-\-a^\->ram{m2  ~n^)Jra^{m-\-a) 

=  b{in^-\-a^)-\-a{m^+a^)-=\aJr]>)(n}-\.ay{m.2  -air,-\-a^). 

10.  (a;3  ,.y2){x^j^x2y2+y^)^2xyix2-\-x-y-^y^) 
=  (a:4+a;2?/2  j^y4.)i^x2  +  2.cy-y2) 

11.  («2  -ftj-f26c){(a2_/,r)3_26fi(a2_6c)  +  462c2}  = 

(rt2+6c)(rt4_4r,2^C  +  7t2c2). 

13.  {x-\-2y){x-  -2xy  +  hr-)^4:xiiyx-  -2xy+^i/^) 
=  {x2  -2xy  +  ^y-^){x  +  2y+^.r,,), 

14.  8a;3+27//3  -6.ry(2a;+3^)  =  (2.i;+3i/)(4:6-^ -63:^4.9^2  _6^^, 
=  (2;c+3?/)(2a;-3^)2. 

15.  l-2x+^x2(l-2x)  =  {l-2x)[l+4:x^-), 

16.  The  expression 

"~      rt  —  6c  « —  6c 

=  (a2  4-a&c  +  62c-)(rt+k)(a2-a6c  +  62c2). 
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Exercise  xxxvii.,  page  89. 

1.  Putting  x+y  =  0  the  expression  vanishes. 

•".  {x  +  !/-{-z)^~{x''^+y^  i-z^)  =  iit(x-i-i/){y-i-z){z+x). 

Putar=l,  y  =  l,  2  =  1, 

.-.  24  =  8m  .-.  m  =  3. 

.-.  Expression  =  o{x-{-y) (y-^z) {z -\-x). 

2.  hc{b  —  c)+ca{c-a)-^ah{a  —  h)  =  {a-h)[h-c){a-c). 

3.  Proceed  as  in  1  above,  3  {a^  -b-^){b' ~c^){c^ -a^). 

4.  {x-]-y)(y-\-z)(z  +  x).  5.  3(a-h6)(6  +  c)(c+«.). 

6.  See  Hand-book,  Ex.  5.     (a-f  6+c)(a-6)(6-c)(c-a). 

7.  {a-j-b){b-\-c){c-{-a). 

8.  Put  c-623=o,    .-.     a3{c-b^)+b^{a-b^)  +  b^{b-a^) 
+a63(a63  _  1)  =a/,3  -b'^  ^b^  -a^b^+a^b^ -ab^  =  0 

.-.  c  — 6-  is  a  factor,  &c.,  result  is  (a^ —  b){b^  —  c)(c^ —a). 

.  9.   {a-\-b){b  +  c){c  +  a). 

10.  Expn.  is  of  three  dimensions  and  vanishes  when  a  —  b  —  O, 

.*.   {a—b){b-c){c  —  a). 

11.  {x^+yHy'-+z'^){z^~+x^).  ♦ 

12.  a  —  b  is  a  factor,  .*.  b  —  c,  c  —  a  are  factors.     So  that 

(a  —  fc)(6  -  c){c—a)  is  a  factor :  the  remaining  factor  is  of  two  dimen- 
sions and  symmetrical  m  a,  b,  c,  and  must  .*.  be  of  the  form 
m{a^ +b^-^c'^)-{-n{ab-\-bc-\-ca)^  where  m,  n  are  numerical,  and 
may  be  positive,  or  negative,  or  zero ;  to  determine  them  put 
c  =  0,  ,'.{a  —  bY-\-b^-a^=  —ab(a-—b){m{a^-\-b^+nab}mviV^^\iQdi 
by  some  numerical  quantity,  ^,  suppose,  (independent  of  the 
letters)  to  be  afterwards  determined.  Hence 
-^ab{a-b){a^-\-ab-\-h^  -  2^6}  =  -pab{a  -  b){m{a'^-\-b^)-\-nab) 
whence  a2 +62  _a6  =  m(a2 +  62) _|_ 72^6,  .-.  7m  =  1,  w=-l: 

.*.  the  quad,  factor  required  is  a^-^b^-\-c^ -ab—bc—ca. 
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13.  Put  a-\'b-\-c  =  0,  i.e.,  a+b= —c,  &c.,  .-.  —abc-abc  —  abc 
-{.(a-{-b)^  +  c^  —  'dab{a-hh)=  -Sahc  —  c^  +  Sabc  +  c^  =  0.  As  in  last 
Example,  the  other  factor  is  a  symmetric  quadratic  in  a,  b,  c,  and 

.-.  ot  theform  m{a^ +b^ +c')-\-n{ab-{-bc-^ca). 

Put  c  =  0,  .-.  a6(rt+/>}  +  (a3+63)  =  (a+6  +  0){m(a2+62+02)  + 
n{ab -{-0  +  0)}  multiplied  by  coefficient  which  is  independent  of???, 
71,  and  to  be  afterwards  determmed :  hence  ab-^{a^ —ab-{-b^)  = 
m{a^-{-b'}-\-nab,  .-.  ??i  =  l,  ?i  =  0,  and  required  factor  isa^-ffe- 4-c2. 

14.  (c-63)(rt_c3)(6-rt3).  15.    (a;2_2/2)(2/-'-22)(^2_.2>)_ 

16.  {x-\-y-hz){x-y  +  z){i/-z-\-x){z-i-y-x). 

17.  {a-b){b-c){a-c). 

18.  By  formula  [8]  expn.  =  {2(a+6+c)}3  =  8(a+6  +  c)3  ; 
Or  substituting  a-^-b-^-c^O  we  get  the  same. 

19.  Substituting  a^  for  b  the  expression  vanishes  .-.  a^  —  h  \<^  a 
factor. 

20.  (x+yV  -x''  -y'  =7xyix+j/){x^+2x^y+3x-'y-^ 
-h^xy^  +  y^)  =  ^xyix-\-y)(x^  -i-.ry-\-y')K 

21.  Substitute  a;2  =  5x' -  6,  ou;^  -  6a; -45a; +  54  + 26a; -24. 
Substituting  again  25a;  -  30  -  6a;  -  45a;  +  54  +  26a;  -  24  =  0. 

a;-  —  5a; +  6  is  a  factor. 

22.  Substitute  a  =  6-c  .-.  (6-c)2(6+c)-53+c3(26-c)  + 
6c(6— c)  =  (62- c-)(6—c) -63 +6-2(26 -c)+k(6-c)  =  0, 

.-.    a  —  6+cisa  factor. 

23.  Substituting  a^=z-3b 

962  +  12a64-965-962-12a64  +  966=0,    .-.    a3+36    is   a 
factor. 

24.  {a  -  b){b—c){a  -c){a^ +  b- -\-c^ -h  ab-{-bc-\-ca). 
Note. — The  quadratic  factor  found  as  in  13  above. 

Exercise  xxxviii.,  page  96. 
1.  (a-2)(a2_7«+2).  2.  (a;-2j(a;-3)(a;-4). 

3.  (a;-3)(a;-2)2.  4.  (.r-2)2(at+4). 

5.  (a;+l)(a;2+2a;  +  3).  6.   (a;2  +  2^-+3)(a;2  +  2a;  +  3). 
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7.  (x+^)(z-l)^.  8.   {x^'{-2x+S)(x^-2x-i-3). 

9.  {m-n){m^  —  2mn-2n^).  10.  None. 

11.  {m-n)(m-2ny.  12.  {b  +  Sc)(b2 -2bc-{-lSb^), 

13.  ^^ni^n)-(m^—mn-{-n).   14.   (a.  +  2M(fl  -  2/>)(a2  _7rt/:>  +  452j. 

15.  {x-5)(x-d)^.  16    (a;  +  2>(ar2+8a:  +  l). 

17.  (^-l)(«2_2a-195).        18.   (p  +  2){p-l){p-{-4:). 

19.  (a-l)2(a  +  2)(a4-3).         20.  {d'^-l)(a^''-2){a^''-3). 

21.  r/3+4624.7rt6.  22.  (a-M2(a2  +  2rt6+262). 

23.  03-2)0>2_o^^2).  24.  (a:"-l)(^-"  +  5:i;"  +  5). 

25.  (2/-2)(?/3-32/2  +  2?/4-4).     26.  None. 

27.  (a-6)(«2  +  2a64-3/>2).  28.  (a'^  +  l)(2a2'» -3a"+2). 

29.  (d;-2)(a;-3)(a;-6)ia;-7).    30.  {x-y)[x~2y){x~3y)' 

Exercise  xxxix.,  page  100. 

1.  2(2;-l)(a:2-9a;+10);  (x-2yy-{x~3y). 

2.  {Ax-\-di/)(Sx-^-xy  +  >/^):  (:c- l)(4a;- 2)(2.r  +  3). 

3.  {x-5a){'3x^+a^-);  {2x-^3y){x^'-\-3xy-7j^), 

4.  (6+c)(6-4c)(2ft2-/>c+r3);  (5a+46)(3«2 +7^6-362)- 
6.  (2p+q){2p^3q){p^+q^). 

6.  (10a:-9»/)(15.c+16/y)(a;2-5ic?/+8?/2). 

7.  {2x- 3rj){2x-{-3y){3x -r 4?/)(3a; -  5?/). 
■  (5.c-22)^i:.c3-3a;2^-|-8a.72^  123/3). 
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Exercise  xl.,  page  103. 

1.  Dividend  =  (l--a;)-ha;2(l  — a;) 
.-.  quotient  =l  +  ;r 3, 

2.  Dividend  =  (aj4_  1)2  +  ^.^2 +  i)2(a;2_i)2^ 

divisor  =  (x3-f  1)2, 
.'.  quotient  =  (a; 2  —  l)^. 

.'.  quotient  =  {x^-{-a^x^-{-a'^){x^-ct'^x^+a^), 

4.  Dividends {x~2y){x-{-2i/){x^  +  Sy^), 
.'.  quotient=(a;+2?/)(a;3  +  8^3). 

5.  Dividend  =(l+2a;-3a;2)(l- 2a; +  3a;2), 
.*.  quotient  =  1  -2.^  +  3a;3. 

6.  Dividend  =  (a3_a;2)(a_a;)(a+a;)3, 
.-.  quotient  =  (a  — a:)(a+a;)3. 

7.  Dividend  =  (a; -?/+z)(a;2-f?/2+s3+a;?/+y2     zx), 
.'.  quotient  =  a;3  4-^3_j_2j2  ^a;?/-t-2/2— 2a;. 

a  Dividend  =  (a  +  6)(3ft+6)(2a2-3a6  +  J62), 

.-.  quotient  =  («4-6)(3a+6). 
9.  Dividend  =  (a;-2/)(2a;  +  3?/)(2a;2  -xy+oy^), 

.'.  quotient  =  (a;  — 2/)(2^ 4-%). 

10.  Dividend=(rt3_62j2_c4, 
.-.  quotient  =  a2-62+c3. 

11.  Dividends  (7a- -3a64-2&3j(3ft3  _a&-{-ta}, 
.'.  quotient=7a3  -3a64-262. 
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12.  Diviclenc!  =  (2rta4-7a4-3)(a--7), 

.*.  qnotien'  =r/  — 7. 
18.  Dividend  =- (a -/;)(6-c)(c-a)(a  +  6+c), 

•'.  C[uotieut=  —{a  -  b){b  —  c){c~a)^ 
or  {a  —  h){-%  —  c){b—c), 

14.  Divideiid  =  (.r  — a)3  +  63, 

.*.  quotient  =  (a:  — a)^  —b{x  —  a)->rh'^. 

15.  Dividend  =  (a;2+22)2_(^24.1^3^ 
.%  quotient  =  a;2 4-22  _j.^/3_j.l. 

16.  Dividend  =  a;(cc 2 — ax-^h)[x  —  c)f 
.-.  (i\]ioiiQVii  =  x[x- —ax-\-b) 

17.  Dividend  =  a;2+ 1/2. 

18.  Dividend  = ; —   = 7 — r  ■\ ' 

x+y  («+i/) 

.*.  quotient=(a;— 2/)(ic^4-z/2). 

19.  Dividend  =  (rt3-?>2)3_(c2  4- 1)2^ 
.•.  quotient  =  a2 -62  4.c2_|_i. 

20.  Dividend=  («3 -63 -c3j(^_26+3c),  see  Exercise  XXXIII.. 
.'.  quotient  =  «*  — 63— 6*3. 

21.  Dividend  =  6(a2— a;3)+a;(rt2_a;3)^ 

—  (x-\-b)(a  —  x)(a-]rx)y 
.••  quotient  =  «+«;. 

22.  Dividend=  _(a-6)(«-c)(6-c)(a+6+c), 

divisor  =  (a — 6)  (a  —  c), 
.-.  quotient  =  —  (6--c)(rt+6-|-c). 

23.  Dividend  =  a362-c2(a-f6)3, 

divisor  =  {ab  —  ca~  bc)[ab  —ca  +  be), 
.*.  quotient  =  ab  —  ca  —  be. 

24.  Dividend  =  (;c+;^— l)(a;2  4-^2_|.i_a;,y+a;+?/), 
.*.  quotient  =  ic^ +2/^  +  1 -^i/+ic  +  v/. 
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25.  Dividiend  =  (x^  —  2)(rc^  +  l)  =  (x^-2){x+l){x-^-x+l), 
.'.  quotient  =  (j!;3— 2)(j:4-1). 

26.  Dividend  =  (a2— oa-7)(rt2  4.5rt-f 3), 
.-.  quotient=:rt2 -|-5ft-f  3. 

27.  Dividends  {(2.c  —  ?/)a.2-(.r+//)rt.c 4-^3} 

X  {{2x-7/)a^-h{x-hi/)ax-x^}, 
.-.  quotient  =  (2a;  — 2/) rt 2  _  (x-{-7j)ax-\-x^. 

28.  Dividends  {{x-l)a^  -[x -l)a-{-S}{(x^-hx  +  l)a  -  (x+l)}, 
.-.  quotient  =(a;2+^+lja-(a;  +  l). 

Exercise  xli.,   page  107. 
1.  a;2-3.  2.  a;+a. 

3.  Factor  as  in  Art.  XXIII.,  and  the  CM  =x-  -x-\-l. 

4.  Factor  as  in  last  Example,  ax^-^bx-\-c. 

5.  No  Common  Measure  :  as  may  be  found  by  adding  and  sub- 
tracting. 

6.  (f-{-c\  7.  {a-b){x+a).    8.  b[x-}-y), 
9.  {a-b)(b-c)(c-a).  10.  a-^^  +  l. 

11.  The  C.  F.  must  measure  x^  +  ax^ -\-hx  i- c 

-x{x-^+a'x-hb')=x^a-a')-{-x{b-b')Jrc. 

12.  a  — 6  is  seen  to  be  a  factor  of  1st,  .'.  also  b  —  c,  c  —  a  are 
factors;  so  writing  rt^  for  a,  &c.,  in  2nd  expn.,  its  factors  are 
a3_62,  62_c2^  c3-a3.  It  is  also  seen  that  5  is  a  C.  F.  .-. 
5{a  —  b)[b  —  c}(c—a)  is  the  H.  C.  F.  The  quadratic  factor  may  be 
discovered  as  on  page  229,  Hand-Book. 

13.  First  quantity 

=  {y2_i^x-l){2(y-2)x''-h(2i/-l)x-{-2i/-l\; 
2nd  quantity  =  (?/-l)2(a;-l){3(?/-2)x-  +  3?/H-l}, 
.-.  H.  C.  F.  is  {ij-l){x-l). 

14.  Let  a;  +  a  be  the  C.  F. 

Then  a^  -pa-}-q=iO  and  a^  —ma  +  n  =  0,  .•.  (m—p)a—n-]-q  =  0, 

.*.  a  =  ^^JH?,  substitute  this  value  of  a,  &c. 
in—p 
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15.  x^-Sx^^Sx-l  =  {x-l)^,  x^-x^-x+l=^{x-^l){x-l)^. 
x^  -  2.r^—2x -  1  =  (ic4  -  1)  -  2x{.r^  -  1) 

=  {x^-l){x^-2xj-l)  =  {x-l)Hx  +  l) 
x^  -2x^  +  2x''  -2x+l  =  {x''  +2x-'  +1)  -2x(x^-\'l) 
=  {x^  +  1)^  -2x  x-^  +  1)  =  [x^  +  l){x^  -2x-\-l) 
=  (a;2  +  l)(ic-l)3.     ...  L.  C.  M.  =  {x^-\-l){x  +  l){x-l)^, 

16.  x^ -{-6x^  +  nx  +  6  =  {x+l){x-{-2)(x+S) 
x^ +7x^  +Ux+S  =  {x-\-l){x-\-2){x-\-^) 
x^+8x^  +  19x-\-12  =  {x-^l){x-{-S){x+4:) 
x^A-Qx^-{-26x+24:  =  (x+2){x  +  S){x  +  ^). 

All  these  factors  may  be  easily  found  by  substitution. 
.-.  L.  C.  M.  is  {x+l){x+2){xi-3){x-{-4.). 

17.  Denote  first  quantity  by  a,  second  by  b;  then  h  —  axxy  = 

(2/2+2/)iC+5^-l r^.  a-riX2x  =  xy+4: r^.  r^-r^{y  +  l) 

=  1/  — 5 7'3,  which  must  =  0,  .-.  y  =  5. 

18.  The  L.  C.  M.  of  a  and  h  =rah  -  F. 

(F  =  H.  C.  Y.)  =  h{a^^h^),  .'.  a^+b^=:2ab,  or  a^+b^-2ab  = 
(^a  —  b)^  =  0.  .'.  a  =  b.  .-.the  other  quantity  is  same  as  given 
quantity. 

19.  Since  a; + a  is  a  measure,  and  also  a?— a, 

-a^+pa^  -qa-\-r  =  0,    (1). 

and  a^  +pa^  +qa-^r  =  0. 

Adding,  2pa^+2r  =  0y  .-.  a'=  -  -1. 

P 
Substituting  in  (1) 

A.  —  -  1  -  qa-hr  =  0,  ar=pqa,  r  =  pq. 
P 

20.  Since  a;2_2rt.r+a2  is  a  factor  of  both  expressions,  there- 
fore if  2ax  —  a^  be  substituted  for  x^  both  ex^Dressions  will  vanish. 

Therefore.  2ax^ -a^x-\-qx-\-r  =  0, 

4:a^x-2a^-a^x-\-qx+r  =  0, 
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also,  Aa^x-^a^  -a'X+mx+n  =  0. 

.*.  {m  —  q)x-{-n-r  =  0  for  all  values  of  a;, 
.-.  m  — 2=0  and  n — r  =  0,  .-.  m=iq  Siud  n  =  r, 
.'.  q^n^  =m^r^.     Note  that  the  expressions  are  proved  iden- 
tical. 

21.  Let  x+b  be  the  other  factor  of  x^  +  )nx-j-n. 

Then  {x-]-a)(x+b)  =  x^-{-mx+n 
x^  +[a-\-b)x  +  ab  =  x-  +mx+n, 

.*.    a-^b  =  m;  ox  b  =  {in  —  a) (1). 

Also,  L.G.M  of  x^-\-px-\-q,  and  x^  ■\-mx-f-i^ 
{x^-\-px^-q){x  +  a){x^-b) 
~  x+a 

=  {x^-{'px  +  q){x-{-b)=x^  +  bx^-\-px''+{hp-^q)x  +  bq...{2}. 
Also,  since  x-^-a  is  a  factor  ot  x^  i-px-^q, 
.'.    —a^—pa  +  q  =  Ot 
.'.  q  =  a^-{-pa 
hp-\-q  =  mp  —pa  +  ff  3  ^pa  =  a^-{-  mp 
bq        =a(m  —  a){a^-\-p), 
,-.  (1)  becomes  a;*  +  (w — a)x^-{-px^-\-{a^  +  mp)x-\-a{ni'-a){a^ -^p) 

22.  Since  x-{-a  is  a  factor  of  x^+q:c-{-l 

and  also  of  x^  +j>x^  +qx  +  l 

.-.  u^-qa-hl  =  0 (1) 

and  — a^+^a^  —  g-u  +  l  =  0  .-.  a-'  -\  ]>  —  l)a'^  =0 

•••  a  =  ^j-l). 
Substituting  in  (1), 

{l-p)^-q{l-p)-\-l  =  0 
or  ij,-l)^-{p-l)^l=0, 

23.  From  21,  if  we  let  {x+b)  be  the  other  factor  of  x^-{-7nx+n. 
The  L.G.M.  in  this  question  will  be  {x^  -^-px'^  +q){x-{'b) 

=  a;*  ■+  (6  +p)x^  +  bpx^  -^qx+bq. 
Also  as  in  21.     b  =  m  —  a. 
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But  since  x  +  ais  &  factor  of  x^-}-px--\-q 

.'.  q  =  a^ —pa^  =  a^{a—p). 
Substituting  these  values  for  h  and  q. 

x^  +  {h-\-2))x^  +hpx''-  +qx  +  hq  becomes 
x^  +  (w  -  a  +  p)x^  +^:)(m  —  a)x'^  +  a^ {a  —p)x 
-\-a^{m  —  a){a—p). 

24.  Since  a;  —  0^  is  a  factor  of  both  x^+px-\-l  ?indix'^-\-px^-\-qx^-\ 
...  a^j^pa-\-l---.0 (1)  Q.VLdia^^pa^-\-qa^l=0. 

Multiplying  (1)  by  a,  a^+pa^  +«  =  0. 

.-.  a(^-l)  +  l  =  0,         .-.   a(5-l)=-l, 

_     ~1_ 1_ 

"^   q^    ~    1-q 

25.  (a2_62)3_^(62_c2)3  +  (c2-a2)3 

But  a  — 6,  6  — c,  c  — a  are  factors  of  the  other  expression  ;  also 
(tt+6)  is  not  a  factor.     .-.  also  (6+c)  and  (c+a)  are  not. 
.-.  H.  C.  F.  is  {a-b){h-c){c-a). 

26.  a,  /3,  y,  each  contain  5  as  a  factor.    _-,    --,    and  --,  have 

„     ,         ^     he  afSy  ^^     bed      ca  a6y  ^„  ea8 

no  common  factor,  .•.  4.   -^  or   ,    _,   ^   -L^  or , 

53  d3  a:/5y     o3  ()3  ^j^y 

and  ^   ^   -^  or   —,  have  no  common  factor,    .-.  L.C.M.= 

L.O.M.  of  numerators         abed 
a/3y  afjy 

27.  a;2+«a;4-&  =  (a;+c)(a;+a-c)      |      /.  L.C.M.= 

^^2  _^  a  'a;  +  6 '  =  (a;-i-c)(a;+a  '-e)}{x  +  e){x-\-a—c){x-}-a '  -  c). 

28.  H.  C.  F.  is  1-a;. 

.-.  L.  C.  U.  =  {l+y-\-z+yz)(l-y''Z-\-jjz){l-x) 
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Now  substitute  for  .r.  • 

a;  =  7y3-f  z3  _  ;/222^  a^^  the  L.  C.  M.  becomes 

29.  a;8  +  2^6_|_3^4_2x2+l  =  (.T4+a;2+l)2-4a;2 

Jix^-hx^  +  2x+lhe  &  factor  of  6a;3 +a;' +17a;5  -  7a;3 -2,  we 
see  at  once  that  6x^  must  be  the  other  term  ;  then  to  get  x'^  the 
second  term  must  hs  x^  :  also  there  is  no  a;^,  .-.  the  third  term 
must  be  —6.^3  ;  also  a;^ -|-1  =a;3  and  —  6x^  x  2x  =  —  l'2x^ .  .-.  to 
get  —Ix^  the  next  term  must  be* 4a;  and  the  last  term  —2. 
.-.  x^hx^  -Gx'^+4:X-2  other  factor  of  second  expression. 
.-.  H.  C.  F.=x-^+.-2-f2u;  +  l. 

Exercise  xlii.,  page  111. 
a;2-7a;+6  {x-l){x~Q)  x-1 


1. 


a;3_2a;2_8aj-96    "    (ajs +4a;+16)(a;-6)         a;2+4a;  +  16 
Sxy^-lSx?j+Ux    _   x{Sy-7){y-2)  _  xjSy-  7) 

7ys-17y2+6y  y(7y-B){y-2)  -  y[ly -B) 

x^+a^x^+a^  {x^  -ax-\-a^){x2+ax  +  a^) 

x^+ax^  —  a^x  —  a^  ~  {x  +  a)[x  —  a){x^+ax-i-a^) 

x--ax  +  a^  a;2+ic-12  (x  +  4:)(x-S)         x+i 


3. 


{x  +  a){x—a)'  x^-5x-+lx-S~{x-iy\x-3)'~{x-l)^' 

g»-3a;4-2         _    (.t- l)(a;-l)(a;+2)    _    (a;-l)(a;+2) . 

a;3-|-4x2-5        ~    (a;-l)(a;-2+5a;+5)    ""     x^-^ox-ho    ' 

_^i±?fl±?__         (a:-+3)2-4a;2     (a;-+2a;4-3)(a;2— 2a;-f3) 

a;4_4^3^4a;2-9    ~    ic2(a;-2)2-9  "  (a;-~-2a;+3)(a;2— 2a;-3) 

iB2-f2a;+3 


4. 


a;2-2a;-3 

2-^hx  2^-hx 


2b+{b^-4:x)-2bx-'         (b-2x)(2+bx)   ~   b-2x' 
a;3-f-2a;2  +  2u;  a:(x2  +  2a:4-2)  x^-^2x-h2 


4.x  x{(a;2-f.2)2-4a;2}     i^x^  -  2x-\-2){x^  -  2a;-f  2) 

1 
^   a;3  =  2a:+2' 
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5. 


a^x  +  2a-^x^-i-2ax^-^x'^         x{a^-^x^-{-'2ax{a+x)} 

5a^[a-\-x)'^  oa^{a+x) 

~    x{a-\-x){a^  -rax+x^)    ~    x{a^+ax-^x^) 
20a:4-f-a;3_i  {4:^^ +l){6x^ -I)  4a;3  +  l 


n  x'^{x^  —x^(/-hxy^  —  y^)+y^{x^  -x^y-^-xy'^  ~ U^) 

"   x\x^+x^-y  +  xy^+y^)+y\x^-i^^]/+xy'^y^) 

{x^Jry^){:^^+y'-){x+y)         x+ij 

Or  thus,  numerator  =    — HJL,  the  denominator  =  ^   ~^  , 
x+y  -c-y 

:.  given  fraction  =   ^^"-^'^  .    ^~^      =   ^Z^. 
iCi-^        x^ —y^  x+y 

„  Sa2x^-2ax^-l  i3ax^  +  l)iax^-l) 


4.a^x^  —  'M^x^-'dax^  +  l~'lax^{2a^x^-ax'-l)-{i(x''-l) 

{3ox^ -\-l){ax^  -1)  _  3aa;2+l 

~    (4a2a;*4-2«a;2  — l)(aa;--l)    ~    la^x^+2ax^ -l' 

\o  aj  _     \  6     /    \  a    /  ax  +  hy 

^o  ,    I  (I  b  \  .-,  /      ,     ^^     ,    .  h    \    ~  ax -by' 

g     ^3(6  -  c)  4-  6^  (c  -  ft  I  +c^ (g  -  b) 
abc[a  —  b)(/i  —  c)(c  —  a) 

The  numerator  vanishes  when  a  —  b  =  0.  .-.  a  — 6  is  a  factor  ; 
a^so  h  —  c  andc  — rt  are  factors,  and  the  numerical  coefficient  is 
—  1.     .-.  numerator  = -(a— 6)(6  —  c)(c  — a). 

-{a-b)(b-c){c-a)  I 

abc{a-b){b-c){c—a)    =    "~    "^" 

(a+6  +  c)3 (a^b  +  c)^ 

a^{b-c)-i'b^{c-a)  +  c^i^a-b)~—{a-b){b''a){c—a){a-{-b+c) 

a+b  +  c 
'^  ~'(a-b){b-c)(c—a\ 
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10.  Let   —x  =  b  —  c,   ~y  =  c  —  a  and  consequently  x  +  y  =  a  —  h. 
Substitute  these  values  in  the  results   of  Ex.  4  referred  to, 

then 

bxy{x-\-y)       ~  bxy{x-\-y) 

[x+yY-^-x^+y^  ^    (a-6)^+(6-c)2+(c-,/2) 
bxy{x-\-y)  ~  5{a  —  b){b—c){c-a) 

11.  (x+7/)^  —x^  -y^  =  5xy(x  +  f/)(x'  -{■X!/+!r )  ; 

{xi-y)'  -x'  -y'  =lxy{x'>-^3x^y  +  Dx^y^  +  5x^y^-\-Sxy*-\-y^) 

=  lxy{x-^7j)(x^-\-2x^y-h3x^-y'^  +  2xy^-hy'^) 
=  7xy{x  +  y\{:c^--\-xy-{-y'-)^ 

(x-^yY  —  x^  -y^ 5^^(? ~t]l ) (-^ '^  ^^y "^JD^ 5 

•*•  {x+yy-x'  -y'~  Ixyix+yYx^'^xy^^Y  ~l{x''+xy+y^) 

12.  This  may  be  inferred  from  Ex.  11,  in  same  manner  as  Ex. 
10,  fiom  Ex.  4, 

Exercise  xliii.,  page  113. 

1.    z — \'p. — \-. A-  multiplying  both  numerator   and   de- 

6-3+(l-^)         4.-X 
nommatorbye    .-.    yZ24-(l3^)    =    5^:^' 

a-\-h  a  —  h 

a  —  h         a-\-h 

,  _ ,     Multiplying   numerator   and   denominator   by 

a-'b         a-{-b 

— , —    +    (x--y^)-i + y 

x[x-y)+x{;x-\-y)    _    2^"  _ 
"  2x  ~     2.0--^' 
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3.   ^^ 


rt(l+«)  l4-2^«  +  3./^     ^   ^ 

l+ir~r"o — ,  o   >        =      1  .  o — ,  .   Q  ;  2na  result  =  a?. 
'  l  +  2a  +  3rt^  l  +  3«4-^* 

a3+62  _262__         (^2-62)2         J^ 

2a2        ~    ^+"P"  _  2r<2(a2+'62)  _  2^2  ^  63 

26 


t'-T 


^'    ^^d^   7:^1    ^    (a^h){c-d)^-{a-h)(c  +  d) 
~ 7—^  {a+b){c+d)  +  [a-h){c-d) 

c—d         c+d 

a(c  -d  +  c  +  d)-i-h{c-d- c  -d}, 
~    a(c^hdA-c-d)  +  b{c^l-c-{-'d) 

2{ac  —  bd)         ac  —  hd 
~    2{ac+bd)    ~    ac  +  bd 

a +  6+ —       ab    rt+6+  — 
6  \  ^  / 

6.  Multiply  numerator  and  denominator  of  second  fraction  by 
xyz,  then  it  becomes 
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Sxyz  —  (xy  +  yz + zx)  Socyz 

xy+yz-^zx  ~   xy-\-yz+zx 

Sxyz  Sxyz 


yz-zx  —  xy         xy+yz-\-zx 


+   1 


dxyz{xy-{-yz-\-zx—yz-\-zx-\-xy)  6x'i/z(y-^z) 

'~^2~z^^xJ{y+z]^  '    +    1    =    y2j^2_;c^i/+zy    '^      ' 

7.  Multiply  both  numerator  and  denominator  by  a^b^c-,  the 
fraction  then  becomes 


abc{a'+b''  -\-C')  abc{a^-^i^  +  c^) 

a2-f  62-f  c2 


abc 

a9+a^b-\-ah^-]-b^ 
a3-a26-ha62_63 


a-b 
a^-b^ 

a-^b 
-    a-b' 

a-\-b 
rt  +  6 

a-^b 
a-b     ■ 

ai^2ah-\-b^  _  rt  +  6  a-^b         a+b 

a-  —b^  ~  a  —  h  a  —  b'a  —  b~* 

a  +  6         a2+?.2^       (/I +  6)(a  + 6)4-^7^  +  62      2{a^ -\-ab  +  b^) 


\a 


a^-b^J  a^-b^  a^-b^ 

a-b         a^-b^       _     {a-b){a^  +  b3)-{a  +  b){a^  ^b^) 
a  +  6    ~    oT+P       ~  ^a  +  6j(a3  +  63 

a(fl3 -f  63  _  „3 +53 )_  5(^3  4^3j^a3-^ 
-2«6(ff2-62) 

2(ag  +  a6  +  52)  -2c/6(rt2-62    __   fl^4-rtg62+64 

a2-62  ^    (a  +  6)(a3+63    "~       ab[a'-bf 
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1  + 


Wc 


{b-\-c-\-a){h-\-c\~a) 


b-\-c-\-a         [b-\-c-\-a){h-{'C  —  a) 
6  fc-a    ^  Wc 


11.    The  first  fraction 


Wc 


The  second  fraction 


(x  —  a         x-\-a 
c  — aj 


12.    ±^10.1- 


x+a         u 

4:a^x^ 
(a^+x^J^' 


1  -  'HI 


X^ 


Cancel  numerator  of  first  fraction  into  numerator  of  second,  &c. 
Then    1  ~ 


1-  A 
x 

U 


1  + 


x-]-y 
x-y 


a-h\^ 


1  _  ""JUX      IJ:1X 

'         «  +  ^^     _  \a  +  t>}    _  (a - ft\S 

13.  The  fraction  =  ,^^~T  "  7^  "  U+^j  " 
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•6  __  -1/6 


14.  The  dmdena=  J^lL.   =  ^JZ}L 


x—ij 

x—y   ^     l^—yi^       -,    .  '^—y       ^-\-y 

x-ry    ■      '«+?/)      ~        '    x-]-y    ~    x-^y 


14-..-  l-x 

+ 


■y  ^  l^yv  ^  I  ^ 

y    ■      ^x-{-y] 

15.  The  dividend 

\l  +  x-^,c^     '^     1  —  X+X^j      ~     {1+X+X\l-X-^X') 

The  divisor  = 

/       l  +  x        ^        l-x     ^.     _    "Ix^ 

\r+^+^    ~    I'-x  +  x'"']     ~    (l-:c  +  .6-2j(l-a;  +  a;3) 

.'.  the  quotient  = 

2 2^3 

a  h  1 

16,  =  -7— -IT    + 


f  46      I  1-h 


n(a—b)         n(h  —  a)  n 

46      I     _        !_- 
f6)2|    -    ±14- 

"^    a/ (a + 6a:) --^Z (a -6^)         :j/«(l+c-l+c)    ~     c 

Exercise  xliv.,  page  117. 
1,  {x  —  a)  -f-  5.  2.  a  +  .^. 

a*— ic*  a*— a:* 

.  <7  6  a  ^ 

4.    =    -1-    —   _i_ 

a-\'h      '      a  —  h  a  —  b 

.-^-2  ^  a;4-2  ' 

6.    .  1  ' 


2a^{a^-x^)     '     2a2(a3+a;2) 


a  +  6 

=  0. 

16.-C-4 

= 

1 

2;3-4 

x-^2 

=    1  H- 

(a4- 

-^*)- 
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7     ij(3.t-+2y)g-(3a;-2y)^  (  12xy 


9aj2  _  42/S 
3.1- -1  X 


«(2a;-l)    ^   a:(4a;3-l)    ^  a:^16a;4  -  1) 
4a;- +2 
""    a(16ic4~l~i)" 

9.      "^     4-   ? = ^H-? ,  to  this  add 

—  ^-— — „  and  result  =  -  ^ili .  to  this  add 

(a:  +  2)(a;  +  8)  .     2(^a;+2)(:c-^3) 

.,  and  result  =  1  -=-  {x-\-l)[x-\-1){x-\-^\ 


10.  First  and  second  fractions  =  -i(.:c2-i-?/ "2)  ^  {x^  -7j^)^io  this 
add  third  fraction  and  result=  16.r2?/3  -r-  (.r^  -  ij^),  to  this  add  last 
fraction,  result  =  4(a;*  +  4a;-/y2+?/4)  -r-  {x^  -?/*J. 

11.  (a-6)3-f-(a;  +  rt)2(a;+i)2. 

1 2.  Combine  first  and  last  fractions  (of  dividend),  and  take  result 
with  second,  and  that  result  with  third.  .*.  IQa'^x-r-  (a^— a;®). 
Similarly,  divisor  =  8a ^^aj^  -j-  a^— a;^,  .-.  2a  -i-  a;. 

13     ^  1    .     '  IQ       _-,  _    7  236-77a; 

llx+8  18   ~    18(lla;-8)* 

14.  l-f-(a-&).         15.   15a(3a-a;)-f-(9a+2a;j(a-|-3a;). 

16.    = 12^-:lL__  ^  17.2.     18..  </"(!/" -a;"). 

(2a;-5)(a;-l)     (2a;- 7)(a;-4)  ^  ^^ 

19.  First  and  third  combined  =  (a -6)2"+(a-&)«4-l. 
Second  and  fourth  combined  =  -(a  — 6)"  +  l. 

.-.  result  =  (a-6)2'»+2. 

20.  Combine  first  and  second,  result  =  1 -r- (a;2-{-a2)(a;3 +68). 
Combine  this  with  third,  result  =  0. 

2a;2 

21.  Combine  first  three,  result  =    ,  this  with  last,  result 

a;^-l 

=  4x2  --(u;i2--l). 

22.  -(a2+i2)(a«-a6  4-??9)-i-(fl2_/,2)(a'^-f-a64.60). 
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Exercise  xlv.,  page  121. 

1.  ,^(^-2z/)^^^-2.)^^^_      ^SeeExerciseIX.,Ex.lO). 

a{a+2b)^-b(b+2a)3 

2.  =  l^iZTbj-s =«+^- 

3.  L.  C.  M.  of  denominators  is  {a  —  b){h-c)c  —  a). 

.'.  First  num.  is  a^  —  6^,  second  is  b-  -c^,  thii-d  is  c^  —a-.  .\ 
result  =  0. 

—  b  +  c  —  c  +  a—a+b 
^'    ^    \a-b){b-cj{c-a)      ^    ' 

5.  L.  C.  M.  of  denominators  is  {a-\-b){b-j-c)(c+a)  ;  first  three 
fractions  give  numerator  =  (ft  — 6)(6+c)(c-{- a)  -f  anal-f-anal;  of 
which  a  —  b  is  found  to  be  a  factor,  .*.  b  —  c,  and  c  —  a  are  factors, 
and  it  becomes  — (a  — 6)(6  — c)(c  — a),  .-.  result  =  0. 

6.  L.  C.  M.  of  denominators  is  {a-\-b){b  —  c){c-\'a){x-\-a){x-\-b) 
(x-hc),  result  =  {(a-{-b){c  +  a)x^-\-2(ab+bc-\-ca)ax-2a^bc}-r- 

{a  +  b){c-]-a){x+a){x  +  b)(x-h  c). 

7.  ={x-y)(y-z){2—x}^{x-y){y-z){z-x)  =  l. 

-a^{b-c)-b3{c-a)-c^{a-b) 

8.  =  '/ 7777 77 ^ ~  =  a4-b-\-c. 

{a  —  b){b  —  c){c  —  a)  ' 

9.  ={-'bc{b-c)-ca{c-a)-ab{a-b)}^{a-b)(b-c)(c-a)  =  l. 

10.  x^-y^.         11.  0.  12.    ==—{a-b){b-c){c-a)^ 
{a  +  b){b-\-c)[c-]-a). 

13.  Sum  of  numerators  =—a^{b  —  c){x  —  b){x  —  c)  —  a.nal  —  £iua.\. 
which  vanishes  for  a  =  b,  .-.  a  —  b,  b  —  c,  c  —  a  are  factors,  and  the 
other  factor  is  of  the  form  mx^+n.  See  Ex.  2  in  Hand-book. 
n  =  0,  m  =  l,  .-.  result  is  x^^  {x  —  a){x  —  b){x-c). 

14.  Numerator  =  (a;  — ?/) (2/- 2) (2  —  .:c),  .-.  result  is  1. 

15.  Numeratoi  =  {  — (a-j-6)4-(6-c;-i-(c  +  a)}2-0. 
b(x-\-a  —  b)-hax 


it). 


ab'i-{b-a){x-b) 


1. 


2. 


3. 


4. 
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Exerc: 

.se 

xlvi.,  page  127 

a2_a6+' 

rt2 
2              62 

T 

a 

T 

+     1 

4 

ab-W^ 

c2 

T-^ 

= 

C2- 

C6i  +  £Z2 
-4^2 

c 

1 

-4 

a2      c2     a2-c2 

a 

a- 

c     rt  H-  c 

62       6^2       63-C/2         6        6-(/.       6+rf 

/«-f-_c\2        a2_c2  _ /a-^\2  _ /g  +  cV 
\6+^    ••    b^'^^^~\b^l    ~\6  +  J 


62        6  -  t/ 


g2 

c      a^  +  c^               a        c         /rt2+c3  ^ 
"^-624-^2      ••       6~£i~^62+ri2 

63" 

X 

2.r3     a;2 
3       1x^-x-y\y^        y^  ~ y^    "^ 

y 

'2'    a;2^H-a^3+2v/3  -   ^^^^^^ 
2/^      2/ 

27      9 

44"^            22 

4^2^ 

m.a- 

fg|           fc)           (e) 

mb- 

-  ?ic^  —  pf                        nib  —  nd  -  pf 

(  a  \  \  a]  \  a 

mb-^-j^\-ndx-j^^-pf\-^]  ^a_^ 

mb  —  nd  —yf 
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b  —  md+nf  ) 

3 

{h  —  md+nf)\  ~'b^ 


10. 


^  (  6  (-f  )  -  md  (^)  +nt{^)  1  M  _«_  (6  - Tmf  W)| 
i ra+7,7 I       t^    (^— ^+n/)[ 

l4-a:3  h  2x^    _    6  — a 

V^(rt-f^)  -\-  V{a—x)  a 

V(a+a;)-  V(rt-a;)    ~   T 

2_v>+^    ^   «±1.      [See(5),  p.  122]. 
2V{a-x)  a-1 

a-\-x         {a-\-l)^ 
a^x   ~    (rt— 1)2 

2a;         (a  +  l)2_(a-l;2    ^         4a 

2^  ""    (7+T)2'+(a^l)2    ~    2(^+1) 
2a2 
"  ^    ~    a2  4_i' 
mx  +  a-hb         mx  —  c  —  d         {mx+a-\-h)  —  (mx  —  c  —  d) 
nx+a+c    ~   nx-b  —  d    "     {nx-\-a-\-c)  —  {nx  —  b  —  d) 

a^h-\-c-\-d 
a+b  +  c-\-d 

b  —  c 

'.  mx-\-a-j-b  =  nx-^a-\-c,  {m  —  n)x  =  c  —  b,    .'.x  — . 

n—m 

a  —  b  b  —  c  c  —  a  a-\-b-\-c 


ay-\-ox         bz+cx         cy-\-az         ax-\-by-\-cz 

(6/ -  6) -f  (6- c)  4-(c  — a  I  H-(«-f6  +  c) 

~    {ay-\-bx)+{oz-\-cx)-\-[^cy^az}  -f  '^ax-^by-rcz) 

a-\-b  +  c  1 

~~    {a-\-b-^c)[x-iry~\-c)    ~    x+y-rz 
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11.  Let  eacli  of  given  ratios  =  ???. ;  then 

(a+6)+  t^   ^   '-±^   =:    m{(a-6)  +  (6-c)+(c-a)}  =  0. 
Clearing  of  fractions,  Sa  +  95+  5c  =  0. 

12.  i/W+t/(^-^)    ^   _L 

2|/(a  — ic)  1  —  a       .     a-  — .r  /^~^\  * 

2]/(a.)  '    "^    1-l-a      ■■       a       "^     llT«/    * 

differeuce  of  numerators 


13.   Each  ratio    = 


difference  of  denominators 

~    =   x  +  y-^z. 


x-y 

14.  From   the   given   ratios   the  value  of  xy  is  found  to  be 
a;+i/+4. 

•^l±^^±i    _   y^  +  %  +  1    _    x^-y^  ^^x-y)  _   x-\-y-^2 

x2^r2ic  +  3    ~   2/^-2«/+3   ~    x''-y''-1{x-y)  "   a;+i/-2 

ic+7/4-4 

a;+2/+4-2         -^2  "^  ^^/-l 


15. 


2        -^ 


a;+2/+4'-6    ~   a;  +  j/+4       ^         ^i/-^ 
2 
253:^-16   _   (5a;+4)(5a;-4) 
10a; +  8     ■"    ""  2(5«  +  4)   " 
3(a;^-4)    _    3(a;+2)(a;- 2) 
2(a;-2)     ~         2(a;-2) 

••        2        ~         2 

ic-4         41 


2aj=10;  iB  =  5, 


a;+2    ~     7 


T* 


46c        .     ^    __    _2c_     y-L26    _    6-f  3g 
^^'    2/  =  "h^^     •'•    26    ~    H^'    y-2b    ~     c-b  "^ 

[See  (6),  p.  122.     Similarly     ^±?i   =   ^^ 


i/ 


2c  6-c 
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y+26         y-h'ie    _    b-hSc  Sb+c    _    2(e-h)    _    ^ 

y-2b  y — 2c    ~~     c  —  b  e  —  b     ~      c  —  h       —    -'• 


17.  Let  each  of  given  ratios =t«. 
flg  +  b' 

4 
62 +  c' 


Then    — r —  =m(a^^b-^) 


5 

e2  +  rt2 


„,^53_c2) 


=  ;„(c2_a2) 


a^+b^     b^  +  r2     c^-\.a2  ^     ^ 

+ ^ h g ■=w(>72-^2+ft2_c«  +  r2— fl2)=0. 

Multiply  through  by  60  ;  then 

15(a2  4-63)_|_i2(62  4-c2)+10(r2+rt2)  =  0  =  O5,,8^27ft2-f22c2. 

<72  62  c2  rt24.524.c3 


18. 


2/2       ^2  —2-;?       22  _  2-7/       ^2_j_^2_j.22  _^y  _  ^^  -  0-C 


rt2  ^2^       ^       ^)2^        ^        C22 

^o^i^-  3.2  _  ^2;  ~ a;3  _ a^^2 ~  y^  —  xyz  ~ z^  ~ xyz 


x^+y^+z^  —  dxyz         {x  +  y-}-z^  (x^-^-y^  +z^  —  xy — yz  —zx\ 

a2+62+c2 a^x-\-b^y+c^z 

X'-{-y^-\'Z^—xy-yz-zx~{x-\-y-\-z){x--\-y'+z-—xy—yz-zx) 

a''x+b^y-\-c^z 

Gearing  of  fractions  a^x-\-b^y  ^c-z  =  (a^  ■\-b'^  +c^)^j: ^y  -\-z). 

19.  Let  ea<;h  ratio  =  m,  then  a;  =  7w(a ■\-b)—c) 
.-.    (fl-6)^  =  m{(a2-62)-(a-6)c} 
(6-c)7/  =  m{62-c2-(6-e  a} 

(C  — a)z  =  ??2{c2— rt2  _^C-rtj6} 

.-.  (a-b)x-\-{b-c)y-ir{c-a)z  =  m{a^-b^--{a-b)C'irhi-e^ 

- (6-c}a  +  c2  -aS  -  ^^c  - a)6}  =0. 
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«4        c4        ^4       a4^_c4_4_e3         1^2  4_c2-f-g2  |  2  ^  ^4  -|.  ^4  ^  g4 
'I^  =  d^  =  fi"b^  +c/4  + /4  •'•  I6'-*  +  d^  +J'^  J       "6/4  +  d4_|_yV 


again 


21.  Let  each  of  given  ratios  =  m. 
Then  hx-{-ay  =  m{a  —  h) 

and  bx-\-ay-^c7/-\-bz-\-az-{-cx 
=  m(a  —  b-^b  —  c-\-c  —a)  =  0, 

.-.  6:K  +  rt?/  +  cz/  +  te+rt5  +  ca;4-(rta:  +  6?/  +  c2)  =  aa;  +  i^'t"^> 
.-.  xia-^b-\-c)  +  ij{a  +  b-\-c)-\-z{a-\-b-rc),  or 
(a-f  6 -h  c)  (a;  +  i/  +  2)  =  «a;  4- i^  +  C2. 

a;3  — 5aj2^_5,(^^rt2  —a^  [x  —  a)^  —  2xa(x  —  a) 


22 


2xa{x — a)  sum  of  numerators. 


(x-a)^   /x—ay    _    x-a     ^     (^  -  A^  _ 
~    (ie+a)3  \x-^aJ      ~   x-^a  '  '  \x-\-al    ~ 

=  +1,   .-.  x  =  0,  or  a  =  0. 


2xa{x-{-a)         sum  of  denominators. 

a;— « 

Note. — If  the  sign  before  bxa  (in  numerator  of  given  fraction) 
be  — ,  the  result  is  5. 

23.  Inverting  each  fraction, 

rt  — 6      ~      /' — c  c  —  a 

Let  each  of  these  ratios  =  m  ;  then  6(a4-?>)4-5(6+c)  +  10(c+a) 
=  m{a-b'\-b-c-\-c-a)  =  {),     ,',  lba4-11^4-15t'  =  0. 
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ij-  -\-2xijz+z'^x^  1  —  x^ 

x2-y2^y2z2-z^X^     _     (l-y^)-{l-X^) 

y^+2xi/z'+z^x^        ~  1-x^ 

Dividing  both  by  ic-   -  ?/3, 

1-z' 1_ 

y^+2xyz-{-z^x^    ~    1-x^' 
Clearing  of  fractions  and  transposing, 

l-x^-y^  -z--2xyz  =  0,     .-.  x^ -\-y2  ^z^ -\-2xyz=l. 
25.  Let  each  ratio  =  7w  ;  thenfl+6  +  f  = 

m{x—y)-\-m{y  —  Z)-\-m[z-x)  =  m[^x  —  y-\-y  —  z-\-z  —  x)  =  Qi 

26     ^^    —    ^^^       •      "     -    VJ/l^) 
'    b^   ~   ~bd.     "    T   ~    y'ipd} 

a+b  \/^(ac)+  Vlbd) 

•••    «-6   =    v\uc)-v\J)     [See  (6),  p.  122]. 

„„     la+mc  +  ne  lb  l^\  +  md     l-L\    +  nf  (4-| 

Z6   l±\  +  7/irf   f-lj    4-  nf    l±\       —{lb-\-md+nf) 

lb-\-md-^nf  {lh-\-md-fr^)  ^ 

If  a; ,  y  _  z 

2a-\-2b-c         2b-\-2c-a   ~    2c-\-2a-b' 

then   ^^  +  ^^-^    _    26+2c>-a   __    2c+2a-6 
a?  ~  2/  ~  2 

_   2(2aH-26-c)4-2(264-2g-ft)-(2c-f-2ft-6) 
~  2a;+2?/-z 

2(26+2c-a)4-2(2c+2(t-6)-(2g+26-c) 
2^+25;-a; 

2(2c  +  2a-6)+2(2fl  +  26-6-)-(26  +  2c-a) 
2z\2x-y 


a 
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9ft  9c  9a 


h  c  a 


%c-^1y-z         2y-\-1z-x  2z  +  2x—y 

,^o      a  c        ,      ^  ^  «  — 6 

h     ""     d  c     "     d  c  —  d 


rt-    ,    _    .      ,_.  ,  ,     3^ 


(      (c2'^  4-^.3") 

29.  Let  each  ratio  =  r;  then 

—  =  r(2/+z)  and  —  {y-z\  =  r(y^ -z^), 

y  2 

Similarly  -y  (2— a;)  =  r(0  2  -a;^)  and  —  {x-y) 

=  r(x^-y^)   .-.  -^(,y_2)  +  .:|-(2-:r)+y(x-2/) 
=  r(a;2-23+23-a;2+a;2_2/2)  =  o. 

30.  Let  each  ratio  =  r;  then 

-^  =  r(ny-viz)   .'.  -^  {l-x)  =  r{ny-mz){l'-x) 

—  {m  —  y)  =  r{lz-'nx){m~y)  and 

—  (n  -  z)  =  r(wa;  -  Zy)(?i— «) 
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i  b 

.••   -J- (l-x)+   —{w-y)+  -      (n     z) 
Ix   ^  w}/  ^        ■'         r,z 

=    r{{ny  —  mz){l  —  x)-\-[lz  —  nx){m-y)-{-{nix—ly){n—  z\)  =0. 

also,  x'-y-  ={ax^  -«-), 
2/^22  a{y^—a)  z-  y^-a 

x'^y-    ~    a{x^  -  a)   ''     x^     ~    x^—a' 

Clearing  of  fractions 

-x^  -f(Z^,   ax^  -a^  -  ax^  =  z^x^—az'^ 

iz-  -  a^      .'.  x=  — 

z 

32.   See  solution  of  18. 

Or  thus,  x'^  +  //  -  +22  _  ^j^  _  y^  _  2.7;  -  r; 2  +  ^2  _}_  ^2 

x^  —xyz+y^  ~.ryz-\-z^  —xyz  =  a^x  +  l>'^x-^c^z 

that  is  (x+y  +z)(x^  +1/^  +z^  —xy -xz-zx)  =  a2x-i-b2 y-\-c2z. 

Substitute  value  of  x- -\-y- -\-z'^ —xy—xz-zy, 

then  {x+y+z)\a-+h2-\-c-)  =  a-^x-\-h2y-{.r2x,  &c. 


m2 

w2      a;2          /??2     ^2 

«^        //2              «2 

a;-      ^3     ~    a:2  '    6"^ 

2/^         62      ~     y2 

,.2 

= 

;.2         2-2                 ;.2         ^        ,„i2 

^  '  ~c^    ~    ~z^    '  '    ~aJ 

+    TT     +     -F 
/>-               c2 

+ 

n^          r3           3^?^2 
2/2+^3     -     X-'      ~ 

x'+y^+z- 

«3" 
^  1 

= 

C3n              rt3n_c3'»^ 

3^-    63" 

,/3n      -     53n_^^3n' 

,       a3n 

= 

,„  ,„  ^  and  -jT   =   -[z-  - 

pV.               f^n    _  (,n  j^^n 

-       fn       -      hn_^n^yn- 

aS- 

/«"   _C»+e"\    3_      ,<3« 

a^c'^e'* 

6'^rfy 
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(a"  -  c'»  -I-  e™  )  3  a'*c"e"  -  (a""  -  c**  +  e**)  3 

Hence  the  equality  required. 

^;        ^^.        ^2^3       ^3^        ^^2-^2^3  +  ---(-ir'6«-A 
.  <        «3«3  «1        V(«'->^3)         ^*!        fi_V>2f^) 

also  since  rr— 7~a"    •  •   T~=      ,7nr"\  ^^^17  =  1 — //».    .-r 

bimilarly  yt  —  1 — 7Tr~i — \  =  1 — //;    1   x  =  <^^« 
al      a^V{a^a^)-{-a^i/{a^a^)-^&c. 

•■•     ^"6'lV(M3H^2V^(^3^4)  +  -C. 

Hence  the  equality  required. 

36.  From  first  equation 

.  B  {l-ca)  +  0(l-ah) 

1-bc 
From  second  equation 

A-  _£{c+a)  +  C{a-\-b) 

b  +  G 
£{l-ca)-{-C{l-ab)    _    B{c+a)+C(a+b) 
1-bc  ~  b-i-G 

Hence    ?i^^   =   ^4^^)         (1) 

Similarly   ^?^^^    =   ^^i^^J         (2) 
1+//-  l  +  a2 

...    JL^\a-b  +  h--c\  =  Cc-a)/-^--    4.        ^    \. 
1+62  i  ^  I        ^         ^  (14-^3    ^    l  +  c3j 

Transposing  and  dividing  by  a  —  c 

A_  B  __C 

r+^  +    l  +  /'3  +   i+t;2    -   ^• 

Secondly,  dividing  both  sides  of  (1)  and  (2)  by  a  and  c  respect- 
ively, we  get 

B{a-b)     _     C{c-a)     ^^^     Bjb-c)    ^    Ajc-a) 
a(l+/>^)  ft(l  +  c2)  c(l  +  62)  c{l  +  a^) 
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.        B     \a-h         h-_c]     _  [        C  ^_  ) 

"    l+^^l    «       "^       c    J     -    ^''     ""^    ta(l+c2)    +    c(H-a2/j' 

m    fa-c]     _    c-a|      C  A     ) 

1+62  t'^j     -      ac    jl+c-'    "^    l  +  a2j 

Transposing  and  dividing  by  - —  we  get 

ac 

Aa  Bb  Cc 

1+^   "^    T+62    +   iT^    ~    ^' 

Dividing  both  numerator  and  denominator  hy  a,  b  and  c,  we  get 

ABC 

+  r     =    0. 


37. 


a+  i.          ^>  +  -i  c  +  — 

a;2    _     a;A         ?/2         ?/^-  ^2  ^l 

*  *    //  A:            ^  '     rt-          xh 

I X            y            2  ;  2  /^^^\  "  9*    . 


j2A2  a*      _     /a2\ 


P    "    ^^    ~    72     ~-^   "^ 
fl2  62  _c2    _     3a4^ 


,X  II  Z  \   2  /^2 


fe2  c2\ 


Exercise  xlvii.,  page  134. 
1    a:2  -f- a?) -  (« -f  6).i-  -  c^  =  a;^  +  2jt?./;+^- , 

.-.   >H-6)2  =  4(a6— c2j,  or  (a-6j2  +  4c2=r0. 
2.  4(2^2^)  =  64x2  ;  .-.91  =  8. 
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3.  Extracting  square  root  (See  Ex.  1  in  Hand-Book),   we  find 
remainder  to  be  -3.C+30,  which  must  =  0;   .-.  a;  =10. 

4.  (rt- 6)4 -2{^^2^62)(rt- 6)2 4-2(^/4-1-64) 

=  (a_6)4-2(rt2+62)(a_6)2+(a24.62)2^(^2_62)2 

=  .f(^_6)2_(a2+62)}2  +  (rt2_62)2 

=  4a2624-(a3_62)2  =  (^.;_|.62)2^     ,.,  gq.  root  =  a24-62, 

5.  2a;2-a:  +  l 

4x^ 


-4a;3+   x^ 


4:x--2x)  Ax^—wx+n 


(2-m)x-{-(n-l) 
.-.  (2-m)x+(n—l)  =  0  for  all  values  of  a;, 
.-.  2  — m  =  0  or  m  =  2  and  n  — 1  =  0  or  n=l. 

6.  Given  expression  = 

a;4_2a;3+4-4.c2=a:4_6.v2+4  =  (x2-2)2-2a;2, 
which  is  a  perfect  square  if  2.^2  be  added  ;  also  ic*  -  6a;2  +  4  is  a 
square  if  5  be  added. 

7.  {x*+mx-\-Q)ix^  ■{■7ix-{-S):=.v^-{-x^-16x^--ix  +  ^S 

=  a;4  +  (m  +  ri).i'3-f(wn+14)a;2+(8m4-6w)a;+48, 
.'.  m-{-n  =  ly  SLnd  8m-\-ln=  —4:,  .-.  m=  —  5,  7i  =  6. 

8.  Extracting    the  square  root  as  in    example   5  above,    the 
remainder  is  found  to  be 

in  whieh  the  coefficient  of  a;  =  0,  a7id  the  the  last  term  =  0 ;  these 
conditions  give  c=  ±12.  The  roots  of  the  resulting  expressions 
are  2^2  _  3x+h  and  2x^-\-3x  -  1. 
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9.  Expressions 

=  (a2_^,2)2{4c2(/2^(c2-(/2)2}4.4rt262;(c-^-f/2)2_^4c2^2| 

=  (rt2+^2)2(c2+(/2)2^  ...  squarerootis  (rt2  4-/;2)(c2+d2;. 

10.  Applying  condition  of  perfect  square, 

(a  +  Z;)4^4(«2_62)(a4-6)(a-6)  .-.  {a+b^  =i{a-b)^, 
.-.  a-\-b  =  ±:2[a  —  b),   :•  &c. 

ax-^2b  +  2c 

^  ^  •  a^x^+4.abx  +  I^icx  +  5bc  +  U^c  2 

a^x^ 

2ax)  Aabx-{-iacx-^5hc  +  b^c^ 

AaJ^x+U^- 

2ax  +  4:b-\-2c)  4:acx-h5bc-\-b^c^  -4b^ 

4«ca;  +  8fec  +  4c2 

-36c-4c2  +  &2c2_468. 

12.  Expression  =  (x^  ■^nix-\'p)(x^  -f  ^?^4-^)  = 

x^  +  {m  +  7i)x^ -h{p  +  g-\-mn)x^ -{■{np-\-mq)x+pq',  equating  coeffi- 
cients, .•.?«+»  =  — 4 (1) 

p  +  q  +  mn=--l (2) 

np-{-mq      =    16 (3).  •  If  ^  and  ^  are  rational 

integers,  their  values  must  be,  since  pq=  —12,  1  and  12,  or  2  and 
6,  or  3  and  4,  one  positive  and  the  other  negative.  Now,  if  3 
and  -  4  be  substituted  for  p  and  q  respectively  in  (2)  and  (3),  the 
resulting  values  of  m  and  n,  obtained  from  (3)  and  (1)  are  —4, 
and  0  respectively,  and  these  values  satisfy  (2),  .-.  factors  are 
(.^2— 4u;  +  3)(x2  —4).  By  similar  reasoning  other  values  of  p,  q, 
m^n,  may  be  found,  x  giving  (a;2  _3a;-|-2)(a;2  —  a; — 6)  and  also 
(a;2  4-a;-2)(a;2_5a;+6). 

13.  Let  x"^  -\-pax-\-a'  be  the  other  factor. 
Then  (x'^  Arpax-{-a^){x'^ -\-max^- a'^)  = 

x^  +{m+p)ax^ -\-{mp-\-2)a^x'^ -\-{m  -\-p)a^x-{-a^ 
.*.  m-\-p=  —1,  and  mp-\-2  =  l  or  mp=  —  l. 
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14.  Let  it  be  the  square  of  /  x'^  -f-^  -}-  _!.  \. 

\  2  a  /         • 

Then    lx^+^x-{-—f=   x'^-\-ax^+bx^+cx-\-d, 

i,e.f  x'^+ax^-^  {  —    4-  — \aj-+ca;+   — 
\  a  4:  I  a2 

=  x^-\-ax^-{-bx'^  -{-cx-\-d 

a  4  rt  - 

.-.  8c  =  a{4:b-a^),  .-.  64^  =  (4A-a3)2. 

15.  {(xV(a)+yi/{b)+z\/{c)}^  = 

ax^  +hy^  +cz^  +2xy'^/{ab)+2ijzi/{bc)  +  2zx  \/{ac) 
.-.  2j/{ab)  =  d,  2^{bc)  =  e,  2|/(ac)=/, 
4ab  =  d^,        4:bc  =  e^,        iac=f^, 
a     _    H^      a_    _   P_      b     _   d^ 

"7  ~  '^'  y  "  ^'  T  ~  72' 

16.  Let  x+p  be  tiie  other  iactor, 

Then  {x-^p){x^ +2dx-\-d^)  =  x^  +(2d~\-p)x'' +{d^-[-2pd)x+pd* 
.-.  2d-{-p  =  a,  d^  -f  2x)d  =  b.     pd^  =  c 

pa  =  d(a-2d)     =i{b-d^)=^~ 

17.  het{x'^a-f/d)^  =  ax^-hx^+cx-d. 

ax^-Sx^^{a^d)  +  Sx-^{ad'')-d  =  ax^-bx^-\-cx-d, 

.'.  Sf^{a^d)  =  b,     ^f{2d^)  =  c 

.'.  21a^d     =63,  27ad^=c^ 

a  63 

.'.      -r    =    -5^,    dad  =  be, 
d  c3' 
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18.  The  remainder  on  dividing  is  (So^-^^ah-^  Sc)x4- 

d-Sa2b~2a^,   .-.   Sa^+Qah  +  Sc  =  0 (1) 

and  2a^-{-Sa^b        =d (2). 

From  (1)  (rt2  4-^)2  =62 -ac;   from  (2)   d  =  2a^{a^-\-2h)-aH  = 
-2ac-a^b,   .'.  c^~bd  =  c^-}-2abr-}-a^b^  =  {ab  +  c)^  = 
(a6-a3 -2^6)2=^2(^2+6)3,  .-.  4:ib^ -ac){c^ -bd)  = 
4:{ac-b^){bd-c^)  =  4:a^{a^  +  b)2(a2  +b)^=4:a^{a^-hbj*. 
ad  =  Sa^b  +  2a^  from  (1);   -bc  =  aSb-{-2ah2  from  (2), 
.-.   (arZ-6c)2  =  (2rt5+4a36+2«62)2^4,^2(^4  +  2a2?;  +  62;3 

=  4:a^{a^-\-b)^,  .-.   (ad-bc)''  =4:{b2 -an){c^  -bd). 

19.  Let  x^  -\-px^ -{-q  =  {x-{-m){x^  -  2ax  +  a^) 

=  a;3  -f  [m - 2a)x^  +  (a^  -  2am)x  +  a^m, 

a 
.-.  m  —  2a         =p,  and  in  =-77- 

a2-2am      =0,   .-.    a    =    -^j?; 
Also   a^-2a^m    =0,  or«3_2^  =  0,  .-.  a^  =  2g. 
.'.   2q=-fyj^,  ov  'Lp^-\-21q  =  0. 

20.  Let  x--\-max  +  a^  be  the  other  factor,  then 

x^-{-ax^  +a^x^  +a^x+a^  =  (x-  -hnax-\-a^{x^  +wax  +  a^) 
=  x*-{-a{m+n)x^  -\-a-{2-{-m7i)x^  -{-a^{m-\-n)x-j-c(^. 

,\  m-f-7i=l,  2  4-77m  =  l  ;  from  these  equations  ??i  — ?i=+\/d» 

.-.  2n  =  l  +  |/5,   .-.  w2-w-l  =  0. 

21.  Let  a;4+rtx3  +6a;2  _,_c.r-f  f;=  (.a'  +  ?7?)2(;?;  +  n)2  = 

a;4  +  2(m+7i)a;3  +  (m2  +  7i2 +4wi7i)a;2 +27?in(w+7?)a-+»i2,i2 . 
.*.  2{m-^7i}  =  a,  ni^-^7i^-\-4imn  =  b,  2mn(7n-\-n)  =  c, 

m^7i^=d\  .'.  (46-rt2)2  =  {4(^^+,i)2^8mn-4(m+w)2} 
=  64??i2n3  =  64(f.     Also  {^b-a^)a  =  lQ77in{m-\-n)  =  Sc. 

22.  Let  x^  -hpx^  +qx^-{-rx+s  =  j  x^  +1- x+  y's  f  = 

x*-\-px^  +  /^^2-/.5}^2+^^/.s.a;-i-s, 
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r^ 


23.  Dividing  by  ax^+2bx+c,  the  remainder  is  found  to  be 

.-.   2c  -   —-=0,  OYac=h^ (1) 

a 

and  d  —  —   =    0,  ov  ad  =  bc [2). 

a 

From  (1)  h  =  ^/{ac) 

.-.  ax^+2bx-}-c  =  ax^-\-2y{ac)-J[-(  =  {x^/a-{-  v/c)». 
(l)x(2)     .'.  h^c^a^cd     .'.  b^  =  a^d  and  b  =  aidi 

Also      — —       •       ad^=:c^        .*.  c  =  a  d  . 

ao      ~      b^ 

.'.  ax^  +  'dbx^  +Scx  +  d  =  ax^  +2aidlr'2  +3aht^x+d  =  {a^x+d^)' 

24.  4.ni^x^{pq  +  q^)=p'^x^,   .-.  p^  - 4:m^qp-4cni-^q^  =0, 

.-.  p  =  2ni^q±2mq  y{m^  +  1). 

25.  Let  j'-\-  —  be  the  other  factor,  then  x^  +p,r^ -\-qx  +  r=z 

(xJf2y-(x+^)  =  x^+{4.  +  Z.)a;2  +  (;-+4)u:+r. 

/.  p  =  4  4-  ^;  q  =  r^4: 

.-.  4/>-lo-f/-  =  (/  +  12,  or4(/;-3)^7. 

26.  If  divisible  by  Sx^-\-2px-\-q,  it  is  divisible  by  x^  -  ^px+  h]» 
Let  a;4-??i  be  the  other  factor  ;  then  (x-{'77t){x^  -hipx+^q)  = 

x^-\-px^+qx  +  r  =  x-^  +  {>n-^^,p)x-^-\-{^q  +  i7np)x-]-ifnq  ; 

:,   m+ip=p,ovm=    A     x-^-nt^x-i-  ^ 
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Exercise  xlviii.,  page  137. 

1.  If  aa'  =  bb'  =  cc    then  will  {a-b')a' =^{b-a')h' 

{b-c)b'={ci-b')c  and  {c' -a')c  =  {a-c)a' 
...   {a-b'){b-c){c'-a>)  =  {b-a')[c'-b'){a-c). 
Nos.  2  to  7  may  be  proved  in  like  manner,  or  thus  :  • 

2.  Interchange  b  and  b'  in  1  and  it  becomes  — 
Ji  aa'  =  b'b  =  cc'  then  will 

(^a—b){h'-c){c'-a')  =  {b'-a'](c'-b){a-c) 
which  is  2  with  the  members  transposed  and  the  factors  in  differ* 
ent  order. 

3.  Interchange  a  and  a '  in  1  and  it  becomes  — 
If  a  'a  =  bb'  =  cc'  then  will 

{a'-b')(b-c){c'-u)=:{b-a)){c'-b'){a'-c) 
a  mere  variation  of  3. 

4.  Interchange  c  and  c^'  in  1  and  it  becomes  — 
If  aa'  =  bb'  =  c'c  then  will 

(a-b'){b-c'){c-a')  =  {b-a'){c-b'){a-r') 
which  differs  from  4  only  in  the  order  of  the  factors  of  the  right- 
hand  member. 

5.  Divide  4  by  2,  member  by  member. 

{a-b'){b-c'){c-a')    _    {a-c'){b—a'){c—h') 
{b-c%c-a){a'-b'f)    ~    {c-b'){b-a){a' -c) 

Rejecting  factors  common  to  both  numerator  and  denominator, 

{a-b'){c-a')    _    {a-c'){b-a') 
{c-a){a'-V)    ^    {b-a){a'-c') 

from  which  5  may  be  immediately  obtained  by  a  transferrence  of 
factors. 

6.  Divide  4  by  3,  member  by  member. 
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7.  Divide  4  by  1,  member  by  member. 

6  and  7  may  also  be  obtained  from  5  by  operating  with  the 
substitutions  {ahc\a'b'c')  and  {abc\a'b'c')^  respectively. 

8.  From  1  by  actual  multiplication 

{ac<  +  a'bi  -  aa'  -b!c')[b  -c)  =  {ah  +  a'c-  aa'  -hc){c'  -h') 
:.  *a{bc,  -cc')+a'(bb'  -  b'c)  -baa'+b'cc'-^caa' -c'bb'  = 

a{bc'-bb')-i-a'{cc'-b'c)-bcc'^b'aa'-{-cbb'—c'aa' 
:.    {a-\-a'){bb'-cc')-\-{b  +  b'){cc'-aa')-\-{c  +  c'){aa'-bb')  =  0. 
Hence  the  equation  in  8  is  merely  another  form  of  that  in  1. 

The  equations  in  2,  3,  and  4  may  be  formed  from  that  in  1  by 
interchanging  b  and  b',  a  and  a',  and  c  and  c'  respectively,  hence 
variations  of  them  may  be  formed  from  the  equation  in  8  (proved 
to  be  a  variation  of  that  in  1)  by  the  same  system  of  interchanges. 
But  these  interchanges  have  no  effect  on  the  equation  in  8,  i.e., 
they  leave  it  unchanged,  hence  the  equations  in  2,  3  and  4  are 
merely  different  forms  of  that  in  8  ;  and  consequently  the  equa- 
tions in  1,  2,  3,  4  and  8  are  all  merely  different  lorms  of  one  and 
the  same  equation.  Also  5,  6,  and  7  have  been  shown  to  be 
formed  from  1,  2,  3  and  4,  and  consequently  they  may  all  be 
formed  from  8. 

(The  example  and  exercise  of  Art.  XXXVIII.  are  important 
geometrical  theorems — See  Chasles'  Traite'  de  Geoinetrie  supeneure). 
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Exercise  xlix.,  page  138. 

1.  5,  3},  a.  -3.  2.    -4^,  -a,  2,  10. 

3.  a+b,  c-a,  b-c,  3.  4.    -2,  6,  -5,  12. 

5.    -  14,  a-Sb,  2a -36,  ob-3a.  6.  7,  4,  a,  6. 

7.    i-,    A,    0,    1.  8.   -1,   (^^+^)'-^a  +  6. 

3       a  6 

9.    6-a,  a  +  6.       10.    -—,    _J_.,    L_   .  11.  26,  a. 

a-^b     a-b     a2+62 

12     a  +  6,      -/-   ,    _L.  13.    ^,    6+c. 

a4-6     a  — c  a  — 6 

14.  a+6,  a2  +  a6  +  62.  15.  a^  _«6  +  62,   1. 

a+6  6+6      2        3 


18.     -I,    1,    -^ 


■i-  »^ .    — — -— — — , . 


12     ac       b  a^b^  6 


20. 

10,   12,  4,  i. 

21.    1000, 

h  |. 

22. 

be 
9A,   ah,  -. 

62 
23.    — . 
ac 

6 
c(a-f-6),   —  (a  +  6). 

24. 

a       a-h         {a-^h]^ 
b  '    a  +  o      ~{a  —  b)^ 

25.    -1,    ■ 

-1. 

26. 

a2_  c2)     ^    10 
(a  +  6)2'   ^'    3* 

6 
27.    a6,    — ' 
a 

28. 

—  ac 
12,       ,    . 

29.  9,  2. 

30. 

12,  1. 

31.  3,  1. 

2(7-1 

33. 

1 
m 

34.  1. 

a6-f  6c-f-ca 
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36.    -7-^1—7-  -  37.  (a  +  h  +  c), 

ab-{-  hc-\-ca  ^  ' 

38.  3(3{3(3a;-2)-2}-2)-3  =  0 
(3{3(3.c-2)-2}-3  =  0,  .-.  3(3a:-2)-3  =  0,  x  =  \. 

39.  1.  40.  1.  41.   1.  42.   15. 

43.  16i.         44.  6.         45.  5.  46.     ^/^g^-^+M>-^  +  g^'^+^-^ 

mnpqr 

47.    -i-  48.  0.  49.    -T^^g.  50.  1. 

Exercise  1.,   page  142. 

1.  2,3.  2.  i,  i.  3.   ±2,  H.  4.  1,  H. 

5.   dzf,  ±''^  +  ^),  a-  6.  4,  5;  2,  2^. 

7.   -3  or  2  ;  4,  -3  ;  2i,  -1^.         8.   1 ;  §  or  -| ;  \  or  3. 

9.   -f  orf;  ^or6;  for  -f.         10.   -1,2,  -i,  1. 

11.  0,  -6,  36.  12.  a,    ±a^-l. 

13.  1,    ~^~^^,     ~^"^^-.         14.   ±a.        15.   ±/.c,  -(6+c). 
2  ^ 

IG.  Factors  are  {x—a)(x  —  a  —  2h),  .-.  a;  =  rt  +  25. 

17.  6  or  ±a.  18.  ic-f2rt&  is  a  factor,  .-.  a:=  -2ah.  The 
other  factor  is  Sx^-2abx-  2a^b^,  which  gives  a:;=  i«6(lziij/7). 

19.  a  —  b  is  a  factor,  .*.  also  x—a,  b  —  x  are  factors;  one  linear 
factor  remains  which  must  be  symmetrical  in  a,  b,  x,  and  is  .*. 
x+a-\-b;   .-.  x  =  a,  &,  —(«  +  &). 

20.  Transpose  1  to  left-hand  side,  which  then  vanishes  if 
u;  -  a  =  0,  or  «  -  6  =  0  ;  .-.  x  =  a,  ov  b, 

21.  Left  hand  =    (^-^)(f±^  =  s:-a,    which  =  ic^-aa,    .-. 

{x+a)^ 

x  =  a,  or  1— a. 

22.  ={x'ha){a-{-b)(x-\-h-a-^h)  =  0,  &c. 

23.  .-.  afe(a  — 6)+6a;(6-a;)-faa:(ic-a)  — (a;-«)(/;-a:)  =  0, 

.-.  x-a  =  0,   b-x  =  0,     .•.x  =  b{l-b)^{l-b+a). 
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24.  (x-5)(x+6){x-l)=x^-^xy-S7x-\-2.iO. 

25.  {x-a)(x  -  ■^a)(x  -  3a\ix-\-4:a)  = 
x^-4:ax^-lSa2x'^+Q^a^x-'^8a^. 

26.  xi,x-l){x+2){x-4:)  =  0. 

27.  {x--2x~l){x^-2x-2)=x^-4:X^+x^+6x  +  2  =  0, 

Exercise  li.,  page  146. 

ANSWERS. 

1.  4.        2.    -V.        3.    -107.        -1.  8.        5.  3rt.        6.   -tVit- 

7.  5|f,  17.          8.  22,  46^.           9.  7,  3.           10.  10,  10,  11. 

11.  0  or  11;  33.     12.   3956-3971.    13.  |(15±|/190).      14.  3. 

15.  3.        16.  4.        17.   22 --16.        18    U.        19.  3^.       20.  4. 

21.  +3.       22.  11.       23.  2  and  -lzbv/-3.      24.  2^.      25.  0. 

26.  3a.              27.  f.              28.  ||.              29.  3.              30.  10. 

31.  0,  1,  or  (-5+ ^-23) -8.                      32    102|. 

33.  (-ll±v^4681)-^20.              34.  2,  ^,  or  |.              35.    -4. 

36.  0,  or  ±i/{ir^-{-b-'). 

Hints  and  Solutions. 

1.  Combine  first  and  last  fractions  .*.  :r^ ^a   =    ra.  ,  <fcc. 

i.ox  —  Id  lo 

,     9a;4-15         '13 

2.  As  in  last  Example  k    _  o-   -  "tf »  ^^' 

T2  70 

3.  Completing  divisions  .-.   — ^-,    =    — j^'  ^^' 

11  33     ^ 

^'    •••    2:^:=:9    =    21  '  ^''' 

6.  Multiply  through  by  6,  and  complete  the  divisions, 

6a  12a 

.-.  —   ^  =  0,  &c. 

x  —  a         x-^a 
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—  29  24 

^-    ■■■   6^    =    6^32  ■••84= -53(3.-1),  &c. 

7.  Multiplying  by  2  and  comj)leting  divisions,  .*. 

47                6^,3               4       ^ 
+    — c  =  0,  &c.    — ^    =    1^,  &c. 


2.C-15     '    x-5       '  x-S         x-5' 


8. 

8               12      ^           20              22       ^ 
^-12   ^   x-r^''     0.-13         o:+7-^- 

9. 

15               4                          -5              28 
•••  -2a:  +  l   -^  x-^3-^^  ^'' '     x+2  "^    5.;  +  13-^- 

7                 5                3               3               11 

lU. 

2ic+l    ~    2a;-5'       x-7    ~  x-S   ~   a;-8         x-9 

3               1 
.-.  ^_^   -   ^_Q  =  1,  by  subtraction. 

11. 

17                15             3       ^             15       ■             4       ^ 
..-17    -   0.-18   -    2'     ^"-       2;.+5=^      ^-2'*"- 

12. 

5a;- 6             289 
28(o;-l)    "     30  '    ^^- 

a;-3  3a;— 2 

13.  .-. 


x^-5x+6         a;2-5o;  +  6         a;-5    ** 
2a;4-5  5x  7a.+5 


x^—ox  +  Q         X' —  5x 


&c. 


_2^  36       _       48        .        3        _        2  _  _ 

■     a;+l     "^    a.+3     ~    x  +  1      "    x+S     ~    x+1    "  *' *<^* 

15.  . =      .     (By  the  usual  divisions). 

*  *    6a;  —  4  7a;  -  10 

16.         ^ ^ .    Szc 

~"a;2-9a;+14    "  a;2-7a;+6'   *■  *^''- 

17.  a;  +  2+  _L-  +a;+2  + J- =  2(a;H-2).|-  -  --^,  &c. 

x—o  x-d  x-8 

18.  _A^il? 8^  +  12_      .  ^^_ 

16u;-+4ex  +  35    -    16«2+48a;+32 


19. 
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2x-4:     '     2x-d         2.C— 8     '     2x-6 

or, =    . ,  .-.  4a;— 13  =  0,  &c. 

4a;3- 26^  +  36  4a;2- 26^  +  40 

on  aJ  3  2.c+4t  j;  lias  a;  1 

20.  .-.  —   4-   —   _    — I-    _|_    —   =     —     _   —   -I-   — , 

4    ^    14         23^-6    ^4  21  42   ^    14 

23.C-6  ' 


21. 


22. 


1  1 


X'-e     "^    .C2_12     -     2^2-8     "^    ic2   -  10' 

or    _J.2-1^     _       ^^^-1^     ,  .-.2.^-18  =  0,^^0. 
a;4-18a;2  +  80    ~   u;*  — 18.2+8 

.   f_  _    51  S_         6x    _  5jx         2i         59 

"2      "52~52"^13"'^~"39"^U9~52 

^    .    _    Tf.         3i         ^^^ 
26  52    ^  52 

23.  Multiply  through  by  18. 

6(1  -  2x)         9(1+.)  3        ^        2 

-6(2a;-l)(.+l)-+3(.2-a;  +  l)    __   9.+7         ,^  g_ 

24.  Completing  divisions  as  usual, 

-2  1        _  1  2 

•*•    2^^   "^    .-1     "    ~    .-4    "^  2.-J 

-^  -^  &c. 


25.  .-.  1  -   ^-^     ,    1    .    ^izi  _       (^-^')       ^   ^^-^ 
.  —  6  .  —  a  (.— a)(a;— 6)  a+a? 


•    (2.-7)(.-l)  ~   (a;-4)(2.-3) 

-b  a-b  _( 

^TT  +  ^  "^  ^1:^  ~  ("^ 

(a-6)2        _        (a-6)2        _    2(a-a;) 
°^^+(^^)^(^^   ~    (a;-a)(.-6)    "      a+.) 
.-.  2(a+.)  =  2(a-.),  &c. 
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6n  9a  ^     „ 

26.  .-.  .3      -   -  o— [  Q   =0,  &c. 

dx  +  a  2x -^9a 

1_  1  1  1 

^'^'  •'•  13kx-6   "^    13i«-12    "    131a; -8  "^   13^i»-10 

^^27.^^  ^    2^^-^l^-.  27.-18^0. 


X 

28.    Sum  of  first  two  tractions  is  ^^^ — ZTT2"  •'•  ^  is  a  factor, 

.-, , ,  &c. 


2(a;-l)3         2(a;2+l)         (a;-l)(a;2  +  l)' 

29.  y  +  2  -   2i  +  |-  =  3   -   —   &c. 

6(3a:-l)(3a^+l) 

30.  Multiply  by  f  and  factor,  .-.  x—   -7^ iTr~Tm"=  2a;  - 

^oaj —  xj^aj~r"oy 

2a;2-  1  ^,  ^.   .  .  65         ^    „ 

— 5— -19+a;;  pertorm  divisions  .-.     -—-5--^'  *^* 

x-\-o  ^  x  +  6 

3  1  5a;+l 

81.  Perform  divisions,  .-.  ^^^-_j^   -   ^^^^    =    -^-^^p 

a;+2     _     oa;+l  xj\-2    _    5^+1 

•*•   ^c^~l    -    '(a;-l)2'  ^""^-1    -     a;-l   •••^-1-0. 

2a^         20  23  2  2a;     19      1      _ 

32.    ^   -   y-lO-^^33   _  _+^  =  ______10 


4  23  10 

^  +  0^,  or  -^    ^    21- 

18X-22 1_         5x   _   2+5^ 

13-2ar    "   T   "^    4     "    "4     ' 

1  16  50a; -19 


34.   - 


3a;-l         4a; -7  12a;-2 -25a;  +  7 


52a; -23  _         50a;- 19 

^^  (3^^)(4a;-7)    ~    (3a;- 1) (4a; -7)  •"•  ^^'"l-^' 
4a;-7  =  0,  &c, 
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^^'    2^5    '^    2^n    ~    2H^9    "^   2.C  +  7  **•   ^^-^S2x-{-d5 

2^ 

86.  Sum  of  first  and  last  fractions  =  -5 — r  7~T¥\'    sum   of 

2x  f  1  1  I 

Exercise  Hi.,    page  150. 

1.  („)  .-.  ?£  =  i-rl'.    (J)  .-.  ^  =  ^!L±\ 

2  1 4-'«  2a         m  - 1 

,  X      ^     2</^         m+7i 

2.   (a)   (a-b).     (b)     0.       (c)  -^    =    -±^    ^    'LZ^    =    1 

a  —  x  b  —  x  a  —  b 

.*.  x  =  Q.  3.  6  ;    —  ;  — 

b       ca 

4.    (a)    ••■    (-1)(^    _-l_^)=0.. •..  =  !. 
(6)   -1.      (c);_IL-   =   «+-   =    ".  .-..  =  0. 
'^     .  2.  +  3  2.+3         .    ,_j,,,  .1. 


6.  .-.        2- 


2a;^-7.6-  +  3         a;2-9a;  +  2' 

2{b-c)    ~    {b-c)^-{b+c)^'  2abc 

7.  Add  and  subtract,    .-.   ^yi^vl   ^   ^J  ;  divide  each  side 
2s/{x-y)  x-y 

by  Vip^±A     .'.  ^^    =    1. 


110  CHAPTER    FIVE. 

8.  (n)  Subtract  numerators  from  denominators. 


?^^    _    ^±Z     ....  =  14. 


4  4 

(/')  Subtract  numerators  from  twice  denominators 
4a; -5         lO.v-32 


.  6x  =  27,  x  =  H.  ■ 


15       ~         15 

9.  (d)  Each  fraction  =  difference  of  numerators    divided    by 
difference  of  denominators  =  ||  =  1 .     . • .  x  =  2. 

(b)  Same  as  last :  each  =  _\^  =  —  1.     .-.  x-  ^f^. 

10.  (a)     ^^^-^    -    ^'^:Z^     .-.210.  =  78. 
^  ^    310.C-66   "   310.C+80 

,j.    mx  —  a  —  b         mx  —  a  —  c         c-b  _       .. 
nx  —  c  -  d   ~^   nx—b  —  d    ~    b-c 

.'.  x  =  (a  +  b-{-c-{-d)  ^{m.-\-n). 

11.  Take  difference  of  numerators   divided    by  difference  of 
denominators,  and  each  fraction  =  1,  .'.  x  =  — • 


12. 

x^-{-ax^  -bx+c         x^-\-ax^-bx          c       ^ 
x^  ~ax^  +bx+c    ""    x^  —(IX-  +bx    ~     c    ~ 

.x'^-\-ax  —  h  =  x^  -  ax-\-h,  ov  'lax  =  '2.b,  X  — 

13. 

by/{1a-x)              b         .       'I'i'-x      _'    I      _     2a 
v(2a2-ic-)    ~    Va     '*   2a2-a;2    ~     a           2a » 

x           1                           ^ 

—  —   =   —     .'.  x  =  a,  or  0, 

-  X^             X 

14. 

^/{x^-u^)    '    a2-l      "  a-^    -    («2+i)2_^a2-l)2 

=    -2a-      •••^-^^    (     2     )• 

15.  Solve  same  as  12th,  .•.  12a;  =  8,  .c  =  f. 
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3, 

r!-'. 

.'.   X    = 

14 

13' 

V- 

V'^ 

or  5|/ 

28    ~   18 

+  5i 

^^■■■x-O, 

x=  . 

Ill 


16. 

18.   Solve  same  as  in  r2th,  and  x  =  c-^ah. 

QV^x-\)  _    25         i/(2.e-l)    _    100 

l/'(2x-l)+V(^»-^)    ~    12  •  •    Vi^^x-'d)    -    83'^^' 
y2x        _   _5_  _7£ 

^^-  •''   a/(3-2.-)    -     1    •'•^-52* 

2_^j;3^  +  3J    ^  _6_  lx±S_  J_     _   1 

'^        •    -^(7^+8)  4'  oj-hl        ^^••a;4-l    "     9' 

.-.  x  =  8. 

^^     lB-^2i/(x-5)  ^^  '2s^(x-5)  5 

22      v/(na:+l)  +  v/(/?.r)    ^    i/n  +  1     ^    y^{nx+l) ^ 

l/{nx+l)  -  1/71X  ]//i-l    '*        i/nx  '^' 

nx^  +1  n 

=   ^r  .*.  x=l  -nin  —  l). 

nx  1  ^         ' 

24.  -^/z-^    =   -7-  ••.«=,— 

y  6  |/  a  6  —  a 

25.  (rt).  Each   fraction  =  difference  of  numerators  divided  by 
difference  of  denominators  =  5,  .-.  a;  =  4. 

2  3  1' 

26.  (a),  i^acn  fraction  =  -7-    =     ~r  \~i     =   ; — 

-i/3a;  — 1      V3.T5  4- 1 


a  (l-ra)2       \   6  a  —  h 
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usual     ''.)  "[  '     '    =    niJ'  x  =  {h--[-l)-7-2ab,  &c. 


28.  Divide  numerator  and  denominator  by  ^/fc/^  +  l),  then  as 
^/{(ix)-hl)         6  +  1 
l/{ax)-l) 

29.  As  in  28,  1-  ^{1  -  ^/{l-x}}  ={l-{-a)-^(l-a),  &c. 

30.  Square  both  sides,  then  a^-^{x^  +  2ax)  =  4/>-^(6  -1)2,  &c. 

31.  Proceeding  by  addition  and  subtraction  we  find 

{x-tiy^[x-l)^  =  (a^-{-5a^-\-20a^-i-2}^{5a^-a^),  or  ^^  =  &c 

Exercise  liii.,   page  153. 

1.  We  have  the  identity  x  +  4:— (x  —  3)  =  7,  divide  this,  member 
by  member,  by  given  equation,  .*.  x  =  S. 

2.  Transpose   and  square  x=0,   which   satisfies   the  equation 

3.  x  =  o.  4    i/x{\/m  —  -y/n)  =  m  —  n,   .'.  x={  \^m,-\-i/7i)^. 

5.  \/bx  —  -i/x=  —  \^{ab  +  bx)  square,  &c.,  rc  =  rt6-r-(l  -  2|/6). 

4  ^  1  18962  i/a 

6.  x=  ^'        7.  x=  ^^-^.        8.  x=  3^393*         9.  —^^-J^' 

10.  {b-\-x)'^ —  {b^-{-x-)  =  2bx    identically,   divide    this,    member 
by  member,  as  in  1  above,   and  add,  2{b-\-x)  = 

2bx  c'^-^bc^ 

11.  .r  =  |.       12.  2.^  -  (2a: -27rt)  =  27rt  identically,  then  proceed 
as  in  example  1  above  x  =  lSa. 

13.  Cube    by   formula    [VI]     l-.r  +  l-h.c  +  3  f\l-x^)Yf'3 
(by  substituting  cube  root  of  3  for  its  value)  =  3,  .*.  x^  ~^t- 

14.  Cube  and  substitute  as  in  last,  .-.   3f/l^^{^-x-)  =  \,  .-. 

1  7 
21' 


ic=  +  io  v"'' 


4 

15.  Proceed  as  in  last  two  questions,  .-.  x=  ±   —  s^  — 11« 

16.  x=  ±  l/|«'- -i^^'}*  17.  x:=i).         18.  x  =  j%a. 
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19.  Proceed  as  in  example  3,  page  152,  (c—a  —  b)^  =  21abc. 

20.  .-.  xV[a^-\-x^)  =  {n-l)a2-x^,£iJidx'-'{2n-l}  =  in-l)^a^, 
&c.  21.    16a;//  =  (?i-4.x--i/)2. 

22.  1  +  x-  {l-]-x  +  i/  {1-x)}  =  i/  (l—x)  identically;  divide 
member  by  member,  and  add  given  eqifation,  .-.  2y{l-\-x)  = 
V{l-x)-l,  &c.,  ic  =  0,  -If. 

23.  t^a;  is  a  factor,  .-.  x  =  0;  dividing,  .-.  \\i  x+l)  —  y 
{\  x-l)  =  a-i-i/{i/x-\-l),   and  y  x-\-l  —  [i/x-l)  =  2  identically, 

2,/(  A/iC+l) 

.-.    V(yu-  +  l)+v/{i/'^-l)=    ^  ^  ^   \-.2V(A/a;+l)  = 


a^-l/  (y^+1),  &c.,  «=   (2^^3:2  ~^)'' 


2i.  l4-a;-}-a;2  — (l-;c+a:-j  =  2x*,  identically,  divide,  &c., 
2  2      1  — m2 

^  '  111       '  '  VI   \-i— ?/t2 

25.  a2-ic2-ic2(a2-l)z=t/2^1- ^2^,  identically  divide,  &c.,    .-. 

.-.  ^=  "^7-   {«'+2+y(«2  +  l)}. 

Vbx-\-c 
2G.  Eeduce  first  fraction,  .*.    y^.^:+c=    —a, 

27.  2a;2-f-5-(2:c2_5)  =  io    identically,    then    as    in    former 
examples.  2N/(2a;2  4-5)  =  2x/15,  x=±5. 

28.  3.r2_^10-(3a;3-10)  =  20  identically,    .-.  2/(3a;24-10)  = 

Vyi7-f /3,  &c. 

29.  3.^2^.9  =  ^3^2  _  9)  =  18  identically,  &c.,  x=±5. 

30.  ba-db-\-x^-{2a-2b-\-X')=a-b  identically,  &c. 

X=±V{db-2a). 


lU 


CHAPTER    FIVE. 


81.  4rt8-352-2.'c3-(3«2_362_a;2)  =  ^2_a.2    identically,  &o. 

32.  Cube  and  substitute  as  in  example  21  above, 

(2^  +  22  -  2u:)3  +  216a^//2;  =  0. 

33.  Eqnation  is   y/{a-\-x)  +  V{a -x)  =:2.r^V {a-{-s^{a^ +x^)}  ; 

we  have  identically  a+x—  {a—x)=2x,  divide,  &c.,x  =  -|rt\/6. 

34.  Remove  the  factor  y/x,  and  reduce  the  fraction,  .-.  x  =  0. 
Also,  :y  +  2rt  —  (ic— 2a)  =  4a  identically,  divide  as  in  former  cases 
and  clear  of  fractions,  .-.  2{x+2a[  = 

4   ,       ^  .  /n2-47i-f8\ 

-  (x+2a)+na  ;  a:  =  a     | --^.^_:^  "  ]  • 

35.  x  =  a^  +  2a 


36.  (2a+a;)2  +^2  _  {(2a-x)^+b''}=Sax  identically, .-. 
2V {{2a  +  xy -\-b^)l  =  2a  +  4.x,  x=  ±s/{3a^  +  b^)^V3. 

Exercise  liv.,  page  157. 

1.  Eight-hand  member  is  {x^  -ax-\-a^){x  —  b) ;  divide  by  com- 
mon factor  and  clear  of  fractions,  x^-{'ax+a^  =x^  —b^,  .-.  «  =  &c. 

2.  Right-hand  member  ={x—b){x^+  2ax -+- 2a^) 
.-.  a;2+2a2-2aa-  =  a:3  — 62,  &c. 

(a--b)a^  -  2c(rt2  ^ab'\-b^) 

3.  x=  a^~:Z2c(P'^b'^~) 

4.  Right-hand    member    is   2ab{x-\-b)x^  ;    left-hand    member 

-{x  +  a){x-}-b){a-{-b) 

factors  mto  -: r-7 — , — ,-i.\ •'•  ^+^  is  a  factor,  &c. 

abx{x+a-i-b)  ' 

J:_     f  J L)    =  -J_      IJi L\ 

x  —  b     \x  —  c         ci-\-b)  a-\-c      \a?— c         ci-i-bj 

1  1 

7   =    — i — .•.  x  =  a-{-b+c. 

x  —  b         a-\-c  ^ 
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ah        f      ab  J_'      fo         V"       ,    h(2a-h)\] 


a; 


a    ^ a  -  bj     )  y  (a— I 


r         a    U-bj     j  i  (a- 6)2) 

.'.  x  =  ah-i-ih  —  a). 

7.  Denominator  of  left-band  member  =  {x^  —  Sax  —  a^) 
(x^  +  dax-a^)  ;  invert  botb  members,  .*.  x^  —  3ax-a^  is  a  factor 
giving   x  =  ^a{3a±\/Vd)  ;    result   of  division   is   x^  —  {2a^l)x  = 

,  &c. 

2 

8.  Equation  may  be  arranged,  multiplying  by  2,  thus  : 

Ix-  a\  ^        ^     x—a 

—2.    — ; \-x  —  a  =  0,  where  a; -a  IS  a  factor,  &c. 

\x+ui  x-\-a 

S.  Right  hand  member  =  aj3  ^  i^a  +  b  -\-  c))x^  -\-{ah-^hc  +  ca)x- abc 
.-.  (a^-f  6-  +c2  -  ah-bo-ca)x=\{a^-[-b^-\-c^  -  Sabc) 
.'.  x  =  ^{a-j-b+c). 
10.  Transpose  negative  term  in  right-hand  member  and  com- 
bine  the  fractions  .-.  ^^, = ^  — 

Aauix  2 

=  1,  a;  =  l-r-a6c. 


ahcx 

11.  Multiply  through  by  ahc,  then  a+S+c- (aS+^.s  4.^2)^;  = 

(2a6  +  2ac4-2crt)a;,  .-.  {a-{-h-{-cyx  =  a-\-h+c. 

12.  Transpose  and  combine  terms  involving  -- —  •  x  = 

aba    ' 

{a-b){ac-2b)-^{a-\-b)ac. 

13.  a:3  +  (6+c)3  +  36(6+c)a;-63=0,    .-.  a;+6  +  c-6  is  a  factor. 

14.  As  in  last  example  i^x  —  i^a  -  ^6  is  a  factor. 

15.  ll(x*-16)  +  10^(u;2-4)  =  0,  .-.  ic2  4^4  =  0,  &c. 

1A  «       f     _       g      )  _       1        f  ^      ^  _        c 

^^'    {a-b)H^       a-6  /  ~(a  +  6)3(^       a-6j*'-^-     o'-IT 
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17.   The  eoTiation  can  be  put  in  the  form  — 
a-b    I  l-cx\         „       2cx^ 

a  +  O    \  1  +  cxI  l  +  cx 

a-b    I  l-cx\  I  I-  cx\        .  a  -h 


a  ^b    \  l+cxj  >,  l-\-cxj  atb 

is  a  factor,  &c. 

^^-  2:7+^.^ 

=  \{2x+a){2x^  -  2a^-5ax)  .-.  2x^  -  2a^  -  5ax  =  0, 
or  2x^-2a^-\-5ax  =  i{x-i-a)^,  x  =  ^a. 

•  x-7\  x-A    "^  ic-lO/      2{x-4.){x-lQ)^^  {x-4.){x-'10) 
=  lx^^2(x-A){x-10),  .'.x^  =  i. 

20.  Proceeding  as  in  last  exami3le, 

8(2^-10)  x4: 

(0.  -  1)(^  -  5)(^^9)  =  (0.-1)0- 9)  "'^'  =  ^^'^*"^^  =  ^'*«- 

21.  Add,  term  by  term,  the  identity  used  m   example   8,  page 

2x  2x  a-^c 

155,  then    ^^_^^^^_^^   +   (^_c)(c-a)    "    (a-^?)(^-c)(c-a) 

.-.   2a;(Z'-c+a-6)  =  &c.,a;  =  i(-^— j  . 

22.  As  in  example  4,  page  156,  left-hand  members 
S{x  —  a){a  —  b){b  —  x)  =  x^ — a^,  x~a  is  sl  factor  t 

A\sox=[3ab-3b^-a)^{l  +  Sa-Sh). 

23.  Left-hand  member  is   ^^ — ; \v ^    which  =  2rt  .-.  x  =  a, 

[x  —  a)^ 

24.  First  member  vanishes  fora;+rt  =  0,  a-\-b=0,  anda;  — />=0, 
and  becomes  S{x  +  a){a  +  b){x—b)  =  &c. 

25.  Left-hand  memSer  vanishes  for  6  =  0,  x-a  =  0,  and 
a  — 6  =  0  ;  numerical  coefficient  is  found  to  be  6,  .-.  6b{x  —  a)[a-  b) 
=  (a-  6)c2,  x={c^  +  Gab)^6b. 
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26.  First  member  vanishes  for  a  —  h  =  0,  a-{-b  =  0,  x  -a  =  0,  and 
numerical  coefficient  =  6,  .-. 

6^a-b){a-{-b){x-a)  =  {a'^-b^)c,    .'.  x  =  l{r-\-ija). 

27.  Clear  of  denominators,  ic{a;3  +  «3 -(.f3  —  rt3)  =  <t*,  .*.  .t  =  ia. 

28.  First  number  vanishes  if  x  =  0,  «  =  0,  or  6  =  0,  .-.  abx  is  a 
factor  ;  one  linear  factor  remains  which  must  be  symmetrical  in 
a,  b,  X,  and  is  .*.  x-{-a  +  b  ;  numerical  factor  is  found  to  be  12,  .-. 
12abx(x+a  +  b)  =  12ab{x^-\-{a-tby'^}    .-.  x  =  a-{-b. 

a  b  c 

29.  Arrange  thus  :  -^ j-    +  7-5 +  -^ r   = 


{[^- 


1  \  ) 

-r    +     ,  ,  , — , —     +anal.-f  anal.   -  = 
be  ab-\-bc-\-ca  '  1 


a^  +ab-{-ca 

■anal. -|- anal. 


{a^  —  bc){ab-\-bc-^ca)  '  "— -r^""-   |  - 
a;(aH-6  +  c)f       «  b  c       i 

quantity  within  the  {  }  is  common  to  both  members  of  the  equa- 
tion;  strike  this  out,  and  x  =  (ab-\-bc-\- ca)-T-[a-}  b  +  c). 

30.  First  member  vanishes  if  6  — a2  =0.  and  by  symmetry,  if 
x—b-  =0,  ov  a  —  x^  =0,  and  the  numerical  factor  is  found  to  be 
-1,  .-.  -{b-a^){x-b^){a-x^)={a-x^){b-a2){b-\-:.^),  :. 
a-x^=0,  &c. 

31.  l+j:+.«-isa  factor,  and   .-.   ^=— i  +  i\/-3;  also  from 

l-i-x-{-x^         ax  +  1 
the  quotient  we  get    :r  —j—o    =   ~ — T>    add   and  subtract    .". 

i  —  X  ~t~  X  (IX  —  J. 

— ■ — -  =  ax,  &c. 

X 

32.  Transpose,  square  and  perform  division  in  left-hand  mem- 
a-b  1  i  a-b\^        a  —  b 1  1 

X+b     x-\-r 


a-b  i     a-bY        a  —  b 

bar  then  —r-r   =   --    — —     +    — --  divide  by  a  -  b 
a5-f-6  4  \x-\-c  j  ^    x+c  -' 


a  —  b  c  —  b  a  —  b 


'i(a;4-c)2'  ^^  x-\-b         ^{x+cy 
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83.   Complete  the  divisions,  square  and  transpose, 

1  2  a—b  c - b  a—b 

xTb   ~    2.C-H  b  +  c    "    (2a;  +  6  +  c)2'  ^^'  ^:^b    ^    2x-^hJ+c 

.-.  a;=(c2-rt6)-4-(^-f6-2c). 

34.  Factor,  then  ^/{(a;+12)(a;  +  15)}  -  V {ix-hl2){x+U)}  = 

V^+ll  •'•  (^  +  12V(a^  +  15)-(a:+12)(a:+14)  = 

^/(a:+15),  .-.  (a;  +  ll)\/(a:+15)  =  (a;+12V(a;+ 14),  square 
thena;2-f-29a;+201  =  0,  a;  =  i(-29+ -s/ST). 

35.  Put  x-\-a=m,  and  -i/(a;2 -|_2rt:i;+262)  =n,  then  (m+w)3  + 
(m. -  n)3  =  14m3  or  2/?? (??i 2  4.3^2,2^  _  14772,3^  ,.,  ,^2  =  2w2  restore  the 
values  of  ??i  and  n,  and  2x--\-4:ax+2a^  =a;2+2aa:  +  262,  or  (a;  +  a)2 
=  263-aS  &c. 

36.  Left-hand  meruher  is  of  the  form  {x  +  y)^  +  (x  —  y)^ 

:.  2{x+a)^  +2{x^  -  2ax-{-2b^)=x^ -b^  ■^2a{a-b), 
Sx^=^Bb^-2ab,x  =  &G. 

37.  Puta;+a  =  m,  anda;  — 6.=  ?i,  .•.  a+b  =  m^nj 

m^         2m— n     ,  .  ,      .  r^         r.  ,      « 

.-.— -   =   tr which  gives  ?7i  +  w  =  0,  or  2a; H-rt  — ft  =  0, 

w3  2?i  — m 

.-.  a;=i(6-a). 

38.  Factor  first  member,  .-.  3(a;- l)(39.t'2  _i20iB  +  93)  = 

27(a;3-l)  .♦.  ic-l  =  0.    Also,  13a;2 -40a;+3  =  8ic2  +  3a;  =  3, 
or  10:^2 -43a; +  28  =  0,  or  (5a;- 4)(2a;- 7)  =  0,  .-.  &c. 

39.  Proceed  as  in  example  6,  page  156,   putting  y  for  x^  -6x] 

1         1         A    -   A 

.'.  42/2-61?/= -120,  ?/  =  i{61±y^l801}=a  suppose  .\ 
x^  —  6x  =  a,  &c. 
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40.  As  in  last  example,  write  y  for  x-  —2x  and   equation  be- 

.        .       n.  .  .               1                 1                  2 
comes  on  performing  divisions,    5   +   x-r    —    7--  =  0, 

1 ]^  1  _1^     _  40  24 

°''  2/-8   ~   2/-48  "^    ?/-24   ~   ?}^4"8 "^^' *"''// ^=y^24' 

5  -381,, 

<^^  ^38    =   ^1724    =    16     "     2"  ^^^  subtraction)  .-.  ^=  18. 

.-.   x^-2x  =  lS,x=l±y'19. 

41.  F\itx-hci-h  =  m,&,nd  Vix'^'+a'^ -b^)  =n,  then  the  equa- 
tion becomes  {m  +  n)^  +  [m-ji]^  =  Sm^  which  gives  7n  =  0,  .-. 
x+a-b  =  0:  also  m^ -\-'dn^  =4:m^n^  =  m'^,  i.e.,  {x+a-b)2  = 
x^+a^  --b^,  which  gives  x  =  b. 

42.  Factor  denominators  and  transpose,  then 

_J_l_l___l_l      _J__J   _..i: !__  I 

x-\-a-{-b  (x-{-a  —b     x~a  —  b)      x—  a -\- b  [x-{-a  —  b     x-\-a-\-b) 

2a ^___  -2^ 

{x-\-a-\-b){x  +  a-b){x-a-b)~  [x  —  a+b){x-\-a  —  b){x+a  +  b) 
b  a  a-+b^ 

x  —  a-\-b    ~    a-^b  —  x      "      ~     a-\-b 

139  39   ) 

r       41  ^i_\     _i i__    1         1 

39(8  +  ^:^-2+  9  +-^3|  •••a;  +  l+^T4-^i:^+aH^' 
;.    2:c+5  is  a  factor,  &c. 
44.  Divide  and  proceed  as  in  last,  then 

5iji6+-^-9--^l+863  =  6l{27-A-7----' 
[     ^x-1  ic-4j  \         x-2  x-SJ 

or  51x7+863-61x20  + 


51x61x    n- 7    =61x51-'  — 


[x-l         a;-4j  -""'^"M«-2         a;-3| 

=  1  by  subti 
.-.    a;3-5;r+4= -1,  x  =  ^5±i/S). 


g  _  2  2 

o^  0^2  _  5a;  +-4   =  ^2::r5^-:jr6=  T""^  ^^  subtraction. 
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45.  Take  first  and   fourth  factors  together,   also   second  and 
third.       .-.  (x-^  i-7ax+Ga^){x^  +7ax-^12a2)  =  &G.,  or 

{x-^  +l^ix-\-6n2)2 -\-6a2{x^  +7ax-{-Qa^ )  =  x*  h  Qa^{x^-\-lax  +  6a^), 
.■.(x^  +  7r(x-\-6a^)—x^  =  i),  or  {7ax-\-6a'i ){2x-^ -^7ax-\-6a^)=zO, 
:.x  =  ^a,  also  =  ja,  or  —2a. 

1  2  6  3 

46.  Transpose  thn-d  fraction-  .  77-  ^ tt-  =  — ;—  — r-' 

x+ba     x  —  3a     x  +  a     x  +  'Za 

Sx  +  Qa  Sx  +  9a         .0,0  p 

/.    5— -. — : =    ^j , — - —    ..   Bx  +  9a  =  ,  &c. 

denominator.         denominator. 

Exercise  Iv.,   page  160. 

1.  6c-(a+c).  2.  (a2+6-2a6)-(a+/^2).  3^  (ad-bc) 

•!•(«- 6)  4.  a.  5.  Equation  is 

{a-b){a—c)         x-a  2a^ -\-2bc 

x  a^+bc 

—  :.x  =  -r-, —  • 
a  b+c 

6.  {a-b){a->r{x-c)}  +{a->rb){a'-(x-c)}  =z2a^ ^  :.2a^ 

~  2b[x  —  c)  =  2a^ ,  .'.x  =  c;  or,  first  meraber  becomes  2a*  li 

x  —  c  =  0,  :.  x  =  c. 

7.  (m-[-a){a-{.{b-x)}+{a-m){b-x)  =  a{7n+b), 
:.2a{b-x)  =  a{b-a),    /.  jc  =  i(a  +  6). 

8.  m{{a-^b)  ~x\=n{x  —  {a  +  b)},   .'.  (m-^')ix)  =  {m-{-n){a-\-b), 

:.x  =  a-[-b. 

9.  m^—n^—(m  +  n)x  +  {m  —  n)x  =  m^-n^,  ,-.  2mx  =  0. 


1  1  1  \ 

wi  n  p  J         ' 


10.  By  divisions;     —    H +   —    =0,.-.  x  =  0. 

XXX 

11.  Divide,  and  transpose,  —   "^  T~    "^   — =ab-{-bc'{-ca 

.'.  x  =  ahc. 

12.  As  in  last,  aj(a-}-/>+6')  =  rt24-62-|-c2,  &c. 

13.  a;=(a+64-c)^(a2  +  62-fc2). 

14.  4a6  +  6c  +  6'rt)  =  a2+62^c2). 
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15.    ^J^a^+b^-M^  +  h)c\  x=  -^]^^{a2^i2j^^aJ^b)c} 


a-\-  h 
',  X—  r 


rt6    f  ah      \  \      ah  \  ah 

or      -7-7   3f  +  .-"ZTV^  1-^1 7 — rT^+^(^     =  0>  •••  ^'  =  ~7T- 
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-    =   ^,.  =  4i.        18.   J2,   -12 


17.     —     =     —,X  =  H.  18.    TTT.     =     T7T.-.  .1  =  5. 


19.  Equation  reduces  to    —   =:   ,  .-.  x  =  4. 

X  4 

20.  Transi^ose  last  fraction  to  left-band  jnember  and  combine 
the  three  fractions. 

.-.    6  =  7+   -ii?-,  .\x=  -140. 
x-{-"21 

21.  (10  +  3  +  7)H-2(.c+3)  =  i,   .-.  a:  =  17. 

22.  Transpose  second  fraction  of  left-band  member  to  right- 
hand,  and  take  the  three  fractions  together. 

15 


'.  a; -10. 

"    8.C-15    -    15    ~      ' 

23. 

ax—1           1           ax  —  1 
ax-{-l          X     ~    ax-\-l 

1 

-   — ,  •••  x  =  a. 
a 

21 

a^dx-a^e^           , 

e^a'^-h) 

bdx-be^-c^x 

a^d  +  c^-bd 

ore 

x  =  Si;  x=0. 

26.  x  =  m. 

^7. ;  as  second  equation  stands  it  is  a  quadratic  ;  rigbt- 

hand  member  should  be  c^—x^^  then  x  =  {ah-c^)  -T-(a+h). 
28.  x^-b',  x  =  a.     29.  .c  =  0;  x  =  0.     30.  x  =  \(a+h-c). 

81.    x  = 32.  x  =  d.     Equation  becomes    an   identity 

when  x  —  d=0. 
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33.    (a-h)(a  +  h)^x  =  ab(a-}-b),  x  =  ah^  (a^  - b^). 

34^   x^   _   .M:9.  +  20    .,13    division  _i- 
x-S  a;2+3a;  +  2  *"  x-S 

=    (6.^+18) -(a;3+3a;4- 2)     .-.«;= -3|. 

35.  Apply  formula  B. 

...  a;3_|.6a;2-|-llie+6  =  .6-3-6x-'^  +  lLc-6     .-.  ^=?. 

36.  As  iu  last  Ex.,  x=  —  3|. 

37.  Equation  reduces  to  50  =  54,  .-.  there  is  no  finite  value  of  a;. 

38.  Apply  formula  B,  a;  =  10. 

39.  Apply  formula  B,  x  =  abc  -=-  {ab  -\-bc-\-  ca) 

40.  Apply  formula  B,  x  =  {ab  -{-hc-^ca  —  ad  —  bd  —  cd)  -r 
(a^-b+c-M). 

41.  Apply  formula  B  to  obtain  product  of  second  term, 

{{a-b){a-c)^{a-c){hJ^c)^{b  +  c){a-b)}x-\-{a-b){a-c){bJt--.) 
=  (a2+?>c)(6  +  c),  or  {b^ +c^  ^bc-ah—ac)x  = 

{p^c){a^-{-hc)  —  {a-h)(a-c){b-\-c)  =  {b-\-c){a^-irbc-{a—b){a-c)} 
=  (6  +  c){rt(i+c)}=a(6  +  6-)2,  .-.  x  =  kQ. 

42.  Reducing  as  in  last  example,  the  coefficients  of  the  third 
and  second  powers  of  x  cancel,  and  we  have 
{ab-{-bc-\-cd-ad  —  b^  —  c^)x  =  bc{d  -  a)  +  (a  -  b)(b —c){c  -  d),  &c 

43.  As  in  last  example, 

x{ab-^bc-aG-b^)  =  bc^-b^c-ac^-\-b^d-abd  +  acd, 

44.  x^—2x^{a-{-b-\-c)-\-4x{ab-{-bc+ca)—8abc-x^  + 
2x2{a-\-b-^c)-x{{a-\-b){b-\-c)-^{b^\'C){c-ha)  +  {c-ha){a-\-b)}-h 
(a-\-b){b  +  c){c-\-a)  =  {a-\-b  +  c){a^-\-b''+c^)-9abc,  or   -a;{a2-|- 
b^-\-c^-\-d{ab-\-bc-\-ca)-^4:{ah-}-bc-{-ca)x={a-j-b  +  c)(a^+b^+c^)- 
abc—{a-\-b){b-{-c){c+a).     And    since    {a-\-b){b-{-c){c-\-a)  — 
(a-]-b-\-c){ab-\-bc-\-ca)  —  abc,  the  equation  becomes 

— a;(a2+62-|-c2— a6— 6c— ca)  =  (a  +  6  +  c)(c2-f62-fc3-a6-ic— ca), 
.-.  x=  -(a+6  +  c). 
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45.  Reduce  as  in  last  example,  then  a;( a 2-f62-f  o^  —  a6- 6c  — ca) 
=  (a4-6-|-c)(a2-f  62+c3 -a6-6c-crt),  .-.  x  =  a-\-b-^c. 

a  +  b  +  c  1  1  a-\-b  +  c 

46.  aicx  —  (ah -i- he -^  ca) -^ —    — 7   +   ^-    =    ~ — » 

^  X  x^  x^  X 

.'.  x={ab-\-hc-{-r-a)-i-ahc. 

47.  {2a'{-b  +  c)x-\-a{b+r)  =  i'ld  +  b  +  c)x-{-d{b-{-c), 
.'.  2{a-d)x  =  {d-a){b-{-c},  x=-h{b-\-c). 

48.  ax{2b~c-  ah)  -  b{c  +  ah)  =  ax{  —  '2ac  —  ab  ~  c)  -\-a0{ab-\-ac), 
.'.  ax{2b-{'2ac)  =  {ab-j-c){ac-\'b),  x={ab-tcj-i-2ii.     . 

49.  By  division  and  cancelling, 

5  22  31.'/:- 164 


x-4:      '      X-&  a;-^-12x  +  32 

where  the  denominators  of  both  members  are  equal ; 
.-.  27j;- 128  =  31a:- 164,  a;  =  9. 


50 

5              2              3              5               1 

30a: -8 

3     ~    a:  +  l     ~     2    ~   2a:-2    "     6 

6a:3-6 

...    J-+-.L         -10-1,  and.  =  2. 
6(a:2-l)          6(a:2-l) 

51.  Complete  the  divisions 

13  6  22./: -f  6 


2a:-9    ^     a:+3     "    2a:2-3a:-27 
where  denominators  of  both  members  are  equal ; 
.-.  25a;-15  =  22a:4-6,  x  =  l. 

-.^      45a:2_49a;  +  26  ^         <  ia  i 

52.  — =    o;    —  4a:=  — 16,  a:  =  4. 

(3a:-2j(3a;-l) 

53.  Taking  together  fractions  of  like  denominators  we  have 


:-   =   0, 


8a; -7         2a: -5         9a'- 25 

.-.  27x3-10a;+30  =  0;  x  =  ^{5±V785). 
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54,  (a)  Divide  by  jc,  .*.  rr  =  0;  quotient  is 

4aj-3  3  4x^  +  2     -,.   .. 

_   = ■ — ;  divide 

1-f-a;  1-x  x^-1 


l+:c      '      1-x  I  x^-1 

/7\      a;  — rt  x  —  h  b  —  a       /  ,         ,\  t 

(o)      =    =    ,  x[4i  —  7}i  +  a  —  h)  =  am—no. 

x— m  x—n  n— m 

If  the  sign  between  the  quantities  is  +  (as  first  given  in  Hand- 

Book)  the  equation  is  a  quadratic,  and 

,  x  =  l{a-\-b  +  m^n±y/{{a  +  h-\-m+n)^-4:{an-\'hm)}. 

65.  («)  x  =  ^-^.         [h)  Completing  divisions, 

a  c  he  c  a  ah 


c  a  a[(tx  —  b)  a  c  c{cx  —  h) 

^  «  .-.  (a3-c3)a;  =  fe(a3-c2) 


a(ax  —  b)  c[cx  —  h) 

.-.  x  =  h{a-\-c)-^{a^+ah-\-b''). 

56.  Multiply  terms  of  first  fraction  by  2x,  those  of  second  by 
3ic,  and  those  of  3rd  by  Qx,  then 

3a; -2         2a: -3         9.r-4a;  10a;  6x 

or 


3a;  +  2      '  2a;+3  4  +  6a;  (3a'  +  2)(2.(;+3)         4  +  Ga; 

.-.  a;  =  0,  and  (3a;  +  2)(2a;  — 1)  =0,  or  a;=  —  f,  and  ^. 

12  12  132  2a;-ll 

57.  By  division  ^^^   +   --^    =    5^^328  '  ^"  (^_7)(^_4)  = 

11  2a;  2 

-z ^    =    ^ — TT-    =    Tj.-.  11a; -66  =  10a: -56,  a;  =  10. 

5a;  — 28         a;^  —  oa;         x—b 

a  ap  c  cq  a        c 

58.  (a)  By  division \-—, \-\- h-7 ,= 1 

.*.  [apn^-\-cqm^)x  =  apnq  —  cn}pq,  .'.  x  =  &c. 

Before  dividing,  both  members  may  be  multiplied  by  mn  to 
avoid  fractional  quotients. 

a  ap-\-mb  c  cq-^nd  a 

^'     m  m{wx—p)  n  n{nx-q) 


m  n 
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r%  nq(op-\-mb)—^np(cq-\'nd) 

•*.  2'    ^= — • 

ap7i'-\-7nn^/i  —  m^cq—7n^nd 

59.  (a)  By  division    —7—    +    =    -o 5^» 

.*.  {a  ■\-h  +  a  —  c-'2a).r.=  —ac-{-ab-{-ac  =  ab, 
.'.  x  =  ab-^{b  —  c). 

a-\-b  b  +  c  rt  +  6  c-\-b 

(b)     4- f    =    +  .*. 

^  ^      x  —  a  x  —  b  x  —  c  X — c 

(a  +  b)    (^_    _    _L_)  +  (^,  +  ,)    (1 1 

\x  —  a  x  —  cj        ^     '    '    \x—b  X— 

{a+b){a-c)       ■   (b-^c)(b-c)     ^       a^^{b-c)a-bc 

or  7 r-, N    +   } TTT X  =  <J,  or — 

{x—a){x  —  c)  'x  —  b){x-c)  x-a 

+  =0,  or  (a^^b^  -c^+ab-bc-ac)x  = 

x — c 

c[a^  j^{h—c)a-bc)+a{h^  -c^),   .'.  &c. 

ax  b  bx  ax 

60.     1    +    TT    "~    TT    =    u    ~  &C. 

ax—b  ax -j-b  ax-j-h  ax—b 

b{ax+b-ax'^-^bx^  _         {ax^  -  2b)b 
•*•  a^x^'-h^  ~    "     a^x^-b^' 

61.  By  division, -li  +   ^En^  +   -  +   -?-=:^  + 
m{mx—p)  n  n(nx  —  q) 


w 


{bn-\-dm)x-{bq-\-dp)  a  c 

{mx—p)(nx  —  q)        ~    m  n' 

.'.  {ajm'^ —  cq7u^)x  =  mpcq-\-apnq,   .-.  &c. 

62.  Take  together  the  fractions  whose  numerators  are  alike, 

thus,     ni\ _    i+n\ _    1    _i. 

[x—a  x—c )  {x—b  x-a } 

f    •!  1      )  ^  m(a  —  c)  nib  — a) 

p  J '-    =   0     or   ^^ —    -j-    ^^^ - 

[x—c  x—b\  '  {x  —  a){x  —  c)         {x  —  a){x—b] 

■      P{c  -  b)     ^^Q    Clear  and  transpose  : 
^   ix-c){x-b) 
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:.  ar{m(((  —  c)-{-n{b-a)+p{c  —  b)}  0 

=  bm{a  —  c)-\-C7i(b  —  a)-\-ap{c  —  b),     .-.  x=&,c. 
08.   (1)  By   subtracting   uumerators   and  denominators  each 

fraction  =   ''--^    .-.  by  (5),  page  122,    -""-Z^      =   -A-.. 
a-\-o  ax  — 2b  a+b 

.'.x  =  {a^+b^}-^ab. 

(2)  Multiply  terms  of  first  fraction  by  ax,  and  those  of  second 

1  x  —  a         ax  —  1  .. 

by«,   .-.  — —   = — ,     .'.x  =  0. 

x-f-a  ax -hi 


(^) 


2aj3-3a;+15  2  2x^         3a;-5  31 


X  =     r-r- 


lx^-U+2     ~     1     -    Ix'    ~    4x--2'  •"""    13 

«a;— jp' 


64.  (1)    Proceed  as  in  last  Ex.,  each  fraction  =    ^^—f., 


.-.  X  =  [ap  —  cm) -rr-  (an  —  bm). 
(2)  As  in  last  Ex.  each  fraction  = 
ax—d      ^     _  _    d[n  —  q) ~ q{b  —  d) 
mx  —  q  a[n  —  q)  —  in{b  —  d) 

65.   ^1)  Multiply  terms  of  first  and  third  fraction  by  four. 
1— 4a;  ^^     _  J.  —  1 

(2)  Transpose  and  add,  .-.  ^^x-^  (f  — a;)  =  f  ;  x-\. 

^^.  By  transposing,   21  [ _        — 

^  ^        ^  U-OB         X-+44 

71l_l_    _    _^l,or        ^ixl^^  ^1X42 


(.- 


94         x-52!  (a;-98)(a;  +  44)         (a;-94)(a;-52). 

—     .*.  denominators  are  equal 


a;- 94    ^   a:+44    _    1 38     ^   _8_      .   ^^^^^ 
a;-98    "   a;-52  46  1  '    "  ' 

7  19  3  6a;-78 


^7.    (1).    ._f;   --,._i..=  ^_T-^3n'°" 

6x-78  =  0,  a;  =  13 


a:-6      a;-r2~a;-7      a;-ir        (a;-6)(a;- 12) 
6x  ~  78 


(a:-7)(a;-ll) 
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(2).  As  in  66,  take  together  the  fractions  where  numerators  are 

324 324 

ahke,  then  (^35l)(":c"-T5)    "    (;^8i)(x-+81)* 

a;-81    '_   x-15    _     66 ^ 

'''  x-bl    ~   x+Hl    ~     182  "^'•'•'^" 

5  18  4  4a; -44 

68-   (1)      a."36~  - ^3io  =  ^37  - ^~9  '  ''''  (x-  6)(^^^6) " 

4a; -44 
1  ^      _      4  8  4a;- 28  _  4a; -28 

^^^'  ^::^~^^":i^:r5 -^173' °^'    -  TT::r 

.•.4a;- 28  =  0,  a:  =  7. 

69.  (w-n)  ( TT    =  (a-6)|      — ,- 

^  '  \x  —  a      x-h)]        ^         >\x-m)      x  —  n 

{ni  —  n){a—b)     {a  —  h){m—n)  x  —  n       x  —  b       b  —  n 

(x  —  a){x—b)  ~  {x  —  m){x~n)  '  '     x  —  a  ~  x  —  m~  m—a 
(by  subtraction),  .-.  x={a-\-b  —  vi  —  n). 

70.  Transpose 
a-\-b  r-\-d  a  +  c  b-\-d 


a;  — 6  x  —  (a  +  b  +  c  +  d)  —  b  x  —  c  x  —  {a-{-h-\-c-\-d)-c 

Combine   the  two   fractions  of  first  member;    also   those  of 
second, 

x{a+b+c  +  d)  -  (a  +  h)(a-{-b-}-c+d) -h(a  +  h)-b{c  +  d) 

{x-b)  {x-{a-\-b-\-c-^d)-b} 
x(a  +  b  +  c+d)-{a-[-c){a-\-b-{-c-^d)-c(a-hc)~c{b  +  d) 
(x-c){x-{a  +  b-^c+d)-c} 
Divivide  by  a-\-h-{-c  +  d 

x  —  a  — 2b  x—a  — 2c 


(x—b){x—{a  +  b  +  c-]-d)-b}  {x- c){x—{a-{'b-\-c+d)-c} 

2{h-c) 

•  71 \1 7 — TT"; — rjVTTT iA '/ 7  by  subtraction  of 

(o— c){a;— (a+6+c+d)+o(a;  — o)  —c{x  —  c)    -' 

(2b -c) 


numerators  = 


(b-c){x-{a  +  b-\-c-^d)~{-x{b-c))-{b+c)b^cy 
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x-{a-\-c-^c-\-d)-{-x-b  —  c 
2 


by  cancelling  b-  c, 


~  2x-a-2b-2c-d 

x-a-2b 2 

•••    (x-b){x-a-2b-c-d)    ~    (2a;-a- 26-2c-rf)' 

Multiplying  by  x  —  a—2b—c  —  d, 
2(x-a-2b)         2x-2a-4:b-2c-2d  2{c-d) 


2{x-b)        ~      2x-a-^2b-2c-d  a  +  2c-^d 

x—a-2b  2c-h2d 


substitution, 
invert  terms 


x-b  a  +  2c-\-d 

x  —  h  a-\-2c-^d         x—b         a  +  2c+d 

x-a^2b    ^      2c -{-2d      "    «-h^    ^        a-d    ' 

by  subtracting  terms  x  —  b   =    *'— 

a^  ^2ac+ad+ab  +  2bC'\-bd+ab  -bd 

.'.    x= , 

a  —  d 

a^  ^2ac+ad+2bc+2ab 
~  a  —  d 

71.  The  first  number  vanishes  if  x  —  a  =  0,  and  since  it  is  sym- 
metrical with  respect  to  x,  a,  b,  it  will  also  vanish  if  a—b  =  0,  or 
b-x  =  0.  Since  the  expression  is  of  three  dimensions,  x-a,  x—b 
and  b—x  are  the  literal  factors  of  it.  Put  x  =  0,  a  =  l,  b  =  2,  and 
we  get  the  numerical  factor  —6.  .-.  the  =n  becomes 
Q(x-a){a-b){b-x)  =  {a-b)c\ 

{x-a)(b-x)  =    ^,     x^--x{a  +  b)-{-ab  =    -  ^, 


a-\-b  Ija-b)^  c2 

=      o      —    y      A       ~  "ft" 


X 
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72.  Both  members  vanish  if  x  =  0,  .'.  this  is  one  solution. 
Since  first  member  is  symmetrical  with  respect  to  the  letters  x, 
a,  b,  .'.  it  will  .also  vanish  if  a  =  0  or  6  =  0,  .*.  abx  is  a  factor. 
One  factor  of  two  dimensions  remains,  which  must  similarly 
involve  x,  a,  b.  It  must  therefore  have  the  form  m{x- -^ a^  -^ b'^ ) 
-\-ii{xa-\-f(b  +  bx).  ^Ye  have  to  find  m  and  ?i.  Writing  first  part 
thus,  {x-{-{a  +  b)}^,  and  expanding,  we  get 

a;5  +  5.r4(rt-f/;)  +  10a;3(rt  +  i)2^_i0a;2(a  +  6)3,  &c. 
10x^{a-\-b)^  has  for  its  second  term  20abx^  or  20x'{abx).     This 
is  the  only  term  of  the  expansion  of  the  first  member  containing 
abx^,  .♦.  in  =  20.     Also  second  term  of  10x^{a-{-b)^  is  SOx^a'-b  or 
SOxaiabx),    '.  n  =  SO.     Therefore  the  equation  becomes 
10abx{2x''  -^2a'' -{-2b^  +3xa-^Sah-}-Sbx)  = 
10abx{2x  +  (i+h)(x-\-a  +  b).         Cancel  lOabx, 

2x^--\-2a^-{-2h-^+2'C[a  +  h)-{-3ab  =  2x^-hSx{a  +  b)+{a+b)^, 
which  gives  no  result,  since  the  terms  involving  x  vanish, 

.'.  x  =  0  is  the  only  solution. 

73     {m-n){x  —  a)         {n-pMx-b)         {p-m){x-c) 

Also  {jn  —  n)  +  {ji—p)+{p  —  m)  =  0,identicsi[\y.  Subtract  this. 
t«rm  by  term,  from  the  left-hand  member, 

.-.  (m.-n)(f-~"  -  l)   +  &c.  =  0, 
'b  +  G         I 

.'.  x  —  {a-\-b+c)  is  a  factor,  and  x  =  (t  +  b+c. 
74.  Transpose  and  arrange  thus  : 

1         \    . 


*(  'rt2(6+c)     ab+bc  +  caj  '^}b2{c-{-a)     ah-^bc-^cal  "^ 

/     c        in        1  1  _    _j^ 

\c^{a-\-b)     ab-j-bc  +  caj  J  ~ a^{b-{-c)~^b-2{c+a)~^c-^a-fb) 
abcx        j        1  1  1        i_ 
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1  ahcx 


ab  +  be  -\-  ca 

X    = . 

abc 

75.  Transpose  and  arrange  thus  : 

I  x-2n  \        I  X  -2b  \        I  x-2c 


\        I  X  -2b  \        I  x-2c  \       ^ 


\b-{-c  -  a 

x-  a  —  b  —  c         x  —  a\  —  b~c  x  —  a  —  b  —  c 

b+c  —  a  c-{-(i-b       ~^       a-i-b-c       ~ 

:.  x-a -b  —  c  =  0,  x  =  a-\-b-{-c. 
76.  Transpose  and  arrange  as  in  last  example, 


6-|-  c  —  a 


-i+&c.  =  3  (,7+f:p,-i 


77-    J^^  -   ^^^+&c.+&c=0,or 

ab+bc+ca-x{n-{-b  +  c)  in. 

— 7-^ — r—z — r-r-, — ^ — +anal+anal  =  0,   .*. 

{a^  —oc){a-i-b-\-c) 

x=  {ab  ■\-bc-\-ca)-^[a  +  b  +  c). 

78.  Combine  the  fractious  in  pairs  as  they  stand. 

—  2ax+^ab{h  +  c)  2ax-4.ab{b- c) 

{b  +  c  +  u){b  +  c-a)    ~    {a—{b-c}){a-{-{b-c}) 

-x  +  2b(b+c)     x-2b{b-c)     Uc     ^^       ^^.^, 
,,  .    S9 — ^  =  ~^ — 71 ^^=T^  =  1  "y  addition, 

.-.  a;  =  262- 26c  +  a.2  — 62 4.26c -c2=62_|_^2_c2. 

a  b  a—c^b—c 

79.  ^-+rro  +1+  i+^0  +1=  ^T6  +^+  i+^^^'  "'^ 

x-\-a+b—c     x  +  a+b  —  c     x+a  +  b  -  ^     x  +  a-{-b  —  c 


x+b  —  c  x  +  a-c  x  +  b  x-\-a 

,•.  x  =  c  -a  —  b. 
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81.  Let    x^-llx  =  z,    a- -~9a  =  n,    and  h^+lS^m,   then   the 
equation  i  educes  to 

(24-18)(2  +  30)=-(7;7+12l(w4-40)-(n-22)(n+20)4- 
(/?t  +  22)(m+3(3)  +  («-10)(n  +  8),  or  482+540  =  540, 
:.z  =  0,  i.e.,x^-llj:  =  .},  .'.  x  =  0;  or  11. 

Exercise  Ivi.,  page  172. 

1.  ^  =  0,  or  ^  =  0.         2.  .4  =  0,  or  5  =  0,  or  C  =  0. 
3.  x  =  0,  or  a  -b  =  0.  4..  x  =  0,  or  y  =  0. 

5.  In  the  first  case  either  x  —  di/  =  0,  or  x  —  4:?j-{-S  =  0 ;  in  the 
second  c^se  both  conditions  hold. 

6.  .1  =  0,  or  x  =  ((. 
8.  x  =  a,  or  x  =  c  ^b. 

10.  a;  =  0,  or  ic  =  '/+6.  11.  a;  =  0,  or  a;^  =a2,  .'.x=±a. 

12.  x  =  0,  or  x^  =  — 

13.  x  =  0,  OTX  =  a.  14.  x-0,  orx  =  a, 
15.  x  =  0,  ovx  =  a  +  b.  16.  a;  =  0,  or(/  +  ^. 

17.  -{a+b)x  +  ab  =  ab,         x=  -  (2ab)  -  {a^b). 

18.  {x-a){x-b)  =  0,  .-.  a^  =  a,  or  b. 

19.  (a;-«)(a;-6)(a;-c)  =  0,  a;  =  a,  or  b,  or  c. 

20.  a?  =  5.  21.  {.c-f30)(a;-l)  =  0,  x=l. 

22.  (a;-21)(a;+4)  =  0,   .-.  i^;  =  21. 

23.  (3a;-l)u-3)  =  0,  x  =  ^,  x  =  B. 

24.  (a;-9)(a;-4)  =  0,  x  =  9,  x  =  4:. 

25.  (a;-l)(a;4-2)(a?-3)  =  0,  .-.  a;  =  l,  or3, 

26.  -2{a-{-b)x= -2ab,   .-.  x=(ab) -^  {a  +  b). 


7. 

x  =  0, 

or  d-  =  -  b. 

9. 

x  =  0, 

or  a;  =  8. 

11. 

x  =  0, 

or  a;2=a2, 

X  = 

tI- 
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27.  Sx^-S{a-{-b)x-{-Snh  =  0,  or  x^  -  {a-^h)x  +  ab  =  0, 

.:   {x-o){x-b)  =  0,  &ndix  =  a,  or  b. 

28.  a^[a-x)^^y\b-x)^=0,  then  a{a-x)  +  b{b-x)=0, 
ora{a-x)-^b{h-x}  =  0,  x={a^ -{-b^}  ^  (a+b),  x  =  b-^a 

29.  a^{b—x)^-b-{a-x)^=0,  r.  a{b-x)  +  b{a-x)  =  0,. 
ora{b-x)-b{a-x)  =  0,  x^  {2ab)  ^  {a  +  b). 

.'.  x  =  a,  or  b. 

31.  (a;-l)2_a(a:2-l)=0,  ov  {x-l)ix-^l-ax-a)  =  0, 

.-.  a;=l,  or  (l  +  a)-(l-a). 

32.  (x-rt)('«'"-^)-(^-«)(^'+^')  =  0'  .-.»:  =  «, 

34.  {x-a'\-b){x—a-i-c)  =  —{x-a-\-b){x+a-b), 

.'.  x  =  a-  b,  or  -1(6 +  c). 

35.  {x-a-b){{x-a-tb)-ib-\-c-x)}=0, 
(^x-a-b){2x  —  a-c)  =  0,  x  =  a-\-b,  or  l{a  +  c). 

36.  {(«  +  />+.>-«} {a;- 1}=0,   .-.  u;  =  ;^;:^,ovl. 

a-\-h-x         a  +  b-^         x-c 

B7     = —    =    =1,      :.x  =  a  +  b  —  c, 

'^'*  c  X  x  —  c 

38.  {a-x)^-h{a-by-  =  {{a-x)  +  {b-x)}^, 

.-.  {a-by^-{b-xy  -2{a-x){b-x)  =  0, 
or  (a-a;)(a-25+.c)-2(rt-i«)(^--^')  =  0, 
{a-x){a-4:bi-Sx)  =  0.  .-.  .<;  =  a,  or  1(46 -a). 

39.  {a  +  b){x+c)-(x^--c^)  =  0 

,..  (a;_j.c)(a-f  6  +  c-;c)  =  0,  .*.  .x'=  -c,  or  a-f  6  +  c. 

40.  a;(a;2_l)_;;4a;-l)-m(a;-l)  =  0 

m—n 
{x-l){nx+7i-px-vi)  =  0,  .-.  a;=l,  01  -^^^- 


41. 


42 
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ax^  —  bx-\-c            c             ax^-bx 

mx^  —  nx-\-p    ~     p           mx^  —  nx 

ax  —  b           c                  tic  —  pb 

vix  -  n           p                    nic  —  op 

ax^—hx+c          a-b-\-c           aix'^—l)- 

-b{x- 

l\ 

mx^  —nx-\-p    ~    in  —  )i-\-p    ~    m{x^  —  l)- 

-  n(x- 

-1) 

ax-\-((  —  b           a  —  b-\-c           ax  —  c 

"  mx+m  —  n   "   m-n+p   ~    nix—p 

p{a  -  b)  -c{M-n) 
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m(c  —  h)—a[n — p) 

48,  By  transposing,  ix'^ +a^ —b^  -2{a-{-b)x-2(a-b)x  =  0. 
4a;2  4_rt2_4rta:- 6*2=0,  or  {^x-a^-b^^O, 
:.  {2x-a  -  b){2x-a  +  6)  =  0,  a;  =  H^+b),  or  i(6-«). 

44.  {2a-b-x)^  =  {a-\-b-2x)''-9{a-h)^ 

=  (4:a-2b-2x){4.h-2a-2x)  =  4:{^ci-b-x)[2b—a-x), 
,'.  {2a-b  -  x)[Sx  +  ba  -9b)  =  0,  and  x  =  2a-by  OiSb-2a. 

2a-\-2c-x         3rt-6  +  3c-2a; 
45 


46. 


2b+x 

2a  +  2c-x 

2(a4-c-6- 
26+x 

x)         {a-\-c  —  b- 
~      2rt  +  2c- 

-X) 

.-.  (a  +  c  — 6- 

-x){4:a-{-4:c-Sx- 

-26)  =  0, 

and 

x  =  a-^c  —  b, 

4rt-f4c- 

26 

ora;-    -     3  - 

rja-b-dx 

5a-Sb-x 

.  bv  subl 

tract] 

Sa-5b+x         7a-b-Bx 


da-6b-^x  la-b-3x   ^  ^^  ^ 


17a-76 
X  =  a-i-j,  or —  . 
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47.  - — — =     -^ ; ,     .-.  as  m  last  Ex., 

5a-\-Sb-3x  Sa  +  b—x 

Sa  +  2b-2x         Sa-\-2b-2x  .        ,  ,, 
—    = ,    .•,  x=Aa  -\-b,  ox  a-{-b. 

48.  c{b  -  c)x^  -b(a-b-{-b-  c)x-\-a{a  -  b)  =  0, 

{{b~  c)x-{a-b)){cx-a)  =0, 

a  —  b  a 

X  = ,  or  — . 

6—  c  G 

49.  Equation  reduces  to 
{b-c)ia-b)x^-{a^-{.b^+c^-ab-bc-ca)x-\-{a-c)(a-b)=0. 

50.  Equation  reduces  to  (use  formula  B)  ^ 

2[x*-VSx^-\-Si)  =  96,  or  x^ -18x^  +  36  =  0, 
or  (x^-9){x^—4)  =  0,     .-.  a;=±3,  or  +2. 

51.  Proceeding  as  in  the  last  Ex.,  the  equation  reduces  to 

2(a;4_40a;2 +  135)4-18  =  0,  or  :c4_40u,-2  + 144  =  0, 
.-.  (x^-S6)[x^-4)  =  i),  and  a:  =+6,  or  ±2. 


OZ.    X 


»+^  -  1=0.  •M«-3)(i-i)=o. 


/.  £C  =  3,  or  -^  ' 


1 


a+b  1  a-Jrh 

53.  X T   +   —    -    ;    =0,  .-. 

a—b  X  a—b 

(.-s!|.-^k))=». 

a+b  a—b 

X  = 7  or  X  =    — —r 

a  —  b  a-\-h 


-(^-:)=»-"T. 


54.    ic-  .-^-\  ~~    .     1  =  0'  «  =  —,    or  - 
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65.     ,  -   -    -2+    ,  -     —   =0, 

b-\-x  n-i-x  2 

1 


l_2r^+^l  =n.and 


a;  =  6  — 2'/,  or  a  — 2i. 

a  —X  3  1 

56.    Let  2  =      — ,  the  equation  becomes  z  —  —   4-   —    - 
X—  b  2  z 

.?-  =  0,    or  (2-3) /l  _  J_j  =0,     .-.2  =  ^-,  aud#^  =  l. 

T>    I  1  i-  J  2(1+36  3a-f2/> 

Kestore  values  ol  «,  and  x  =     .  _  _  .  .  or ! 

5  0 

1  J^ 

67.    — -    ^   —   ^   ^i^   +    w,    ^  0^     ..,  as  iu  former  cases, 

a;=(m6  +  ?zrt) -i- (m+n),  or  {jna—nh)  -r-  (vi  +  n). 

^Q      a  u;  m  .     a^+x^     _     m 

X  a     ~     n'         "       2ax       ~    2n 


(n  +  x)^  m  +  2n         a-\-x   _      ,' /^+2w\ 

(a-x)^    =    m  -  In         a-x   ~    \  'm-2n!' 
:.   x  =  i/{{m-\-%i)-V{m-2n)}  -  ^Z {{m +'2n)+ V {m-2u)} 

x2-\.ax-\-a^  x^+a^    _    _r_ 

^^'    ^^^Z~ax+a^    =  ^    ■'•    ~2(^"    ""     1  ' 

x  +  a    _    ;/(c-f  1)  _       fv/(c  +  l)+\/(c-l)) 

•     ••    ^^c    -     ^(c-iy^''^''-''    \y'(b  +  l)-^{c-l)j 

x2^a2    _         c  x+a    _    t/(3c-2) 

^^'    ~~2^<x~    "    2(c-l)    •'*    a;-rt    ~    "i/{2-c) 

.',  x  =  a{V{Sc-2)-^yU2-c)}-^{^{3c-2)-V{2^c)}. 

^^'    {x  +  af    -        1      '    x+a    ~  1 

.-.  a;  =  a{\/(2c-l)  +  l}-4-{l- >/(2c-1)}. 
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.p     {{ci-x)A-(x-h)}2    _     9_  a-b        __    ^ 

^"^^    {{a-x)-{x-h)}^^    ~     1      ••    a  +  6-2x    "     1 
and  x  =  i{a-\-2b). 

{a-x)^  +  {x-b)^  m       ,     , 

63.    — ;^ Tw ^ —   =   — ,  which  IS  exactly  the  form  in  last 

,  a  —  b  \/{m+2n) 

example, — —    =    --^ -—4 

^       a4-6-2^  ^/{m-2n) 

2x  =  {a  +  b)i/{m+2n)-{a-b){m-2n) 

^2  +  62  a^  +  b2 

•*-^=~~^r~'   ^^  ~      2a     ' 

65.  As  the  equation  stands  it  reduces  to  a  quadratic ,  but 
change  sign  between  the  squares  in  numerator  of  left-hand  mem. 
ber,  and  between  the  squares  in  denominator  of  right-hand 
member,  and  it  can  be  solved  as  64. 


{a-xy  +  (x-b)^          34 
•       x(a-x){x-b)       -    15' 

(a-x+x-b)^ 
{a-x-x+b)^    ' 

64 
'     4 

a-b              8           4 
''"'    a  +  b-2x    -2-1' 

4 
or  -  _, 

3a+56          36 -5a 
m;  =   ,  or 

67. 


8      '  8 

2a^-\-a{a-x)-^  {a-\-x)^    _    c  +  1 
2a2-j-a(a-t-a;)  +  (a-a;)2    "    c-l' 


4:a^+ax^x'^     _    c  +  1  .    4^2+^2    ^    ^ 

'     4:a^  —  ax-^x^     ~    c-l'        '  '        ax         "     1  ' 

(2«+^    _   fH-4    ^^  2rt+^   ^    A/(c-f4) 
(2a-ic)2    -    c— 4'        2a  -x   ~    V{c  —  4:) 
a;  =  2a.{v/(c-f4)-v/(c-4)}^{/(c-+-4)  +  /(c-4)}. 
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68.  Let  u  =  5  —  x,  v  =  x~2  (See  example  12,  page  170), 

(u  +  v)4:  =  u*  -I-  ,.4  4. 4(?r-f  r)3?«r-2?/2r2,  ^ 

81  =  17  +  36(5 -a;)(.r-2)-2{(5-«)(a;-2)}3, 
{(5-a:)(^-2)}2_18(5-a;Xa;-2)+81=49 
{5-x){x-2)  =  16oy2,  .-.  x  =  4,  or  3. 

69.  (1).   u  =  x,  v  =  a  —  x, 

7i-i-v  =  a,  u^-{-c'^  =  f\     Proceed  as  in  last  example  and  we 
find  x-{a-xy^ -2,a^{a-x)x^a'^  = 


c  +  r/4  ,  k-}-^i* 

(f'±    \ — ^ —  =  m  suppose,  &c. 


.*.  x{fi  —x) 


(2).  Substitute  in  the  values  of  x  found  in  the  last  example, 
a  =  4,  and  c  =  82,  we  find  x  =  S,  or  1. 

70.  Substituting  as  in  last  examples,  we  find 

{a—b)^  =  {a-b)^+^a-b)2{a-x)(x~h)-2(a-x)^(x-b)^ 
or  {a-x){x-h){{a-x)(x-b)-2{a-by^}=0, 
'.  x^  =a  and  x.2=b  \  and  also  x^  —  {a-^h)x-\-{2a^  -ab-\-'2b^)  =  0, 

71 .  Let  u  =  a-  x,   u  -^r  =  a  —  b  ; 

v  =  x  —  b,   u^-\-v^  =c; 

or,  (a  -  b)^  =  c  +  5{a  - b)^{a- x){x—b)  - 5{a-h){a- xy (x-b)^ . 
liet  {a—x)(x  —  b)=t,  and   —^7 n— =r. 

But  {x-a){x-b)=-t,  i.e.,  x^  -(a  +  b)x-\-ab  +  t  =  0, 

a+b±^/(a-\-b)2  -4{ab-^t) 
x= 7; : — • 
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72.  (1)  Let  u  =  x,  u-{-v  =  a,  v  =  a—x,  !*'*+?'«=«*,  and  pro- 
ceed as  in  last  example,  then 

{a-xyr{x{a-x)-a2}=0,  .-.  x  =  0,  or  a,  or  !«(!  +  y^ -3). 

(2)  Proceeding  exactly  as  in  last  example,  we  find 
7776  =  1056  +  1080(6 -a;)a;-30a;2(6-«)2 
x^(6-x)^-S6x(6~x)=-224:,  .:  a;  =  4,  or  2. 

73.  Equation  is  (a  -x)^{x-  b)^ (a-x-^x- b)  ^  a^b^ {a- b) 

.'.  {a  —  x){x— b= +ab,  .•.  x  =  0, 

or  a+b,  or  ^ {{a 4- b) ±  ^ y/' {a - b)^  -  Aab} . 

74.  Let  a~x  =  m,  b-^x  =  n,  and  .*.  77i-^n  =  a  +  b  ;  the  equation 
reduces  to  mn{m,^  +n^ -\~mn{m-\-n)}  ={7)i-\-n)c,  or 

m7i I (in-{-n) ^  —  2mn(7n -\-n)}  =  (m  -\-n)c, 
.-.  mn{(m-\-n)^ —  2mn}  =c,  or  {m-\-7i)^iHn  —  2m^n^  =Cf 

i.e.,   {a-x)^{b+x)^-i(a  +  by(a-x){b-{-x)=-    -1, 

z 

...  ^a-x){h+x)  =  i  (a+6)2  ±  ii/ {{c-hb)^ -8c}  =:r 
suppose  .'.  x^  —  {a  —  b)x+ab  =  r,  &c. 

75.  Leta  — a;  =  m— 2,  x  —  b  =  mi-z,  and  .•.  a— 6  =  2m.;  the  equa- 

.       ^                 m^-\-6m^z^-^z^     41 
tion  becomes    ^^^  j.^2 ^9?)  ^  4m2or  52^  —  llm^gS  =  36m4, 

.-.  (522-9/,i2)(g3_4^j2)=0,  .-.  22=^^2^  and  z=:hm  and 
«=  +  2m,  .*.  a—x  —  -\-m,  or  3?w,  =  —  i(«t  — 6),  or 
|(a-6),  .-.  a;  =  ^(3a-i),  or  i(36-a). 

76.  As  in  last  example  let  a  —  x  =  m  —  z,  x—b  =  m-\-z,  and  .*. 
a-h  =  %n  ;  then  substitueing  these  values  the  equation  becomes 
m5+10m322_|_5„,24         211 

"mijr^m^'z'^'^z^~   "^   ^7"   ^  ^''^'  ^^'  bearing  and  transposing 
6324_l562m222_ 325^4  =  0,  i.e., 

(632;2  +  13w2)(22_25w2)  =  0,  .-.  22^25^2,  and  2=  ±5m. 
And  a—x  =  m  —  z=  —Am,  or  6m,  .'.  x  =  Sa  —  2b,  or  Sb-2a, 
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77.  "Malce  same  substitutions  as  m  last  two  examples,  and  a 
quadratic  in  z^  ig  found,  .-.  z  is  known  =  i  suppose, 

.-.  a  —  x  =  m-z-m-t=\{a  —  h)  —  i,  &c. 

78.  From  same  substitutions  as  last,  z  is  found  =  t,  suppose, 
&c. 

79.  As  in  example  76,  a  quadratic  in  z^  is  found,  .-.  z  =  t, 
suppose,  &c. 

80.  {{a-xYMx-hY]^{a-x\h-x)  =  {a^^-h^)^(^h. 

Make  same  substitutions  as  in  example  75,  and  left-band  mem- 
ber becomes  (s4+G/;i-2-+w'*)-^(3- —  m2),  a  quadratic  in  2^,  tbeu 
proceed  as  before. 

81.  By  same  substitutions,  left-band  member  becomes 

.    wbieb  gives  a  quadratic  in  z^. 

82.  As  in  former  examples,  we  liave  left-band  member 

and  rigbt-band  member  is  known  ;  a  quadratic  in  z"^ . 

83.  As  in  example  70, 

(5»?z^ -+-10m^32  _|_„,5  ,_^422  =  ^.c., 
a  quadratic  in  z-. 

Note. — For  full  solutions  of  tbese  and  following  equations 
see  Appendix. 
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Exercise  Ivii.,  page  182. 
1.  x  =  l,  ?/  =  9.  2.  x  =  %  y  =  l.  3.  iK  =  8,  y  =  l, 

4.  x  =  %  y  =  5.  5.  a;=-10i,  y  =  5i. 

6.  ;c=-2,  ^  =  i.  7.  x=-l,  y  =  l.      8.  ;c= -2,  2/= -3. 


9.  u; 

=  -h 

y  =  h 

10.  .c  = 

-i 

11. 

i 

i 

-6 

i 

3 

-4 

-4 

3 

-# 

-1 

-18 

f 

+24 

-J 

• 

_  25 
T2 

-25 

-w 

12. 

i 

-i 

-1 

k 

* 

-f 

5 

h 

a;  =  12,     2/  =  a. 


_  5 


-* 


_  7         I 7  _  2 1 


8 

-  9 

1! 

II 

y 

V 

13. 

a^  =  10,  y  =  12. 

14.  x=n. 

y  =  15. 

15. 

a;=18,  ?/  =  13. 

16.  .i^=-3. 

2/ =  -2. 

17. 

5              -4 

1             5 

1-7              -2-2 

7-9         1-7 

-11  -31-6  -1.7 

-6-8  -2-2 39  5 

I^"       )    -29-4 -37-8 

7  9 


II  II 

X  y 
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Ill 


18.    X. 

20. 


21. 


22.  x  =  i 
25. 


•3. 


19.  :c  =  l,  y  =  3. 


1 

5 

1 

1 

-1 

-k 

1 

-1 

-\ 

■  i 

__ ') 

+1 

-i 

1    -1 

-» 

II 

1 


II 

?/ 

.v  =  3. 


8 
15 


-3 
-4 


3 

16 


-12 
120 

-132 


44 


32       -45 
12    '   -12 

i 
li 
1 


7/  — _2_ 


23. 


A 


a: 
a:-3 

.c  =  -3 
-    6 


y 


1  0 

T 

9 

-31 

1  0 

T 

450 

7 

4 

-if 
-54 

_  60 

r 

_   1  550 

7 

447 
7 

1   10 

1  490 

7 

1^ 

II 


10 
3^ 

II 

_1^ 

V 

A 


24.  x=Vl  i/  =  15. 
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26.  a:  =  S,     y=    9.        27.  x  =  S,  y  =  l.         28.  x  =  7,  y  =  S. 
2d.  x  =  n,  //  =  !.  30.  x=n,  y  =  lS.     31.  ./j  =  5,     //=-4, 


32.  x=-u.  y  = 

34.  x=^,       y  = 

37.                  20 
8 

1  9 

3  A- 

35.  a;=ll, 

-15 
-12 

>  y  = 

5 
20 

6. 

33.  .^  =  13,  y  =  H 

36.  x  =  l,     y  =  5. 

20 
8 

-240 
-120 

-300 
-   60 

40 
400 

-120 

1 

-240 

-360 

2 

3 

II 

X  y 

38.  x  =  5,  y  =  B. 

39.  In  this  question  the  sdcond  equation  is  not  a  new  one,  but 
an  equation  that  can  be  found  from  the  other,  hence  x  and  y  can 
not  be  found. 

40.  1  -H  ^-  -  1   +    -^, 

x+1  y-\-o 

2i  -f    -^  -   21   +        '^ 


//  +  1  "  2.C-3 

Sx-2y-7=0,     4:x-3}f-d  =  0,     x  =  S,  y  =  l. 

41.  1  -  _L-  =  1  -  _^,  1  +  _:!_  =  1  +  _£_, 

x-S  y-\-l'  x-\-2  !l-2 

3x-y-U  =  0,     a;-3.y  +  S  =  0,     x  =  l,  y  =  D. 
42.  x  =  0,  y  =  0,        43.  4aJ  =  7//,  x  =  0,  y  =  0, 

44.  a;  =  0.  ^  =  0,  ic=13,  ?/-tf. 

45.  Adding  three  equations,  x+y+z  =  4:2. 
Subtracting  each,  x=ll,  ^  =  20,  2  =  5. 

46.  a:  =  fi^,  2/  =  tM.  2  =  m-  47.  a;=ll,  y  =  7.  .  =  9. 
48.  Multiplying  second  =:;i.  by  2  and  adding 

15a;  =  315,  a;  =21,  .v  =  22,  ^=23. 
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49.  From  first  equation  2x=Sij  ;  adding  second  and  third  equa- 
tion, ^x—^y=  -3,^-=— 15,!/=-6,2=-8. 

50.  Multiplying  first  and  second,  and  subtracting  second  equa- 
tion from  the  result,  3//  —  2?z  =  0  :  y  =  fz. 

Substituting  in  third  equation,  z,  5  ;  //,  4  ;  x,  S. 

51.  Adding  three  equations  x  +  y-\-z  =  'Sl. 
Subtracting  each  equation,  x,  12;  y,  15;  z,  10. 

52.  Adding  three  equations  and  afterward  multix^lying  second 
equation  by  3. 

3a;-f6?/-fl42=:47 
3a;+6//+122  =  15 


z  =  l,  x=^  C,  y  =  S. 

58.     a;,  |;    y,U;    z,  |. 

51.  Multiplying  second   equation  by  7   and  subtracting  from 
first  equation,  20«/=100  ;  y,  o  ;  ./•,  3 ;  2,  7. 

55.  Adding  all  three  equations,  10a;  =  110  ;  a;,  11 ,  y,  13  ;  z,  17. 

56.  Adding  three  equations,  and  then  multiplying  second  equa- 
tion by  3, 

3a;+6.?/-i-102  =  43 
Sx  +  Qy-i-  92  =  42 

2  =  1,  y  =  3,  x=5.  61.  X,  d  ;  y,  7 ;  z,  d. 

58.  Adding  three  equations,  and  then  multiplying  third  equa- 
tion by  4, 

4.t;-f4?/-f4z  =  99 
8a;+4j/4-4z  =  128 

4a;  =  29,  a;  =  7i,  y  =  Si,  z  =  di. 

59.  Adding  three  equations, 

21(a;4-?/4-2)  =  135 
From  (8)       7a;  +  21?^  +  2l2=    91 

14a;  =  44;  x,  3^;  y,  24;  2,  1|._ 
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60.  Adding  1  and  3,  multiplied  by  2,  and  again  adding  second 
and  third,  we  have  two  equations  in  x  and  z. 

X,  2-3;  y,  3-4;  2.  45. 

61.  ^-,30;  2/,  20;  2   70.  62.  x,  %\' ;  2/,  ^' ;  2/-f|^ ; 
63.  X,  30  ;  ?/,  12  ;  z,  70.                64.  x,  6;  y,12;  z,  20. 

65.  X,  5;  y,2;  z,0.  6Q.  x,l;y,l;z,l 

67.  0^,  11 ;  y,d;  z,  7.  68.  x,  0  ;  y,  3  ;  z,  1. 

69.  Multiplying  the  first  and  third  equations  by  3,  and  adding 
to  these  results  the  second  equation, 

—  =  7,  x  =  2,  y  =  3,  z  =  l. 

X 

70.  Changing  sign  of  third  equation,  and  adding  all  three, 

—  =    4.     z  =  5,     ?/  =  4,     x  =  S. 


„.i,i... 

}-T  =  '. 

T-T  =  '- 

1                 1                 1 

=  9, 

adding 

1             1 

7  +  v 

=    6, 

73. 


J_   =    3;     a;=^,  y  =  i,  z  =  k-     72.  ar,  5 ;  ?/,  4 ;  z,  3. 

2a;4-7     2y+l      a;+3      3g  +  l      ?/_4-3  _  z+2^ 
ic+2  ~      y     '     a;- 2  ~3«-l'    1/+1  ~  z  +  1 

3     _  J^      _5 ^  2      _      1 

■^T2~y'     aj-2  ~37-l'     ?/  +  l"2-[-l* 
x--   37/+2  =  0 
2a;-152  +  l  =  0 
y-   2g-l  =  0 
a;=  +7,  v/=+3,  2=1. 
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74. 

.-,2;  ^,3;  2.1. 

75. 

Equation  reduce  to 

3 

X 

+ 

18 

y 

= 

9 

- 

3 

X 

+ 

5 

2 

^ 

-2 

• 

21 

y 

- 

5 

= 

-8 

U5 


3 

~  —  =  -  1    adding  ?/,  3  ;  x,  1 ;  z,  5. 

7^.  r,  0  ;   V,  1  :  2.  2. 

77.  Equations    reduce    to    x  —  h}/-{-Sz  =  0,       5x-lli/-z  =  0, 
21x  +  Sly-^4:lz  =  185  ;  from  which  ^  =  3G0  ^  319,  x  =  1755  -^  098. 

78.  First  two  equations  become  2xy+6xz  —  4:i/z  =  0, 
Gx2j+Sxz  —  3yz  =  0,     .'.  5xz-Si/z  =  0,     or  5x  =  'dy  ;     so  Sij  —  z  =  0, 
or  z  =  Si/.     Substitute  these  values  of  x  and  2,  in  tliiid  equation 

=  a;,  l]  y,  ^;  z,  1. 

79.  EHminate  u  between  second  and  third  and  between  second 
and  fourth,  and  add  results  ;  1U2=  10,  2  =  1 ;  x,  o;  ?/,  4  ;  m,  3. 

80.  Eliminate  2*;   5./;+2^-3z=  22,  a;  +  4//-3z  =  11, 
4a;-2i/  =  ll,  4.^+28^  =  110;  x=^^,  y  =  ^^.  z  =  'h\^  '^  =  U-' 

81.  u,  21 ;  a:,  31 ;  y,  41  ;  z,  51.     82.  u,  8^ ;  .c,  7 ;  y,  ^  ;  2,  4. 

83.  u,  30 ;  ic,  20  ;   ?/,  10 ;  2,  0. 

84.  i^,  i  ;  a:,  11  H-  24  ;  y,  ^;  2,  1  h-  24. 

85.  X,  270 -- 117;  y,  -52-- 117  ;  2,  15 --  117  ;i*,  -126-117. 
8b.  tl  =  x  =  y  =  z  =  210. 

Exercise  Iviii.,  page  189. 

1.  y  =  [a'G  -ac)  .  [a'b-ab'}.  2.  y  =  b(c)i  —  dm)-i-{ad  —  bc). 

8.  y  =  b{d  - c){d-a)  ^  d{b  ~  c){b—a). 
z  =  c{d-a){d-b)^d{c-a){c-b). 

4.  y  =  cz-\-du-[-eiL'-\-a.r,   z  =  du-{-ew-{-ax-{-by, 

u  =  ew-\-ax-\-by-\-cz,    w  =  ax  +  by-\-rz-\-  du. 


146 


CHAPTER    SIX. 

X 

m 

+   ±   ^   a 
n 

n 

z 
+   —    -   ft 

y=\x(h~c  +  a) 

X 

m 

V 

z=^p{c-a^bj 

2x 
m 

=  a-h-\-c 

5.  (1) 

(2)  

(3) 

(l)-(2)  +  (8), 

X   =  lm(a---b-\-r),  y,  z,  by  symmetry. 

6.  (1)     x-\-ay-^hz-m 

(2)  bx+y  +  az  =  n 

(3)  ax-{-hy-{-z=p 

b(Pj)  -  1         {ab -  l)x-i-{b^~a)y  =  hp-m 

a(3)-2         (a2-h)x  +  {ab-l)i/  =  ap-n 
^(^ah-l)2  -{b2-a){a^-b)}x  =  p{a^  -h)-m{ab  -  l)+n{b-'  -  n) 
x=  {pier-  -b)-m{ab-l)+n{b^  -a)}  ^  {^3 +^3 -3'./6  +  l}, 
y={m(b^-c)-n{hG~l)+p{c'' -b)}  -^  {63 +f3  — 366-  +  1 }, 
z=  {n(c^  ■-a)-p{ca-  l)  +  mia^ -c)}  ^  {c^ -{-a^ -Bac+1}. 

7.  (1)  x  +  ay  =  l,  1  —  (a)2,    x  —  abz  =  l  —  am. 
-\-ab{S),    x-\-abcu=  l  —  am-\-abn. 
—  abc[4:),  x  —  abcdw  =  l  —  am-\-abn  —  abcp.  ' 
-\'abcd{5). 


'     (2)  y  +  hz  =  7n, 

(3)  z-^cii  =  n, 

(4)  u  +  dw=p, 

(5)  w-{-ex  =  r. 

X + abcdex  =  1—  am  -f-  ^ibn  —  ahrp  -\-  abcdr, 
:.    x=(l-  am  -f  abji  —  abcp  -f-  abcdr)  -^  (1  +  ahcde), 
y  =  {jtn  - bn-\-bcp—bcdr+bcdel)  3  (1  -\-abcde). 

8.  x  —  by  —  cz  =  0 1 

y — cz  —  ax  =  0 2 

z-a.r-\-hy  =  0 8 

(l-2\   (lJra)x-il^b)y  =  0,   (lJ^a)x=  {}-}-h)y  =  (l  ^c)z 
Dividing  the  terms  of  (1)  by  these  equals, 

1  b  c 

•'•  T+a  "   14-6"^  1  +  c 


1  = 


+ 


1  +  a  "^  1+6        1+c 
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h 

9.  x  —  ay  —  az  =  () 1 

y—}>Z—hx  =  0 2 

z  —  cx  —  cy=0 3 

6(3)  +  2,  {l-hc)ii-{b-\-hc)x  =  0,    c(2)  +  3,    {l-bcz-{c-\-hc)x  =  0, 

l-'bc=ab{l-\-c)-\-ac{l-\-h),   .•.   1  =a//+ic  4-cflf  +  2a6c. 

10.  1-2,    :.x-y  =  b}/-ax,  x{l-\-a)  =  y{l+b), 

dividing  the  terms  of  first  equation  by  these  equals, 

1  h  c  d  e 

4-   -TT—   +    -T—T    + 


1-fa  1  +  6      '      1+c  l  +  (/  l-»-^ 


1+a    ^    1-1-6    ^     iH-c    ^    l+(i    ^     1+e' 


1  a 

Since    t-, —    =  1 


1+a  1+a 

Exercise  lix.,  page  192. 

1.  x  =  {nc  —  bd) -i- {na  -  btn)  ;  y  =  {mc  —  ad)-i-{mh  —  na). 

2.  x  =  (nc  -\- bd)  -f-  {an-\-bm)  ;  y  =  (m^^  —  rtfZ)  -i-  {bm-\-an). 

3.  x  =  c(n-b)  ^  (an  —  mb)';  y  =  c{m  —  a)-^{bm  —  an). 

4.  x  =  (b  —  c)a  -T-  (b  —  a)  ;  ?/  =  b(a  —  c)  -r-  (a—  6). 

5.  —   +   -f    =    1,      _   +   -^   =    1, :c-6-a, 

a  6  0  a  \  a  b  I 

x  =  ab-^  {a  +  b),     y  =  ah-^l(a-\-b). 

6.  /A  4.  -lja;  =  6,    x  =  ah2  ^  (a^  ^b''),  y  =  an -^  (a^ +b^). 

7.  a;  =  ac-i-frt  +  6),  ?/  =  6c-r-(«  +  6). 

a         6  6         a  a^—b^ 

8. ! =  in,     —  +  —  =  n, =  am~bn, 

X        y  X        y  X 

x={a^  —  b^)^(am-bn),  y  =  {b^  -a^)^{bm-an) 
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■:i' 

9.  (a-\-c)x-{a-c)y  =  2ah 1 

—  {a  —  h)x-{-{a  +  h)y  =  2ac, 
adding  {b-\-c)x-\-(h-^c)}i  =  1a{h-^c),  .>•+//  =  2a, 
{a  —  c)x-^{a  —  c)i/  =  2(7  (a  —  c) 
adding  to  1,    2ax  =  2a(a-\-b  —  c),  x  =  a-\-b  —  Cy 
y  =  b-\-c—aj  z~c-\-a—b. 

10.  ^H^    =    —  (1)      .-.'  ^—l    =:    ''—^. 

y  —  cb  y  —  c  b 

But  {x  —  y)=a  —  b, .'. =    ,     .'.  y  =  b-^c,  x  —  a-{-c. 

y—c  b 

11.  —    =    —     .'.  x=  — y,  — y  +  m        — , 

y  b  b^        :.     6^  =   d ' 

y-\-n 
.*.  y  =  b[cn  —  dt?i)-T-[ad—bc),  x  =  a{cn — dm)-r'{bd  —  ac), 

12     ^i^   —   *^+^  +  ^  fl) 

2/4-1    -   a-b+c  

yjzl  _  ^-^-^ (2) 

x+l    ~    a  +  b  —  c 
.'.  by  adding  numerator  to  denominator,  &c., 

^^y   ^    ^'  ~ ^)  ;  divide  (1)  by  this  and  multiply  result 
x+1  a-\-b—c 

bv2    •  y^  -    '''-i^+')^ 

^     '      ■*    </  +  l     ~    2(a-c)(a-6-hc)' 

.-.  y={3(a2-c2)-6(/.  +  2a)}-T-{(a-6)2-c-2+46f.} 

x  —  a+c  b  x  —  (a  +  b—c) 

y—a-\-b  c      ~    y—[a  —  b  —  c)  ^ 


x  +  c  a-\-b  x-{a-\-b  —  c) 

y  +  b  a-\-c  y  —  {a—  b-\-c) 

b 
From  1,  x-{a  +  b-c)=    —  {y_(a -6+c)}, 


(2). 
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From  2,  x-{a  +  b-c)=   ^— -   {^  _  (a-6 -ho)}, 
,.,  a,'  -  (a  +  ^  -  c)  =  0  aud  //  -  (a  -  6  4- f)  =  0, 
i.e.,  x  =  a-^h~c,    y  =  a-b-^c. 

14.    "'-If-l+^T-   -    1    =   0 (1). 

^Z^_l+tf   ^    1    =   0 (2). 
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a  —  c 


a  —  h 


From  1,  — ^qi^-  +     ^TT^  -    ''' 

From  2,  -^^^TT"  +      "^T^T"   "   ^' 

.-.  a;  =  «  +  6  — c  aud //  =c+u-b. 
X  y     _..      _^ ,       y       ^1 

15.    — :— t    +    m-/;~-^'        H-a    "^     n-b 
X  -  (//i  -a)(u  -  u)+y  ^  {m  -  b){n  -  6)  =  0. 
.*.  X  =  {in  -  a){n  -  a)^  {b-a), 
{m.  -  b){n-b) 

16.  x-^y-\-z  =  v 1. 

'b  +  c)x  +  {a  +  c)fj-{-{<f-^b^z  =  0   2, 

bcx-\-ticy  +  abz  =  l    3, 

(a +  ?.)!- 2  {a-c)x  +  {b-c)y  =  0 

ab(l)-3  b(a-c)x+a{b-c)y=-l 

Jl 

{a-b){a-c)x=l,  x=    j-I.6)(a-c) 

1  ^  ^ i 

y-     (A_c)(6-a)'        ^        "(c-a)(6'-c»,  * 


150  CHAPTER    SIX. 

17.    x-\-ij+z  =  l (1) 

ax+bij+(Z  =  vL  (2) 

_^_    .     ^J—   4.    -J—   =    1 (3) 

l-a     ^     l-b     ^     l-c  ^  ^ 

2-c(l),  {a-c)x-{-{b-c)y  =  m-k  (4) 

x{c-a)  y{h  -  c)        _         c 

{l-c){l-a)    "•"    (l-c)(l-b)    ~    \l-c) 

30{c-a)         y{b-c)    _  ,gv 

— J  "T"         7        z.  —   ^'    ^    ' 

I — a  I— 0 

n  ^  hU      (^)      x{c-a){a-b)  m  -  be 

(^-^^^      ^^^'       (l-a){l-b)     =    {T^T) 

x=  {{m~bc){l  —  a)}  ~  {{c  —  d){a  —  b)}, 

y=.{{m~ca){l-b)]  -^  {{a-b){b-c)\, 

z— 

18.  ^^z:^  =  2^1^  =  "^r^ (1) 

p                 q                r 
l(x-a)-{-m{y-b)-{-n{z-c)  =  l    (2) 

From  (1)     x-a=—(y  —  b),     z  —  c=—{y-b). 
q  q 

Substituting  in  (2), 

hL{y-b)  +  m.{y  -b)-yr-{y-b)  =  l, 
9  9 

.-.       (y-b)il^l±!^£±^    =    1 
(J 

y-b     =       ,.     ^    . ,      .-.   //    = ^.—    +    b, 


^4  pl  +  "^5'  +  nr  '  pi  -j-  mq  -\-  nr 

+  6',  X  —     ~ 

r)l  +  7nq-{-  nr  pl-\-mq  +  nr 


CHAPTER    SIX.  151 

x  —  a  y  —  ^  z—  C 

.-.     l(x—a)-^m[)j -b}-\-z[n—c)=l -{la-\-mh-\-nc),    comparing 
with  18, 

p{l  —  (Ui-\-mh-\-nc)}  p{l  —  [la-{-mh-\-nc)\ 

x  —  a= r^ — — —      a;= r ; +^> 

pl-\-mq+nr         '  pl-\-viq-{-nr  ' 

y=  

20.  ax-hy  =  a^-l''- (1) 

ax-cz  =  a^-c^  (2) 

ax-\-^>y-\-cz  =  m^ (3) 

(2)-f(3)        2ax-\-hy  =  m'^-\-a^~-c-'i (4) 

(•i)  +  l  3rt^  =  m2+2rt2_i2_c2, 

W2  4.2rt2_i3_c2  ,„3+262-c2— a2 

^=    3a '    ^=  ^6  '  ' 

21.  y  =  a—b  +  c,z  and  a;  by  symmetiy. 

22.  ic+2/+2  =  0 fl) 

aip+%  +  c^  =  «^  +  cc>  +  c^ r2) 

{b  -c)x  +  {c-a)y  +  (a-b)z  =  0 (3) 

2  — c(l)  (a  —  c)x  +  {b  —  c)y  =  ab-^bc-\-ca, 

3-(a-b)  (1),     {2b-a-c)x-[-{b  +  c-2a)y  =  0, 

{a-c){b  +  c-2a)-h(b-c){2b-a-c) 
^    {b  +  c-2a)[2b-a-c} =^^h  +  bc  +  ca 

(b+c-2a){2b-a-c) 
x=  («^+&^  +  ^«)(,,_,)(6+c-2«)  +  (6-e)(2&-a-c) 

:  (&+c-2a)(26-a-c) 

?/=  (^^  +  ^'  +  '^)(«-c)(6+c-2«)  +  (6-c)(26-«-c)' 

Note. — First   equation    shouidhe  x+y+y -^z  =  a-]- b-\-c,   then 
a;  =  i(6  +  c),  &c. 

X        y        z  b  c 

23.  ^+y+2  =  m,     — =  -  =  ^-»    i/=    V^,^=   — ^, 

^o =^"'  •■•  *=    .^+T:rc'  y  =    a+b+c 
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m  q  mq 

.'.   y   =    —X,      z  =  :L.y  z=  _Jx, 

n  p  pn 

,     mh      ,    mac  /       v      ,  ,  » 

ax  -\-  — X  -h  —Lx  =  r,         ,'.  x={npr)-^{anp-\-bmv-\-cmq), 
n  np 

y  =  [mpr)  -^{anp-{-hiii})-\-cmq,)     z  =  [mqr)  -=-  {anp-^hmp-\-cmq). 

25.  -1  +   1  +  -    =    0 (1) 

X  tj  z 

-^   +   A  +  _!   =    0 (2) 

X  y  z 

^  +   ^   +   ^    4.    {a-h){h-c){c-a)  =  0 (3) 

X  y  z 

2-.(l)        ^Zf   +    'irf    =    0 (4) 

X  y 

«i(l)-3       ^("-''>    +    l(*-f).    =    (a-b)(b -c)(c-a) (5) 

X  y 

«(4)-5         ib-o){''-o)    ^   (^_b)ib-c)(c-u),    .:  ;<:   =    J_. 
X  b—  c 

</,  2,  by  symmetry. 

26.  x  =  l{h-{-c  —  a),  y  and  z  by  symmetry. 

27.  From  second  set  of  equations, 

a  h  c 

Substituting,    ~ —x-r. 

dr 

/g  ^^ '. , 

ma-\-nh-^pc-\-qd 

28   ^-^^:t^  =  y(g+-g)  ^  2(^+i/) 

111 

\ +    --  =  a  +  b-\-c (2), 

X  y  z  ^    '* 
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2 

—  =  m-irc-a),  X  =1^  (b  +  c-a.) 

X        ^ 

,\   {a-b){x-\-c)-a{?j-\-b)-\-b{z  +  a)=:0,  and 

a{x+c)  +  {c-a){y-\-b)  -c{Z'\-a)  =  0, 
.-.    {(a-b)c+ab}(x+c)  +  {{c-a)b-ac}(y-{'b)  =  0, 
.'.    (ac  -  6c  -f-  ab)  { {x-{-c)  -  {}/-\-b) }  =  0, 
.-.  x+c  =  ij +  b  =  (by  symmetry) z-\- a,  .-.  since  x+y-i-z  = 

2[a-\-b  +  c),  x  =  a-^b,  y  =  c-\-a,  z  =  b-{-c. 

30.  Adding,  2(aa;4-6?/  +  cz)  =  3,   ax+by^cz  =  ^. 
Subtracting  first  equation, 

C2  =  i,  z  =  l--2c,  a:  =  1^2-7,  2/  =  l-^26. 

81.  Multiplying  (1)  by  n,  (2)  by  m,  (8)  by  /, 

lny  +  7nnx  =  7i^,         mnx-\-liuz  =  m^  lmz  +  1ny  =  l^. 

Adding,  mnx-\-lny-{-hiiz=    - 


Subtracting  first  equation,     Iwz 


2 


;2_|.„,2  _-,i2  ,,r--f-n^ -Z2  n^^i^-m^ 

z  =   — ,        x  =  ■ ,        y  = 

2lm  2iiin  2ni 

32.  Adding,  x+y+z  =  ^L±|±f. 
Subtracting  second  equation,  x    =  — 
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33.   Adding,  x-\-y+z    =    —   _u   —  -l  — , 

Subtracting  first  equation,  2x  =  —   -^  — , 

■m  n 


X  =    l. .— ,      1/    =    m.       '/      . 

2m7i                            2nl 

34.    Adding,    _    i    Jl    i     i_    =    (a^6-|-c) 
X           y           z 

Subtracting  first  equation,    =  h-\-c-a^ 

X 

r  -         1            .    -           1 

6+c--a'     "^           c^-a-h 

35.  Adding,     i-   +   i-4.A   =    l_^l 
X            y            z            a            h 

2 

Subtracting  first  equation,    _    _:!   _l   -L, 

X              h               G 

*  -  *' .    ,'/  -  "  . 

36.  a;  =  6-}-c  — a;  ?/,  z,  by  symmetry. 

37.  X,  a\  y,b]  z,  c. 

38.  Adding  rr-  +  "T"   +    4t   =0. 

^  h+c  c+a  a-\-h 

Subtracting  first  =  n,  — — r  =  a  —  b, 
'^  a-\-b  ' 

2?,  a^-b^;  X,  b^  -c^  ;   ?/,  f^-a^. 

39.  a;  =  i(rt4-2i  — f-f-3(/) ;  ?/,  z,  v,  by  symmetry 

40.  2t  =  yV(^«  +  ^  +  3(^-2^/+5^'),  X,  &c.,  by  symmetry. 

Exercise  Ix.,   page  202. 

1.  Add  t^e  equations,  .-.  2a(x-^y)  =  4,a^,  subtract,  .*. 

2b{x-y)  =  4:b^  ;  :c  =  a  +  b,  y  =  a-b. 

b 

2.  x+y  =  ((,x-y=    ^,    x  =  i{a^+b)-^a,  y=^a9-b)^a. 
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3.  Factoring  in  second  equation  (x-hy)('ix—By)  =  n^,  .".  from 
first,  a;  +  y  =  w2//i;  x  =  {Sn''-\-fn'')^Din;  tj  =  [2n'^  -  ni^)-^5m. 

X  V  1     . 

4.  Dividing  first  =  n  through  by  a^  -b^,.-.  ^^^  -\--^  lift  ~  a  -"6  ' 

add  to  second  equation,  .-.  2x^{a-\-b)  =  '2a^{<i^  —  ^^j  J 
a  b 

5.  Prom   1st   equation,    {a^-b^)x-^{a  +  h)y  =  a-^b  +  l;     add 
second  equation,     .*.  {a^ -h'^ -l)x={a'^ —  b^^  ~1) -^  (a-b)  ; 

x=l^{a-b);     y,   1  ^  (a  +  ft). 

6.  Substitute  in  first  equation  the  value  of  x  from  second. 

.-.    \{a-\-b  -c)^  -  (a-b+c)^}  y  =  4:a{b-  c){a-  b+c) 
or,  4:a{b -c)y  =  4:a{b  —  c){a—b  +  c)y 
.'.  y  =  a  —  b-\-c,  x  =  a-\-b  —c. 

7.  From  first  equation,  x={a+b  —  c)y  -r-  (^a  —  b  +  c). 
Substitute  this  vakie  of  x  in  second  equation  and  we  have 

{b{a-\-b)-c{a  +  c)}y  =  {a-b  +  r){b{a+b)-cia  +  c)}, 
r.y  =  a  —  b-rc,  x  =  a-\-b  —  c. 

8.  First  equation  gives  {a-{-h)x  —  {a  —  h)y  =  1ab\    second   gives 

7/,  (a2-a6  +  62)-^(rt-6). 

9.  From  the  first,  x  —  y  =  {a-{-l )^{a  —  1),  and  from  second 
x+y  =  (b  +  l)^{b~l)  ;   x=  {ab-l)^[a  -  l){b  -  1)  ; 
y,[a-h)Ma-l)[b-l). 

10.  From  first,  {x+l)-i-y  =  a,  or  x  =  ny  —  l;    and  from  second 
x-:^{y  +  l)  =  l-^b,   .'.  {ay-l)(y  +  l)  =  l-.b; 

x  =  {l-\-a)^{ab-l),  y,  (l  +  h)  ^  (ab-l). 

11.  From  first,  a:-7-(l  — */)  =  («+l^-^(«- D  ;  from  second 
x^(l+y)  =  (b-\-l)-^ib-l);  x  =  {a-\-lj{b  +  l), 
-^{ab-1),  y  =  {a~b)-^{ab-l). 
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12.  X,  a{a-\-h)\  y,  h(a-h), 

13.  x  =  a{b[a+b)  —c{a  —  r;]--^(^/2  —he)  ; 
y  =  a{h{a  —  b)-{-c{a  +  c)  \  -i-{u  ^  —  he). 

14.  z=  —  [a-\-b),  y  =  ab. 

15.  Adding  the  equations  and  subtracting  each  separately  from 

sum,  x  =  i{b  +  c),y=^{c+a),  z  =  k[a  +  b). 

16.  Add  all  the  equations,     .-.  ld{x  +  y-\-z)  =  {a-\-b-\-c) ; 

x={a-2b-\-Sc)-^38. 

17.  Adding  the  three  equations  and  subtracting  each  — n,  sepa- 
rately, x=l-i-[b-\-c);  y,  1~-  (c+a)  ;  z,  1  ^  {<^-{-b). 

18.  See  question  29,  Exercise  59. 

19.  y  =  {c  +  a){c~a),     z=  {a-\-h)(a  -  b),     x  =  {b+c){b-c). 

20.  Subtracting  first  equation  from  third, 
z  =  a^-b^',    X,  b^-c^;    y,  c^-a^. 

21.  Proceeding  as  in  example  7,  page  194,  assume 

1-  4--r^-r^  =  (^^+^^^+^^  +  ^)-^*(^-i)(^-2);butfrom 

the  equations  it  is  seen  that  the  left-hand  member  of  this  equation 

vanishes  for  t  =  a,or  6,  ovc, .-.  t^-\-Br^ -\-ct-\-I)  =  {t-a){t-  b) [t  -  c)\ 
multii)ly  equation  by  t  and  put  i  =  0  in  result,  .-.  x=^abc, ;  simi- 
larly multiply  byi-landputi— 1  =  0,  .-.  y  =  {\-a)(l—b){l—c) ; 
Again,  multiply  by  t— 2  and  put  this  =  0,  .-.z^  (2- a)(2  — 6)(2  — r). 

22.  Equations  are  xy-a{x-\-y),  &c,  divide  the  first  by  axy,  the 
second  by  byz,  the  third  by  rzx,  .: 

1111  _J_      1        1  _  1      J_ 
a       X        y        b        y         z        c        z        X 

subtract  the  second  of  these  from  the  first  and  add  result  to  third, 

1112 

.-. 1 — ; — 1 =  — .•.   x  =  2abc-^iab-\-bc  —  ca),  y  and  z  by   sym- 

a       b       c       X  ^  ' 

metry. 
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^^      X—1  W  — 1  2  —  1 

23. 4-  •%-     + =0, 

a  h  c 


x  —  \    ^    y  —  ^    ,    2;  —  1 

c 
x—1  V~l  z  —  1 


b      -      c      +    ^     =''•    •■    ^-1=?/-1=--1- 


c  a  0  '  ^ 

X       mx      mi      vz      an 

a        ma      nb       pc       qcl  j     x        i 

(ma-\-nb-\-pc-'rqd)  =  r-^(wa-\- ),   .*.   x  = 

ar~{nia-{-nb+pc-{-qd),  y=br^t-{ ),  z  =  &c. 

25.  Substitute  in  last  equation  the  values  of  u  derived  from 

ifl2  fJ-2  .  '  t]  \ 

the  others,  .-.  u^ _|     =     { in,     .-.  w  =  0,  or 

\b'^  c^j  [a  I 

_     M  \        jd^         d^\ 

26.  x  =  {h-\-c-a)  -^{a-\-h  +  c)\  y  =  {b-a-c)x-^{a-b  —  c), 

27.  x  =  ^{a  —  b-\-m  —  n);  z,  ^{a-b -m-\-n). 

28.  x={4La-\-2c-d-Sb)  -^  -40,  y,  z,  u  by  symmetry. 

29.  As  in  Ex.  3,  page  193,  the  polynome  t^  +  ut^-^zt^-{-yt-\-x 
vanishes  for  ?  =  a,  t  =  b,  t  =  c,  and  t  =  dj  and  .*.  = 

{t-a){t  -b)(t-  c){t  -  d)  =  t^  -  {a  +  h  +  c-{-d)t^  + 
{ah-\-ad-\-ac-^hd+bc-^cd)t--{abc-{~abd+acd-{-bcd)t-i-abcd, 
.-,  a=-{a  +  h-\-c  +  d),  z  =  {ab  +  &c.), 
y=  ^{abd+abc-\-bcd+acd),  x  =  abcd. 

30.  x  =  ^{a—b-\'C-d-^e);  y.,  z,  u,  v,  by  symmeti-y. 

31.  Solve    as    8,    Exercise   LYIIL,    x=(a-lb+lmc-lmnd-\- 
hnnpc)^^{l-{-linnpq),  whence?/,  z,  u,  v,  by  symmetry. 

33.  x  =  b+c  —  e,  y=  -{-ed  —  a,  &c. 

34.  (l)  +  5(2)  +  3('3)-7(4)  +  9r5),   .-.  22y  =  a-^Db  +  Sc-7d  +  9e, 
and  the  values  of  the  others  may  be  written  down  by  symmetry. 
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35.  "lu-lii^d-e,  1z-1x  =  c-d,  2z  +  2u --2x  =  b+c, 

2u  —  2(i  =  a  —  b,  .'.  \Lz  =  a-\-c,  '2a  =  b  +  il,  Arc. 
86.  5  +  2(4)H-(3)-(4),     .-.    3z  =  Sc  +  3,l-{-'de,    z  =  c-\-d+e,    and 

n,  V,  X,  //,  by  symmetry. 
37.  ^•  =  a-26+8c  — 2(i  +  e;  and  y,  s,  ?6,  v,  by  symmetry. 

Exercise  Ixi.,   page  204. 

1.  {(14.a:-f:..-'^)  +  (l4-2/  +  ^7'H-^{(l+^+^')-(l+2/+2/')}  = 
(a4-l)-J-(a-l)  ;  so,  (!+.«+.«- +  l  +  y  +  ,V^  i-^ 

{(l-h2/  +  .^'^)-(l+^+//^)}  =  (^+l)-(6-l), 
.-.  (a:  +  ?/-l)-^(x+//  +  l)  =  (a  +  l)(6-l)-^(a-l)(6  +  l),  and 

a;+^={(a+l)(/.-l)  +  (a-l)(/)  +  l)}-r- 

{(a-l)(6  +  l)-(a+l)(6-l)}=(a6-l)-(«-6), 
.-.  'i/  =  (rt6  —  l)-7-(«  — 6)— a%  substitute  in  {V)\x  =  {2ab-\-a-\-h-^r) 

^2ia-h),  where  7-3  =  4^<(62+6  +  l)  +  (3a-6)(36-a). 

2.  From  (1),  {x^+x+l)Mx^  -'2x-{-iyj^  =  {7j^-{-y-{-l) 
My-^)'    •••   3x-^S(x^-{-l)={h^y^+y+l)-{y-l)^^ 
{2bhj^  +  2b-^y-\-2b'-  +  iy-l)^},   .-.   (a:4-l)2 -.  (a;_l)2  = 

(a;-l)2  =  a3(?/  +  l)2-^(?/_l)2.    .-.   this  right-hand  member 

=  {4:b^{y^+y-\-l)-{y-l)-}-^3{y-l)^,VfheYey  —  l  cannot 
be  zero  if  « is  finite,  .•.3a2^//  +  l)3  =462(^2  _^^^1)  _.(,/_  1)3^ 

&c.,  cc  =  (ar+l)H-(«/--l),  where /•2  =  (/>2_ij-^3(a2_ 62). 

3.  Multiply  the  two  equations  together,  member  by  member, 
...  (i4..^)2  ^  (i_a;)2  =  (!_}.„)(  14-6) -(1-«)(1- 6).  taking  sq. 
root,  and  then  sum  and  difference  of  numerator  and  denominator, 

.•.a;={i/(l+a)(l  +  6)-  v^(l -a)(l -6)}  -  {^^(1  4-«)(l^-6)-h 
^/(l -a)(l -6)}  ;   v={i/(l+a)(l-6)-i/(l-a)(l  +  /;)}-- 
{(l-ha)(l-6)4-|/(l-")(l+6)}- 
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4.  Applying  (6),  page  122,  we  have  from  first  equation, 

x'j-^l-x-i/  {x-l){y-l)  oc^' 

Similarly  from  second  equation,    '- 'S-'  ~ 

{x-l){y  +  l)         (r^ 

Multiply  these  results  together  and  take  square  root, 

And  again  applying  (6),  page  122,  x  =  iah  —  aft)  -=-  («-?>+  «3); 
iividing  the  results  we  get  y  =  {aft-^ba)  -r-  {nft  —  ba). 

5.  Proceeding  exactly  as  in  last  example  we  have 

(a: 4-1)2  ^(^;c-l)'^  =  iaA-b-\-c){a-i-h-c)  -^  (h-\.c -a]{>f-{-c- h), 
.%    x={y  {a-irh^c){,i^b-c)+  y/ {b-\-c-a)[^a-^c -b))  ^ 
{  ^{a-irb-\-c){a-irb-c)-  / }. 

Note. — RationaUzing  the  denominator  of  this,  the  yaUie  of  x 
appears  in  the  form  {1ab  —  ^A)  -^{a^  +b^  -  c- j,  where  1(jA-  =the 
product  of  the  four  factors  involved. 

6.  x  =  {a-{-b)-^{\-ab).  7.  x^{oc^- ab)-^(r,ft^h(x). 

^     {i-¥xyy-+{x-\-y)^  la  a  ^ 

^-  '^x^-y){\^xy)'  =  2;;^  =  V'  ^0^  proceed  as  m  ex- 
amples" 4  and 5  ahove,  .-.  {[l-\-xy  +{x-^y)\'^^\l+.ry  —  {x^y))'^ 
or  {yx-^\)(ii-irl)}^^{(x-l){y-l)}^  =  {a-\~m)\^a  -m). 

Similarly  the  second  equation  gives 

{(.r-f-l)(^/-lj}2--{(^-l)(^  +  l)}3. 

Multiplymg  these  results,  . .     r      =  -  , —7 ,  [ . 

.   _  {[a  +  m}(b  +  n)}^ -  {a  -  m){b-n)^} 
+      

9  x={aK/(l-b-^)~bi/{l- a-2)}^^{a^-b-').  Proceed  ex- 
actly  as  in  last  example. 

10,  11,  12.   See  examples  14,  13,  12,  page  197,  Hand-Book. 
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13,  14.     See  example  15,  pa.s:e  198,  and  example  11,  page  196. 

x^+x  +  l         aS+a-l-l       . 

15.  x  =  a,  y  =  b,  (2)-(l),  ^^-+1    =    b^b+V     '^    ^^^'^ 

substitute  the  value  oiy  from  1. 

16.  a~-b  =  {x^^y^)-^x>j,  .\  (a~{-b)^{a-b)  =  (x"" -hxy  +  y^)^ 
{x^  -xy  +  y^)=xy^b  =  {x^  -\~y^)-r-a,   .-.  xy  =  bx 

a-^b  a-{-b  a  +  b 

(x-y)^=  ^  («-25),  .-.   2x  =  kQ, 

17.  x'^-[-xy-{-y-  =b,  and  by  division,  x^—xy-\-y^  = 

(a  \  a  I  a  \ 

b+~--j+b  --J-  =i  \sb-  yj ,  and 

/  a   \  a  I  Sa  \ 

{x-y)2  =  i{^b-{-  -^~)-b+-y  =i[j--  6),.-.   &C. 

18.  {x^-y^)(x^~xy+7j^)=a,xij{x^-y^)  =  b,    :, 
(x^-xy+y-)-^xy  =  a^b,  .-.  {x-\- y)^^{x-y)^  = 
{a+Sb)^{a-b),  .-.   ^x-j-ij)^(x-y)=:  V{a-\-3b)^ 
^(a-b)  =  m,  suppose,  find  i»  from  this  and  substitute  in 
second  equation,  getting  a  quadratic  in  y^. 

19.  Add  the  equations,   .".  2xy  =  {a-[-b)x^ —{a  —  b)y^. 

'Puix  =  vy,  .'.  2vy^  =  {a-\-b)v^y^ -{a-b)y-^,  Oi  2v  = 

(a  +  b)v^-{a-b),  .'.  v=   ^^^   ±    --j-^v^(a;^-62  +  l)  =  m 
suppose.     Substitute  in  first  equation. 

20.  Subtract  second  from  first,  .'.  x^  —y^  =  {a  —  h)x^+{a  —  b)y^ 
'\-{a-b)xy  =  {a  —  b){x^  +xy-^y^)  .'.  x-y  =  a  —  b;  similarly, 

add  the  two  equations,  and  we  find«+2/  =  a+6;  .*.  x  =  a,  y  =  b. 
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21.  Add  (1)  and  (2),     4c(:c2  ^ //2)  =  2'/(.e- ?/)2  ; 

X'+y^ -^[x-ijf=a-^2c,      .'.  {x^ -\- ij^ )  ^  2xi/ =  a~{a -2r) . 
.'.  {x -{-!!)-  ~  (x  -  }/)^  =  [a  -  c)  -^  c,  and  (x-\-!/) -i- (x-y)  = 
^{a-c)-^l/c  ;  x-^y={^{a-c)-\-  \/c}  -^  [y[a-c)-yc]. 
=  m  suppose,  .*.  x  =  my,  which  substitute  in  (2),  &c, 

22.  Subtract  second  from  first,  and  x'^—y'^  = 

—{x^+xy  +  y-)[x-^y).     U  x^ +xy  +  y- =  ^),  then  from  (1)  and  (2) 
a 

X  =  y  =  u,  or  =  y(  —  1  i  v/  — 3)<t ;  if  x'^  -^xy  +  y'^  is  not  zero,  divide 

/» 
the  above  result  by  it,     .•.  x-  y=   — (^'  +  //j,    or  [x—y)-^  i-^  +  i/) 


=  t-f-rt,     .'.  x-~y  =  [a-\-r) -^(a —c),  or  x=   /_T_j  ^  =  7??^  sup- 
pose ;  then?/3-t<3=  -~^{{x+l/)^  —  ^^!/{^+y)}  =  y^i'^] 
'Ad  \   2rt  / 

{m-{-\)^  -m[ni-\-l)],  which  is  of  the  form  py^  =  r. 

23.  From  (1)   {x+x'^'+y  +  y^)  ^{x-y){x+y-{-l)  =  {a  +  l)  ^ 

(a-l) (3).      From  (2)     {x-y)[x-\-y -I) -^  [x^ x'^  ^  y^y'^) 

=  {h-l)^(b^\) (4).      {^)x{4.)  .'.{x  +  y  +  l)-^U  +  y-l) 

=  (a  +  l)(6-l)--(rt-l)(/>  +  l),     .-.  x-4-//-{(a  +  l)(/>-l)  + 

(a  -  l)(/>  +  l)}  -^  {(«  -  1)^^  +  1)  -  ia  +  l)[h  -  1)}  =  {ah  -  1)  --  a-h, 
,'.  y  =  {ab  —  l)  -i-  {d—b)—x\  substitute  this  value  of?/  in  either 
equation. 

24.  /.  (x  +  y)^  ^  (x-y)^  =  (a4-2-^{a-2),  or  x  +  y  = 
y(a+2)^l/(«-2),      .-.  x-^y={y'{a  +  '2)+x/{a~2)}^ 
{l/(rtH-2)  — |/(a  -2)}  =p  suppose.     Similarly,  (l  +  xy)  -^  {1-xy) 

=  ^(h  +  2)^  y{h-'2),    :.xy={i/[h  +  2)-y'{b-2)}-i- 
{l/(6+2)-  V(b-2)}=m  suppose; 


X 


xyx^  =  x^  =pm,  x=  it\/{pm). 

y 
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25.  Add  the  equations,  xy-\'!/^-\-zx=  \{a-\-b-{-c)y 

.-.  xi/  =  h{'i-bl^-c),  i/z,  zx,  by  symmetry  ;  multiply  these, 
x^U^z'^  =  i[a-}-b  —  c){b  +  c  —  a){c  +  a  —  />),    from    which   xj/z    is 
found  ;  divide  this  by  x>/  =  &  •  .   !/z  =  &c.,  zx  =  &c. 

26.  See  example  1,  page  187. 

27.  .•.  xy +[/z  +  zx  =  a  — x^  =h  —  y^=c  —  z^  =v  snii-pose,  then 
x=  \/{a  —  v),  ij=  \/{j>-r),  z=  \/{c  —  v),  substituting  these  values 
iu  xi)-{-uz-\-zx  =  v  we  get 

■y/{a -  v){h -v)-\-\/{h-  v)(r  -  v)  -f  ^/{c -  v){a  -  v)  =  v, 
:.     {^/[a-v){b-v)  +  ^/{b-v){c-  r)}^  =  {v-^{c  -v){a-v))\ 
or    2y^[c  —  v){ri—v)=:ca  —  ah—bc-\-1bi',     .*.    4:C(i  —  ^{c-\-a)v-\-^r'-  = 
(ca  —  ah  -  be)  ^  +46(crt  —  ab  -  bc)v  +  46^ r^ ,  a  quadratic  from    which 
V  may  be  found  =  +m  suppose,  .*.  a  —  x^  =  zb"',  &g. 

28.  (z-^x-ij)(x-\-y—z)  =  a,  (i/ +z  —  x){x-^y  -  z)  =  b, 

(y-\-z  -x}{z-hx  —  yy  =  c;   multiply  together  and   extract  root,  .•. 

{x-[-y~-z){y  \-z-x){z-{-x  -  y)  =  ^abc,     .'.    x  +  y -z=y'iabc)~G, 

y+z  -x  =  y{abc)^^a,  z+x-y=  \/{abc)~-c.    Add  last  three  eqaa- 

/  1         1         1 
tions,    .-.    x-iry+z=^/{abc)   [~'+  i^-+- 

/I        1  \ 
.*.    x=  ^  \/{abc)  I  ;    4-  T'j  ,  y  and  z  by  symmetry. 

29.  x^-^y^=az;  from  (2)  and  (3),  x^  -\- y^  =  l{h-\-r)2z2  + 
^(b-cy-z-^,  .'.  lz^{{b+cy  +{b-cy}=az,  and  z  =  0,  or  2«-^ 
(/;2_^c3);  if  2  =  0,  then  x  =  y  =  0;  if  z  =  2a~{b^-{-c^)  then  x  = 
i(i+c)  X  2a~-  {b^+c^)  =  a{b  +  c)^{b^-\-c^),  iindy  =  a{b-  c)  -i- 
(b^+c^). 

30.  From  (1)  and  (2),  l~x^  =  {a  +  h)-^z-,  and  l-^y2  =  (a  —  b) 
^z%  .'.  l-^x+l-^t/={y{a-*-b)_-^  l/(a-b)}-^z=l-^c,  .-.  z  = 
c{i/{a  +  b)-^y'{a-b)\,  x^c{^/{a  +  b)-{-^{a  -  b)\  -^  y  {a  +  b), 
y^c{v^(a-\-b)-{-  s/{a-b)}^V{a-b). 
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81.  From  (2)  and  3),  x^ - 1/^  =r bcz^ ,  :.  hrz^=nz.  2  =  0.  oi 
a-7-6c  ;  if  z  =  0,  then  .>:  =  ?/  =  0  ;  if  z  —  a-^hr,i\\Qux  =  n{b-^c)-^'lbr, 
and  )j  =  a{b  —  c)  ^  26c. 

32.  {x-^y)(z  +  l)  =  2hz^a,  :.  x+y  =  2hz-^a{z^l),  x-y  =  1n 
^(2+1),     .-.     x^ylz-^a^)^a{z-^\),    y  =  {hz-a^)-^a'z  +  l),      .. 

.C//=  (6223   -rt^)-i- a2(3+ 1)2  =(2-1)   -  (5  +  1),        .-.        2=-l,      Or 

632'--rt*  =  a3(22-l),  a.ndz2^a-^-b^j  =  a^{a'  -1), 
.-.  s  =  aj,/(a2-  l)-^v'(a-'_6/^). 


CHAPTER  Vn. 


Paper  I.,  page  207. 

1.  Add  coefficients  of  x,  {a-\-h-\-c)x,  and  by  symmetry,  the 
same  coefficients  for  ?/  and  z,     .-.  {;i-\-h-\-c){x-\-'>j-\-z). 

2.  (1)  (a:  +  2?/)3(:c- 2^)3  =  (a;3 -47/2)3,  &c. 

(2)    2(a2&2_{_^2c2_|.,.3rt2)-a4_64_c4. 

3.  (1)  a;4-6x-3  +  13a:2-12;r  +  4. 

(2)  Factors  of  dividend  are   a;-+3-f-a;~S  and  :j;.2  —  3-i-«;~^.*. 
quotient  =  &c. 

(S)  X  -\-x  +x  +&C. 

4.  (1)  2:c^---ia;''".        (2)    -1   _   -^ L 

h  c  a 

5.  Cube  by  formula  [6] ,  and  for  the  sum  of  the  cubes  suDsti- 
tute  its  vaUie  (3)  from  the  given  equation. 

...  2  +  3if(l-4a;2)x3  =  27,     .-.  l-4a;2  =  15625 --729, 

.-.  a;=±14|/(-19)--27. 

4  4  12 

^  ^  a;+2   ^   ^--2         x-S 

:.    4--(u:3-4)  =  3--(a;-3),      /.    3x2-4a:  =  0,     .t  =  0,  or  1^. 

6.  a;  =  number  of  oxen,  320 -^  a:  =  cost  of  each,  320-j-(a;+4) 
=  supposed  cost;  difference  of  these  costs  =  4,  .".  a:;^  4-4a;- 320 
=  0,  or  (a;+20)(a;-16)  =  0,  /.  a;=-20,  or  16.  The  negative 
result  indicates  a  problem  allied  to  the  given  one,  the  words  more 
and  less  being  merely  interchanged. 
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7.  (1)  Divide  numerator  of  first  by  b^,  and  denorainator  by  d^, 

and  substitute  for  __ ;  result  is    b- -^  d- ;    do   same  in    second 
d 

ratio,  result  is  ^2  _j_f;2^   ...  &c.  (2).  199. 

8.  A B-^BC  =82,  BC^CA  =  97,  CA+JB  =  S9.  Subtract 
first  from  second,  ,-.  CA  —  AB  =  15.     Add  result  to  third. 

.-.  2AB  =  14:,  an3.AB  =  '61,   CA  =  d2,  BL'  =  lb. 

Paper  II.,  page  208. 

2.  Factor  first  quantity,  {a-ifb)^-irC^-^ah{a-\-h-\-c)  = 

{a-\-h-{-c){>i--\-h--\-c-—ab  —  hc-cn)\  second  quantity  = 
(a+&  +  0^  .'.  a-^b+c,  3.   l-^x^. 

4.  (1)  Numerator  =  rf3m_]^_l_^^om_i  _(^,,m_  ]^^ 

(rt^^+rt^  +  rt^  +  l); 
Denomiuator  =  a2'"-a+a'"-l  =  frt"'-l)(rt'"-Hl4-l),   .-.    &c. 
(2)  Numerator  =  (rt  +  &+e) 3  ;  denominator  =  a2  -  (6+c-)-  = 
{a  +  h-irc){a-h-c),    :.  '  [a-\-b-^a)~{a-b-c). 

5.  (1)  Given  function  of  cc  divided  by  x  —  a,  gives  remainder 
(found  by  substituting  «  for  x),  a^  —pa^+qa  -r,  which,  by  the 
question,  =0,  .•.  the  given  function  is  exactly  divisible  by  x—a. 

(2)  Put  a--0,  the  expression  becomes  {b-{-c)bc  —  {b+c)bc  =  0, 
:.  a  is  a  factor,  and  by  symmetry  h  and  c  are  factors, 
..  expression  =  7iabc  ;  put  a  =  b  =  c  =  l  and  n  is  found  =  1. 

i     -L        x  ±(  ja-i-b\  2        V 

6.  Given  expression  =x''  {x'^-^x"  +l)=a;'*'  ^-7)     +1  [ 

if2(a2_f62))  ,  .  ,      ,      ,         [a-^~h^\ 

=  ^"|   (a-by   /'  ^^^*iP^y  *^^is  by  i  {;^r-.^l  .  and  it 

i(a+b]      ,.,         (a-{-b]JJIL      a+b      (rt  +  6)!lL±!» 

becomes  x  "  1 7  r  which  =    > r  ,^  "~^  x r  =  i r  h  "-*• 

(a— 6J  {a  —  b}  a  —  b      (a-6j 
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.    7.  (1)  Complete   the  divisions  and  the   equation   reduces  to 
8i:- 16=  16^-9;  .r--|. 

(2)  Equation  reduces  to  2-f-(.r2  +  Qx-hS)  =  25-j- 
(12^2_|_74^.  +  112),   .-.  a:  =  4,  or6. 

8.  Leta:  =  increase,  then  ;'-^(//  +  ;t;)  =  r-f-jo -7;  x=p-q-i-{r  —  2:>q). 

9.  Let  X  =  third  digit,  .  • .  2x  =  second,  9  —  ^  -  first,  /.  9  +  2^  =  1 7 , 
r  =  4;  584. 

10.  First  by  common  rule,  let  x  =  equated  time,  then 
{a'{-b)x=am-\-bn.     Second,  suppose  ??i > >i ;   the  interest  oi  $fc  for 
the  time  x—n,  must  equal  the  discount  of  $a  for  the  time  m  —  Xy 
or  b{x - nyOo  =  a{m  —  x)-Oo-i-{l-{-{m - x).Oo\ ,  a  quadratic  lor  de- 
terming  x. 

Paper  III.,  page  209. 

1.  (1)  {x+y-}-z')(x  —  7/-z)x    ^-^—^  =  {x  —  z—y){x  —  z-\-y) 

x+y+z 

=  (x-z)^-y^  =  -117.     (2)  a2{z-x)-\-'{x-y)ah-\-{y-z)bZ. 

2.  a-\-b.v+cx^,  which  may  be  found  by  factoring,  as  in  Art. 
XXIII.     S  —  4x-\-lx'-  —  lQx  =  square  root. 

3.  (i)  See  Algebra,  page  145.     Equation  reduces  to  form 
1111  ., 


x+l     '    x  +  i         x+2         .ci-3 
(2)  x  =  6,  ?/  =  9,  2  =  12. 

4.  Let  a;  =  number  of  dozen  bought,      /.    4o.>'  =  price  paid, 

5.  Let  a;  =  number  of  bushels  in  lower  priced,  .-.   75— a;  =  do. 


in  higher. 

.-.    40(a;+ ':)  =  45.c,     .*.  «=  \°/  dozen  =  160  oranges. 
78  75 
75 
90 
75 
.-.  105.c=(^75-{c)120,     .-.  ;c  =  40;  35. 


=  $1.05  lower  priced  per  bushel. 
=    $1.20  higher 
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6.  v/i(l+a)+v/Kl-^)- 

7.  Equation  reduces  to  (40^- 101)(;>--3)  =  22(2.t -7)(a;-2), 
whence  ^  =  5,  or  i-     Since   the  given  equation  has  equal  roots, 
ax'^  —  36u;-f  81  is  a  compl  te  square,  i.e.,  4?/  x  81  =  (36)2,  ...  a  =  4. 

8.  See  Algebra,  page  124. 

9.  Substitute  —[b-\-c)  lor  a,  —{c  +  a)  for  b,  and  -{'(-{-b)  fore, 
in  the  given  expression,  and  it  becomes 

-a3(6=^-c-')-//-(c2-,(2^-c2(a2-62),  which  =  0, 

.'.  a-{-b-\-c  is  a  divisor,  (fee.     See  Algebra,  page  43,  prob.  12. 

Paper  IV.,  page  210. 

2.  T  6  liist  and  second  fractions  requiring  to  be  inverted  once 
and  three  times  respectively,  will  finally  stand  inverted,  while  the 
third,  requiring  two  inversions,  will  stand  unchanged.     .♦.  result 

3.  (1)  {'2x-dy)(2x-\-Si/).  (2x-3i/){2x  -2ij),  {2y-SyX3x-2ij), 
.-.  L.  C.  M.  =  (2.c-3^)(2.i'+3//)^2a;-2y)(3.c-2y). 

(2;  1st.    =(l  +  a;)(14- v^a;);    2nd.  =  (l-f- y.cj( 2^:4-3^^-3), 

.'.  G.GM.  is:-r^'. 

4.  (1)  li/3  —  ly^'  (2j  Extract  the  square  root  and  the 
remainder  is  llx'^y'^  -cx^H^,  which  must  =  0,  .-.  c  =  17. 

5.  Left-hand  member  reduces  to  4,  .•.  w  =  4;  m  =  some  quan- 
tity involving  it'  would  make  the  given  expression  an  equation. 


2-\-x-l-x 


l+x-x 


=    1. 


7.  (1)  Reduces  to  1  ;  ix-|-2)-l -^  (.t- 2)  + 1 -i-(.c- 1),  whence 
x  =  0,  or  4. 
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(2)  Clearing  second  of  fractions  and  combining  result  with 
first,  .-.  l{13y  —  5x)=-ddx  +  10'2Si/,  oi-Sy  =  z,  whence  a;  =  8, 
y=l. 

8.  x  =  distance  by  carriage,  y  =  distance  by  train  ; 
then  a:  -  104-?/H-36-f-(22i-x--//)-^4  =  lf;  and 
x-^4:  +  y  ^SQ  +  {22^-x  -y)  ^  10  =  301  -^  VZO , 
whence  x  =  7i,  y  =  12. 

9.  See  Paper  II.,  prob.  7. 

10.  (1)  Divide  by  a;-  3,  remainder  is  6y^  +9y  +  lS,  which  must 
equal  0;  .-.  ^=  i(-3±  v/- 39. 

(2)  {a  i-b)=  -l,ab  =  l,   .'.  a^ -{-ab-{-b^  =  {a  +  by -ab  =  0, 
.'.     a^-b^  =  (a-b){a^+ab  +  b^)  =  {a-b)xO  =  0. 
Paper  V.,  page  212. 

1.  8.^3+ joF-  2.  Substitute  — ?/for  a;  and  the  expression  van- 
ishes; or  expression  is  divisible  by  difference  of  quantities,  i.e.^  by 
{kx-y)  —  {x  -  iy)  =  h{x+y). 

8.  (1)  Expression  {(rt+^0^-(«-^)'}^  =  16«-62; 

(2j  'Expression  =  (a +b  +  c}{a  + b-c){c  — [a  — b)}{c-\- {a  — b)} 
=  {(a-f  6)3  — c2}{c2 -(a  — 1>)2},  expand  and  substitute 

(rt  +  6)2  ab^  a^-ab  +  b^    _      b 

^'    ~2^^    ^    a3  +  63    ^    ~Aa{a+~by    ~    'Sa' 

5.  Let  a;  =  rate  of  "  Rothesay  "  per  hour  in  miles, 

"  2/=      "  "  City  Toronto  "      " 

35  35  ^         .     -12  42 

.-. f-  —    =    5i  and  ■ :,    -l =6i. 

X  y  *  x-1  y  ^ 

From  these  equations  ic  =  15  and  y  =  12. 

6.  (1)  Multiply  second  equation  by  2  and  subtract, 

a         .  a 

,'.x=    -g-and2/=  ^- 
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(2)  Add  28  to  each  side  and  transpose. 

Pata;2  +  5^_i_28  =  rt-2,   .-.  a^-  5a  =  24,  .\  a  =  S  or- 3, 
substitute  in  given  equation,  and  x  =  4  or  —  9. 

7.  Let.?— 1,  a;andx-+l  ba  the  numbers, 

.-.  x{x  —  l){x-{-l)  =  4:Sx,  ••   Nos.  are  6,  7  and  8,  or  — 6, -7,  — 8, 

b  c 

8.  (1)  m-{-n=    —    —    and  nut  =  — » 

.-.   h=  —a{m-{-7i)  SLud  c  =  amji  ; 

Substitute  these  values  of  b  and  t*  in  ax-  -[-bx  +  c  and  we  have 

ax'  +hx-{-c  =  ax'^  +^{  —  a{m-{-n)\  -\-amn,  =a{x—  m\{x—  n). 

h  }, 

(2)  Let  r  =  each  root,  .•.  2r=  — — ,    .-.  /•=  —   ^,  which  is  the 

vakie  of  x  in  the  second  equation. 

m2        7?3  x2        m2        ?/2       ^i2       ^2       „,2        m^-^Tl^ 

??i2  ?;2  y,i2  J^ji2 

"fl^"    +.62"     "     ^M^?/"2' 

Paper  VI.,  page  213. 

1.  Numerator  of  first  fraction  is  {a(ic2  —  ^3)  +  Ihxy]  ' 

=  a^{x^-y^)^+4^abxy{x^  —  y^)  +  4:b^x^y-;    numerator  of  second 
(by  symmetry)^ 62 (v2  -a;3)2+46av%2  _a.2)_^4a2,^o^2^  ...  their 

sum  is  (rt2-U62){(a;2  _^2)2 +4.^.2^2  j.^(fl2.^_62)(.c2  4.,/2)2, 

of  which  the  latter  factor  is  cancelled  by  the  denominator. 

2.  (1)  By  common  division  or  by  factoring, 

a  2  4-^,2  _|.c2  -^.ab+ac  -  be. 

(2)  This  is  the  same  form  as  (1).  and  has  for  on^  factor, 
U+.6-+:c2)  -  (l-:c+a;2)  -2«}  =  0.     Or  by  formula    [6]    the  first 
three  terms  are  seen  to  be  the  cube  of 

(l+a;+a:2)-(l-a-  +  :c2)  =  (2ic;3,  &c. 
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3.  (1)  x-'-^i/^  +  Uy.  (2)  {7x-^6ij-9)(x-y-^4:).  See  Arts. 
XX.  and  XVII. 

4.  (1)   -20.  (2)  0.  See  Ex.  1,  page  44. 

+  (1-6)  \/a.  So  second  term  of  numerator  is  fonnd  to  be 
±{l-b)i/a,  .-.  -[/a  cancels  from  both  terms  oi  resulting 
fraction,  and  result  is  h,  or  1  -r-  6. 

6.  (1)   l-T-rt4-rt-7-(l4-«)  =  2-l-=-(l+./)>l. 

(2)  (a34.62)-4-a/>>2,  i.e.,  if  a^ +h-^  >2ab,  or  (a-b)^'^O, 
which  is  the  case,  since  the  square  is  positive. 

7.  (1)  From  second  equation,  x^  +  ^*  =  |.^*i/'',     .-.    from   the 

•first  equation,    x^y'^  =  Q  ;  whence  from  first  equation  a; =4  or  9. 
and  from  symmetry,  y  =  9  or  4. 

(2)  Adding  (a^H-?/-z)  =  6,  and  (1)- (2)  gives  -2x+y+z  =  S, 

thence  a;  =  1,  y  =  '2,  z'=S. 

(8)  Take  together  the  first  and  fourth  factors,  and  also  the 
second  and  third,     .-.  {x^  +7x  +  6){x^-\-lx-^12), 
or  (a;2+7.i-  +  6)2-|.6(x-2+7a:+6)  =  16,     .-.  {x^  +  lx  +  6)  = 
-3  +  5  =  2,  or  -8;  .-.  x=  ^~7±i/BS),  or  i{-7±y -7). 

8.  Let  x-1,  X,  x-\-l  be  the  numbers,  then  (x-l)^+x^-\- 
(aj^l)3  =  162  a;fa;+l),  X  is  seen  to  be  a  divisor  of  first  and  third 
cubes  and  .*.  of  the  equation,  .-.  x  =  0;  result  is  7a;2  —  38a^  =  24, 
which  gives  x  =  Q,  or  —  i,  .-.  the  required  numbers  are-1,  0,  1 ; 
6,(3,7;  or  -V,  -h  h 

9.  (1)  Irrational  and  impossible  roots  enter  in  pairs  in  equa- 
tions whose  coefficients  are  real  and  rational,  .-.  the  required 
equation  is  a;(.c-|/ -3)(a;4-i/-3)(a;-l  +  |/2)  x  (a;-l— v  2)x 
f{x)  =  Q,  where /(x)  =  0  contains  the  other  roots. 
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^2)  ^/{pq)  is  a  root  substituting  this  value  for  x  in  the  equa- 
tion   -we    have    pq  +  P\/{pq)+q  =  ^,    or    q-{p-{- 1)^  =p^qy    or 

10.  Let  ^•  =  number  of  miles  per  hour  of  train  from  A,  and  y  = 
number  of  miles  of  train  from  B.  Then  the  whole  distance  =  1^ 
(a:-f-2/)  and  l^(a;  +  ?/)-T-.r  =  first  train's  time  =  second  train's  time 
+  o2|-    minutes  =  n(a:+?/) -^  2/+¥  5    ^^    ^J    <iivision,     H+ 

li(  |-|  =li  +  li  \^--]  +i,    or  12»/---.f=i2u;-4-i/-r7,  multiply  by 

Paper  ^T!!.,  page  214. 

2.  First  two  terms  =  0  because  c  is  a  factor  of  each, 

.*.  numerical  value  =  —-01. 

3.  The  quantity  vanishes,  when  x=—a.  or  —6,  etc.  See 
Algebra  page  41. 

4.  (1)  Second  quantity  =  a;3 +  1 +  23.-2  _  2  =  ^ir-f  :)(:K2_|.a,_i) . 
the  first  quantity  does  not  vanish  for  x-\-l  =  0  ;  aud  x-+x—l  is 
found  to  be  the  H.C.F. 

(2)  Fkst  expression  when  factored  =  (a- +v){(.<.--?/)(rta:  +  //^)}  ; 
Second       "  "  "      ={^-l/){{x-^y){ax-by)}. 

.-.  a;2-?/2=H.  C.  F. 

■   .      -.x  T.-    .  X       .  1  12.r— 60  X-  5 

o.  (1)  First  two  terms  reduces  to  12(4^^3-9)    =   4^-239' 

,    ,  .  .i--i-5         x-4:       .36.6-2 -fl8.t'  +  9 

.-.  whole  expression  =    7—;; — ^—  —„ — -  =  — ; 

^  4a;^-9     4a;2  +  9  16.c*  -  81 

(2)  Bring  first  two  into  one  fraction  and  do  similarly  with 
second  two,  after  cancelling  we  have 

{{x-a){x  +  b{-^{x  +  a){x-b)}      ^ 
{{x-a){x-b]-j-{x-[-a){x-fb)}-^-'  -«^)-^(^'  +  «6). 
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6.  (1)  x  =  9.     (2)  Equation  reduces  to 

{5x-4:){7x-10)  .-.  x  =  S. 
(3)  Subtract  second  equation  from  first, 
.'.  x^  —y^  =ax-\-hj  —  hx  —  ay,   .-.   {x+y){x  —  y)  =  a{x-y)-hh(y  —  x). 

Divide  through  hy  x—y,  .'.  x-{-y  =  a  —  h,  and  since  x  —  y  is  a 
common  factor,  .*.  x=y,  .\  &c.  It  is  seen  from  symmetry  that 
x  =  y. 

Paper  VIIL,  page  215. 

2.  (1)  'ProdnGt  =  {x^  -y^)^x-y)  =  x'  -x^y-2x^y^+2xh/^-{- 
xy^—yT,  ^2)  The  quantity  must  vanish  for  x-\-p  =  Q,  and  for 
x-\-q  =  0,   and  .-.   ^a^'^ -{-{iy^q)x-\-pq,   .'.   a=p-\-q,   b  =  pq. 

3.  (1)  Dividend  =  (^3+?/3)2  =  (^+j/)2(^2_^^4.^*)3^jiich  divi- 
ded by  (x+yY,  gives  [x^  -xy+y^)^. 

(2)  Dividend  =  (rt4_[.64+a2/.2)(«4+/>4_a2^2  ;   divisor  = 
a4  +  /)4  +  rt2/,2^  ...  quotient  =  &c. 

4.  Let  w  be  the  number,  then  7i2  +  {i(,i2_i)p^,j3_}_i(,j2^  1)2 
=  i(4n2-h»4_2;i2  4-l)  =  i(n4  +  2?i2  4-i)  =  {i(n2  +  i)}2, 

5.  (1)  Arrange  in  descending  powers  of  x ;  or,  by  inspection. 

ax^  +  6a:  +  r^~'  (2)  ia;^  -  i^^  +  i/^ 

6.  (1)  Let  x-\-m.  be  the  C.  M.  then  m^  —am-\-h  =  0,  and 
w2_a/w,_/,  =  0,   .-.  ''l,n^-{a-\-a')m  =  0,  or  2//i -(«+«')  =  0, 

.-.  w,  =  ^(V/+a');  or  the  C.  M.  must  measure  the  sum  of  the 
quantites  which  is  2x^-\-{a-\-a')x  =  x{2x-\-a-\-a,). 

Also,  m^  ~t(m  +  b  =  0,  m^ —ahn  —  b  =  0;  express  b  in  terms  of 
a,  ai;  subtract  equations,  .-.  {a-a^)m  —  2b^0,  or  2b  =  {a  —  a')vi 
=  (a-a')x|(^<+aO'  •'•  ^b  =  a^-a'^. 

(2)  Factors  of  first  are  x^ -i-p'^  ±px  ;  the  second  =  {x^-^px)^  ~p* 
^{x^+px+p''){x^-\-px-p^),  .'.  x''-{-px+2^^  is  H.  C.  F. 
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(3)  first  =  f(a;+o)(.T-4j,    second  =  i/(:c4-5)(a;-6),    third  = 

7.  rt  =  0,6  =  0;  ora  =  l,  b  =  2.  Let  w  =  value  of  £i-action  for 
all  values  of  x,   .-.  Sx-  -  {4:a-{-b)x  +  a  +  2b^  = 

m{ox^  -(Sa-\-b)x  —  a-{-4:b^},  in  which  coefficients  of  like  powers  of 
X  are  equal,  .'.  5in  =  3,  4:a-rb  =  {8a  +  b)m,  a-^2b-  =  {—a+4:b'^)m, 
whence,  &c. 

8.  Transpose  and  square,  the  equation  reduces  to 

16(.r  +  l)(a;  +  6)  =  9^3  +  90.r+225,  and  x='d,  or  -43  --7. 

Apparenily  neither  value  satisfies  the  equation ;  but  any  quan- 
tity has  it/jo  square  roots;  and  if  the  negative  root  of  %/{x-{-l) 
(a:  4- 6)  be  taken,  the  value  3  satisfies  the  equation. 

Paper  IX.,  page  217. 

1.  Qa?iniitY  =  (a^  +n'){2'ln-{-a  —  •2an  —  n)^\' 
an{2n  + 1  —  2rt  —  1)  =  ia'^-{-n^){a  —  n)  —  2an{a-'7i)  = 
(a  —  n}{a^ -\-n^  —  2an)  =  (a  —  72)^. 

8.  Let  quotients  he  x-{-r  and  x-\-s,  respectively,  so  that 
x^  +ax'  -\-b=  \^x-  -i-mx+n){x^r)  = 
x^-\-(m-\-r)x-+{n-\-mr)x-{-nr,  and  x^+px-\-q  = 
{x'"^ -x-mx-{'n){x-{-s)  =x^  +  im-\-s)x'-  -\-{n  +  vis)x-i-ns. 

Equating  coefficients, 

(1)  a  =  m  +  r,  (4)      m  +  s  =  0, 

(2)  n  +  my  =  0,  (5)     n  +  ms  =  p. 

(3)  b  =  nr.  (G)     ns  =  q. 
(3)-(6),          b-q  =  n{r-s)  =  na,  by(l)-(4); 

.-.    (6-^)3=7^3^3.      Also,  (1)X(6),    bq  =  7i2rs  =  n^      [from 
(2)  and  (4)],         .-.  {b-qf=aHq. 
4.  First  (\\\?i\i[ity  =  {(ix}j-\-h){ax~'^ll~^  —  b)\  the  second  — 
{ax>j-\-b){ax^ij-'j^a^-x~bxij-'-b-ij-^),     .'.  axy  +  b  is  H.C.F, 
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5.  Let  rt  =  left  hand  digit  of  A,  and  6  the  right ;  let  c  =  left- 
hand  digit  of  B,  aud  (/  the  right ;    .-.   lOa-^b  =  A,  and  10c +f/  =  B , 

a—c  =  x,  10a-\-b  —  10c  —  d  =  y,  c-{-d  —  a  —  b  =  z; 
.-.  9rt-9c  =  ?/-fz  =  9ic.     .4,  77;  B,  69. 

6.  Let  each  ratio  =  x\     .-.  a  =  hx,  h^cx,  c  —  dx  ;     .•.  abc  =  bcdx^, 

and  jc  =  ^ —     Also  a-\-b-i-c  —  {b-\-c-\-d)x,   .-.  &c. 
(/ 

7.  (1)  Equation,  on  division,  &c.,  becomes 

a  a  X  X       f  ,     /   L 

-i-    =    _j_ ,  &c.     x=  ±:  vdb. 

x  —  a  x-\-a  b—x  b-{-x 

(2)  y=  s/{a-b)---y\a  +  b),  x  =  y  {a-\-h)  ^  y'{a  ~b). 

21 

8.  F  -T-a  =  cost  of  each  ;    —.bP  -i-  a  =  selling  price  of  6  sheep, 

IIP  21iPi  /  M  IT  '  f  X. 

-^    _    -—    -^  (a- o)  =  selling  price   of  each  remain- 
10  20a  / 

ing  sheep,  =  P(22rt -  216)  -^  20a(a -  b). 

9.  a;  =  1st,  2/  =  2nd,  .-.  70-(a;4-//)=3rd;    then  2/-^a:  =  2-f-l~a;, 
or2,-  =  2u;-fl;  {lO-x-y)  ^y  =  ^^'d^ y, 

,'.  x  =  y  =  15;  .-.  7,  15,  48. 

Paper  X.,  page  218. 

1.  Dividend  is  [ax^ -j- by ^•}-2cxy)(x  +  i/ -^z),  .-.  &c. 

2.  Quantity  must  vanish  when  x=  —1,  .-.  1-i-p  —  q  \-a^  =  0; 
also  when  ic=  1,  .-.  1-+  p-\-q-\-(i^  =0,  from  these  two  q  =  0  and 
l  +  /^  +  rt2  =0.  Second,  the  quantity  must  vanish  when  x=:a,  .*. 
a'^-{-2ja^-^qa-\-a-  =0  and  also  when  a;  =  -a,  :.  a^  +pa'^ — qa-{-a^=0, 
and  these  two  give  ^  =  0,  and  l+^y+a^  =0,  the  same  as  before. 
Or  substitute  in  given  expression  the  values  of  ;;,  q,  from  former, 
and  result  is  plainiy  divisible  by  x'^  —  a^. 

3.  3(first  quantity)  -  second  =  dx^  -  lOu;^  -  8  =  (Sic^  +  2)(.t2  -  4), 
of  which  first  factor  is  not  a  CM.  x^ —  '^  =  {x-{-^){x-''l);  the 
quantities  vanish  when  a;  -  2  =  0,  but  not  for  ic  +  2  =  0,  .*.  a;  -  2  is 
H.  C.  F. 
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X      QiX      2       X       X  ^, 

4.  Let  iK  =  distance,  then  T-;+-Fr  +  "rr  =  '7r-  +  Tr+l'  ar  =  24. 

iJ         .'  o  o  o 

5.  (1)  Square  root  of  first  term  =  ox-,  of  last  4rt-,  twice  jDroduct 
is  40a;-a2  ;  but  expression  contains  4:dx'a'^,  .-.  9x^a^  is  square 
of  third  term,  .-.  5x^ —  3ax-^  4:a^.  See  example  4,  page  62  of 
Haud-Book. 


X-  v^       /  X       y  \ 

(2)  Expression  =   "^+2  +  — -    — -j--^)|/2 


1 

y         '  x^       \  y       X  i  '  '^ 

I  X       y  \  ^  I  :•:       V  \  '^ 

= 1 1     - = h^--"/^)    ,.•.  square  root  =&c. 

■  y       xl  y      -c  'I 

7.   (1)  x  +  l-h  ^ ;  =x+l  -h- tt:,  .'.7x—lQ  =  ^JX--i\  x  =  3 

"•    ^  ox  — 4:  (X—  w 

(2)  (ix-2y-  =  {dx-3)^  -{3x-iy'  =  2^2x-2){4:x-2),  .-. 

4^-2  =  0,  x=h 

8  Let  2x,  Sx,  be  number  sides  respectively,  then  4a;  -  4  - 
number  ri.Q;lit  angles  in  first.  6a;  — 4  =  number  in  second;  .-. 
(4a;  -  4)-r-2a;,  and  (6a;- 4) H-3a;  are  the  magnitudes  of  one  angle 
in  each,  taking  one  right  angle  as  unit,  .-.  {4.x-4:)  —  2x:  (6a;  — 4) 
-ir-Sx,  ::  3  :  4,  and  2a;  =  4,  3a;  =  6. 

Paper  XL,  page  219. 

1-2.  2,  Let  x  =  time  for  A,  7/  =  time  for  B  ;  then  1  -f-.r  =  part 
done  by  ^-1  in  1  day,  and  1  -r-2/  =  part  done  by  B.  Also  4  -^3.r 
and  S-7-2y  represent  parts  per  day  on  second  supposition, 

.-.    _i_   —   =    — ,  and    —   -f   —    =    ^-,  or 

X      '      y  24  3a;         2y         144 

—    =    — ,   .•.y  =  b,    x=b. 
2ij         16 


8.  (1)  3;d  factors  (2a;'' -{-3^^)2;  4th=  (2.r''-3/)2  ;    .-.    entire 

odUct=  (2a;^  +  3/)3  x  (2a;*  -s/)  3  =  (4a;^  -9^)3  =  &c. 
(2)    =  (ia;3  +1^3  +  lxy)[^x^  +  ly^  -  kxy)  =  yV^^  -r  A?/"- 
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4.  (1)  x-^-{-S-\-dx--.  (2)  By  Horner's  Division,  or  by  factor- 
ing, x^  —  {a  +  />)x-c. 

5.  =^2n-i(^^2m^:«+2_2)^  wliich  vanishes  for  x  =  l,  and  a;=  —  1,- 
since  2m—2n-\-2  =  2[w  —  n-^l)  is  necessarily  even. 

6.  Add  the  fractions  ;  numerator  = 

(«2-6c)(i+c)4-(i2_c«)(c  +  «)  +  (c2-a6)(a  +  6), 
which  vanishes   for  a  =  0,    and   .-.   for   b  =  0,  and  c  =  0.     Also  it 
vanishes  for  a +i  =  0,    .-.  for  6  +  ^^  =  0,    and  c+a  =  0,  i.^.,  it  van- 
ishes for  six  differe  t  factors,   .•.  it  vanishes  identically. 

14  2  3 

7.  (1)  Equation  reduces  to  ^^:j:t+_^_^^==:^~:^^+^-_^3,  or 

-x~{x+l){x-h'2)=  ~x^[x+S){x-{-4:},  .-.  x  =  0,  or   -2^. 

21  (  X  I      100 (  y  ) 

(2)^|U2+^2)_|=  _|(^2_y.)_|  or  63a.*+63.-\y2  = 

AOOx'^y^  --iOOij^,  or  ilx-'  -2Di/^){9x^-16y^)  =  0,  .-.  9a;2  -  16z/2 
=  0,  and  a;  =  dz^^,  substitute  in  first  equation,  ?/.=  ± 3,  or  ±\/  —  9 

Paper  XII.,  page  220. 

2.  (a+6)(«-6)  =  '^r^-&2;  (a-6)(a+&)(a3-h62)  =a4_64,  &c., 
e.g.,  the  product  of  three  factors  =  a464  ;  oi  four  =  a^—b^  ol  jive, 
=  a^&-b^^   ;    .-.    of  72  +  1,  a" -6". 

3.  Apply  Horner's  method, 

2  I  1       -1 

I  +2         +2         +4         4-8  


i  1  4-1  +2  +4  +8   + 

or  l  +  aj+ 2x2 4-4x3-1-80;*  +  .... In  this  series  note  that 

(1)  the  index  of  x  in  any  term  is  otie  less  than  the  number  of 
the  term ;  (2)  the  coefficient  of  any  term  is  that  power  of  2 
whose  index  is  two  less  than  the  number  of  the  term. 

(3)  the  remainder  after  any  term  =  next  following  term. 

,..  (,-_j-i)th  term  =  2'-V,  and  the  requii-ed  remainder  =  2'u;'+i. 
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4.  X   and   3-a;  =  tho   parts,    then  a;- -  (3 -.r)- =(a:-|-B  -  x)  x 

5.  (Difference  of  the  quantities) -t-Gj? -1 —  o.r-t- 6;c2.  which 
divides  the  second  quantity,  and  also  the  first  giving  quotient. 
l-3^-4r^  .-.  L.C.M.  =  (l-3a:--4.c2)(l-2:c-13.f2  4- 

33^-3 -24.r4). 

6.  Expression  is  x^ ~'lmx^^rx''-{m-^'^n\l))-\-x<^mn-\-q\-\-n- \ 
the  first  two  terms  of  the  root  must  be  x-  -{-mx  and  the  last  term 
n,  .-.  the  expression  must  be  {x^  ■\-^mx-\-'nY  =  x^-^1mx^ -\- 
a;2(m2_|-2rt)+2»/wa;+n2,  equating  coefficients  we  have  m'^-\-1a  = 
m-\-'l)i-\rP-,  ."•  m^  —  wi=7^,  and  2/»;i  =  2w;i-|-(/,  .-.  ^  =  0;  and  a  is 
independent  of  the  others  and  may  have  any  relation  to  them. 

7.  (1)  Reduce*  the  fractions  and  add,  .-.  'l-\-\x~  ^t{\—x-), 
a:^  =  (rt  —  2)-h(a4-4i.     (2)  Reduce  first  fraction,  .-. 

a/^'x'  — 6  =  (  v/rtjj  — 6)-j-7i  — c,   .*.  ■^.i-=  {6(«  —  1)  — c/<}-7- v/«(w  — 1). 

112       2       3       8 

(3)  Equations  reduce  to 1 = ! =  — H -1,  .*. 

^  ^       ^  X       y       z       X       z        ij 

/I        1 \        3         ,       /I        1  , 

x-\-i/+z  ax  by  fi{y-^z)  af-z 

8. 


2  z  z  [a-l)z  |(^a-lj6— rt[2 

«6 


(«-l)(6-l)-l 

9,  x'^fcens,  y  the  units,  then  10.c  +  .v  =  the  number,  .-.  x-\-y  =  10, 
20j;+2^  —  1  =  lOy  +  x,  whence  x  =  ,  y  =  l. 

Paper  XIII.,  page  221. 

1.  The  factors  of  the  numerator  are  a-  —b-,  h^  —c-    c^ — a^, 
.'.  the  expression  = 

{((<3  -  62)(62  -c2  )[f'^  -a^)}  -  {{a-i-b)(b-L.c)('  ^a)} 
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2.  a~  b  becomes  {{a-{-x)~{h+x)}  =a-b,  .-.  h  —  c  and  c—a 
also  remain  the  same  as  before.  .-.  the  expression  would  still  be 
(^a-h){h-c)(c  —  a),  which  =  2,  when  a  =  1^,  b,  3^  ;  c,  4^. 

3.  {l-^a^x)(l-}-a.^x) (l  +  a^x).  The  first  term  of  pro- 
duct is  evidently  1;  to  obtain  the  second  term  a^x  would  be 
multiplied  into  the  product  of  the  first  terms  of  all  the  factors, 
leaving  out  the  first;  this  gives  a^^x]  similarly,  agic  multiplied 
into  the  product  of  the  first  terms  of  all  the  factors  excepting 
the  second  =  «2i^'>  &c. 

.-.  the  second  term  =  (r/j+rt2  + +rt„)^,  the  third  = 

.'.    {l+a^x)[l  +  a^x) {l+a^x)  =  l  +  C^x  +  C2X^  + 

where   C^  is  the  sum  of  the    combiaations    of  a^  a.^  a^ a, 

taken  one  at  a  time  ;  C^  the  sum  of  combinations  oi  ^j  rt^  a^ a^ 

taken  two  at  a  time. 

4.  Let  ic  =  sum  lent  at  8|  per  cent., 

y=  "  9  " 

then  x-\-i/=  whole  sum  borrowed  ; 

8i_^         ^  _^  - 

100  ^   100         luO^     ^' 

8ky  9x         Jl_^^   ^^Q^ 

100  ^   100         100^      -^  \^ 

100^       *^^      100^       -^^      100        ^^ 
^^^{x+!/)  =  UO,  .^+^  =  $4000. 

h'c  —  hc'      _ca'  —  c'a 

5.  ax  +  hy  =  c,  a'x^b'y  =  c'  ^^  =  ^[j^TZI^'l^  y - a'b'^^aV' 

,  m(b'c  —  bc')  —  n{ca'  —  c'a) 

ab  —a'b 
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This  value  is  indeterminate  when  m(b'c~bc')  =  )i{ca'  —  c'a)  and 

m  ca'  —  c'a  a  h 

ab'  =  a'b,  i.  e.,  when  —    =    yi j—j-Skna—j   =    -rr' 

'  '  n  0  c  —  be  a'  o 

aj_    _    a^+a^-h +^<n-i^ 

a^    ~    ao+<'3  + -jr^ir, 

.-.  a^{a^-\-a^-\- -f rtJ-rto(«i +^0  + a„_i)  =  0, 

.-.  ai+a,+a3  + «,  =    aTII^' 

S.  aa^x^+ba^xi-ca^=0     (3)  artia;2_|.f,/;^^4.aci  =0     (4), 

(3)-(4)  .-.   (aj6-a/>,).7;  =  ar,-ajc,    .-.   x=  ,,^z,_,,^^' 

Acrain,  acicc2  +  '.ci.r+cc^ -0     (5)  aiC.c2+/?^ra;4-ccj  =0     (6j 

(5)-(6)  («Ci-aic).c2  =  (Z>iC  -6cJu.'or  («Ci -rt,c);c  =  (Z>iC-&3,) 
_    b^c—bc^  h^c—hcy  ac^  —a^c 

ac^—a^c''    ac^—a^c  <i^b  —  ab-^^ 

.-.   {ah^  —a^b){bc^  -b^r)  =  \ac^  -a^r)^. 

9.  Let  a:  =  left-hand  digit,   //  =  right-hand  digit, 

.-.    {l0x  +  y)-{-{l0y+x)  =  l'21,     .'.  x  +  y  =  U         fS) 
(10x+ij)-{10y+x)  =  9,         .-.  x-y  =  l  (4) 

From  (3)  and  (4)   x  =  6,  y  =  o,     .-.  number  required  is  6b. 
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Paper  XIV.,  page  222. 

1.  The  expression  vanishes  when  a  =  0,  .♦.  a  is  a  factor,  and  by 
symmetry,  b  and  c  are  factors  ;  /.  the  expression  =  nabc  where  n 
is  numerical. 

Let  a  =  b  =  c  =  l,  and  then  n  =  12,   .-.  the  expression  =  12abc, 

3.  x^-^-y^+t^  =  -2{xi/-{-yz-{--\-zx) 
-2{x'ij'+y'z'+z'x')  =  x'-^+y''^'\-z'^, 

.-.{x^+y^-+z^)(x'y'+y'z'+z'x')  =  {x'^+y^-hz'2){xy-\-yz+zx), 
hence  x'-yz-x-y'z'-\-y'^zx  —  y^z'x''\-z'^xy  —  z^x'y'  (1) 

=  x''-x'{z'-\-y')-xx'^^{z^y)  +  y'^y\x'-{-z')~yy'^(z-\-x)      ■ 

-\.z^z'{y'+x')-zz'^y-^x) 
=  x^x'{~x')-mx'^{-x)+y^-y'{-y')-liy'^^{-y)-\-z^z'{-z') 

-z'z-^-z')=x^x'^-x^x'--h&c.  =  0, 
a^{yz-y'z')-hb^{zx-z'x')  +  c''{xy-x'y') 
=  {x^+x'^)iyz-y'z')  +  iy^-{-y^''){zx-z'x'} 

+  (z'^+z'"-){xy-x'y') 
=  xijz{x  +  y  +  z)  - x'y'z'{x' +y'  +  z') 

-\-{x'-yz-x^y'z-{-y'^zx-2j2zx'+z"'xy~z^x'y')=0. 

4.  Let  ic+dist.  and  y  =  Q's  rate,  then  ^x-^4:  =  lx-r-{y  —  1) 

:.  t/==5,  also^a;-3  =  ^-cc-r-i/  +  ||,  .-.  ^x  =  j^^x-hU'  a:  =  8mls. 

am 

5.  (1)  xhnn~n^)  =  am^ —a7)ui,x= 

(2)  Add  twice  the  second  equation  to  the  first,  then 

(x2+y2)2+(a;2  4-?/2)-182  =  0,  .-.   U'2  + ^2  _13)(.^2  4.^2  +  14)^0, 

/.  x^+y^  =  lS  OYx''+y'^  =  -U (3) 

.-.  x^y^=4:9-l3  or  'id  +  U,  xy=±6  or  ±3^/l   (4) 

taking  x^+y-  =13  and  xy=  ±6,  (x+y)^  =  25  or  1, 

.'.  x-^y=  ±10  or  +1,  {x  —  y)'-^  =  l  or  55,  x—  y=  —1  or   +5,  &c. 
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C.  Let  X  and  y  be  the  numbers,  then  \{x  —  ]i\  —  h,{y^ii\  —  \x, 
\[x-y)  =  \xij  =  ix,  •'.\x  =  \x\j,   :.  since  jc  cannot  =u,  ^  =  :^,^ 

x-\-y         x-y  2y  ±x 


Paper  XV.,  page  222. 

2.  From  formula  [8]    the  expression  =  0+('f-a)3  =  i. 

3.  c^{c'^-bd)-^rr2(b^  -ac)  +  ac{ad-hc). 

4.  Let  X  represent  the  time  afternoon,  then  mx  =  n:c-{-2.  ,-.  x  = 
•2-j- (7??— ?i).  If  m-?i  is  negative,  x  is  negative,  which  show.s 
that  they  were  together  before  noon.  If  ///  -  >i  =  0,  .^  is  infinite, 
which  shows  that  they  are  never  together. 

5.  (1)  (a;-fa)(x— 2rt),  x'^{x-hu),  -x'^{x  —  a),  .-.  the  L CM.  is 
x^{x  +  a){x  —  a)(x-2a). 

(2)  Quantities  are  {x-a)(x-^a)(x—y),  and  (x-{-")ix-{-y){x  —  y), 
:.   L.  C.  M.  IS  (x^-a'2){x^-y-2). 

6.  (1)  First  fraction  reduces  to  (a-f  6  —  o  +  t/i -^  (rt+6-hc+rf), 
.*.  by  symmetry  the  denominators  of  the  others  are  the  same, 
and  the  numerators  also  can  be  written  down  at  once. 

.-.  result  is  {a-{-b-^c-{-'dd)  -f-  {a-^b  +  c-\-d). 

(2)   {x  +  y+z)-^(x-l/-^z);   3a~-(a-hb). 

7.  Multiply  sum    of  first  and  second  by  b,  and  arrange  resuir  ; 
.-.  ab{x-i-y  - 2)  +  bc(x-y-z)  =  '2b^(c  —  a)  +  ab{a-^b)  -  bc{b  -j-c). 

and  by  symmetry  two  similar  results  may  be  written  down,  : 
the  three  results,  .-.  2a-{b-c)-Jr2b^{c-a)+2c-{a-b)  =  0. 

8.  10x  +  y  =  P,10y-^x=Q,  ..  P+Q=n{x-\-y),  and  i-'-Q- 
'i){x-y),    .-.  ll(a;-f-«/)xy(.c-y)  =  9(.c-^jxll(a;^?/,L  an  identity. 
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Paper  XVI.,  page  224. 

1.     (a2  H-i2)C.^2  +?y2  ,(,,2  _./,3)(a;3  _y2)  =  (^4  _  ^4)(^4  _  ^,4)  • 

{{a-b)  +  {b-c)-{-{c-a)}^-=0, 

...  ^a-b)^-i-{b-c)^  +  {c-a2)  +  2{a  -b){b -c)  +  2{a-b}(c—a)-{' 
2{b-c){c  -  a)  =0, 

.'.   {a-by^  +  {b-c)^+{c-ay^  =  '2[a-b){a-c)-]-2[b-c){b-a)-\- 

2{c-b){c-a). 

,->        s  —  a  s  —  b  s  —  c,ff      , 

z. 4-   +   4-  &c.  to  n  terms  = 

s  s  s 

ns  — a  — b  —  c  to  ntemns         ns  —  s         s[ii  —  l)  _         - 

.s  ~        .s         ~  s 

3.  First  let  a  —  b^b  —  c,  c— a  =  three  positive  quantities  klm. 
Adding,  0  —  k-\-l-\-m  sum  of  three  positive  quantities  zero,  which 
is  impossible.  Similarly,  a—b,  b  —  c,  c  —  a,  can  be  proved  not  all 
negative. 

5.  See  Paper  XIX.,  prob.  4.  The  value  of  (^-5')2  found  as 
there  indicated,  will  vanish  if  any  of  the  given  conditions  hold, 
unless  also  a-\-b  =  c-\-cl,  in  which  case  the  value  is  0^0. 

6.  .-.  x^""  -^  air"  =  •'^"  -^  b{x  -  yf 

x^  X 


ar^     and  -^    =    j-fl  +  -v//a^  +  46'^j  | 
b\  ^^\ 


7.  See  Prob.  12,  Ex.  XLI. 

8.  Let  ic  =  distance  from  the  station  (P.)  to  the  point  where  A 
overtook  B,  and  ic—t'= distance  from  station  (Q.) 

/.  x^^a  —  {x  —  c)-^b,  X  =  ac~-{a  —  b). 

If  a  <  5,  a;  is  negative  and  must  be  reckoned  to  left  of  P,  and  A  must 
have  overtaken  B  before  they  reached  ihe  points  P,  Q,  respect- 
ively, or  they  must  have  been  moving  in  the  opposite  direction, 
and  B  must  have  overtaken  A  at  some  point  to  the  left  of  P. 
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Paper  XYIL,  page  225. 

2      I  _^  +  f'  rt^  -(a +  6) 

ab  ab 

2.  (Ij    ={^  +  b)^-a){(x-hY-a) 

=  {x^-  -b^-)^ - a{{x+bY  +{x  -  h)^]  J^a^ 

(2)  8rt2     2rt/;-10rtc-362  +  2c2  +  56c. 
8.  (1)  If  ^+rt  is  a  factor  of  ^2  _|_^,,._j_^^ 

then  ^.'^^^^^-j-g^^./.  +  rtj    /^  -(-  _Lj , 

hence  7^  =  rt +— ,  .-.  —  =jj—a. 
a  a 

Hence,  x-  -{-px-t-q  =  {x-\-a){x-k-p  -  a). 
Similarly,  x^ -\-2>x' -\-q'  =  {x-^a){x -\-p '  —a). 
L.  C.  M.  =  product  divided  by  H.  C.  F., 

_   {x  +  a)(x+a)ix-\-p-a}{xi-p'-a) 
x-\-a 

=    {x-[-a){x+p  —  a){x-\-p'  —  a). 

(h)  Difference  = -j-  ''- —    -f   =  3,  which  is  inde- 

X  —a  x~b         X     c 

pendent  of  x. 

4.  By  Art  XXXYII., 

bx  +  cy-j-dz         (rt  +  6+c+<Z)ic  +  anal.4-anal.         x-{-i/-\-z 
b  +  c^+d^a    ^  2{a-hb-hc+d)  ^  2 

6.  Substituting  3  for  x,  the  two  sides  of  the  equation  become 
equal. 

6.   ic3  -h  i-  +  3    ix  +  JL)  =  [^  +  i-l  ^     Section  II.  [0]. 
x^  \  xj        \  xj 

I  1    I    3  /  1  \    3 

Hence     \x  -f  —      =m,  and   ix  -  — I     =n, 

.'.     X  •\-  -^  =  f^m,  and  X  —  ^  =   f^n\ 

X  X 
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2x  =  ^,n  +  f^n 

;  and  —=  ^m  -  f'n  ; 

X 

.:  ,J  - 

-J 

1            1 

7.  If        —  +  T 
a            b 

l_  _      1 

c     ~    u-\-b  —  c' 

1             1 

Then  —   +    -^ 
a            b 

1                 1 

0. 

c            a-\-b  —  c~ 

Now,  let  a  =  -  h,  and  expression  becomes  zero  ; 

Hence        a-\-b  is  a  factor, 

Similarly  a  -c         " 

And  b-c        " 

Hence,  expression  =  }n{a  +  b){a  —  c){b  -c)  =  o; 
.'.  one,  at  least,  of  factors  =  o; 
.*.  a,  b,  c,  cannot  be  all  different. 

8.  Let  a;  =  number  of  gallons  drawn  from  first  cask. 

Then  b-{-c-x=        "  "  "  second  cask. 

TT  "^  2^ 

...  .  =  ^£^£1  (,„+„). 

mq—pn 

J  7  ,  mc  —  bn         ,    . 

mq—pn 

Paper  XVIIL,  page  226. 

i.   il)  {l-x){l+x){l-}-x^){l-\-x^){l+x^)  =  l-x''^. 

(2)  Theory  of  Divisor,  page  39. 

2.   Since  a(&-c)2-c(^  +  c)2=o 

'I  (  b-^c  \'  Va  /^  +  c  \/a  +  i/c  b   , 

—  f 
c 


f     ~  \  6  -  c  /           y^c    ~    6  -  c 

\/a-  \'c 

6       ya  -  a/c           c 

X   1   =  1. 

3.  Let  ic  =  A's  age,  and  2  =  B's  age. 

.'.x—y=-^{x  +  y);   , 

,-.^  =  4y. 
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Also,  father's  age  =  2?/  +  5a:,  and  mother's  age  =  6x  —  *2y, 

a«d  'JLz^  -  '^^y.zli  =.  A- 

5x-{-2y  20// +  2?/ 

.-.  mother's  age  is  ^^^  of  father's. 

4.  The  difference  between  the  quantities  is 

and  the  H.  C.  F.  is  a  factor  of  this  difference.  But  it  cannot  be 
a  —  b,  for  x^  is  not  divisible  bv  a  —  b;  neither  can  it  be  {x  —  {a -\-b)}^, 
for  (a  +  6)2  will  not  divide  a^(a  +  h)  nor  b^{a  +  b).  Hence,  if  the 
quantities  have  a  common  measure  it  must  be  x  —  a—b,  and  this, 
by  trial,  is  found  to  be  a  factor. 

5.  Identity  holds  if  (« +  6— c)3+(c  +  «-^)^  = 

2{(6  +  c)3-(6+o  -a)3},  if  (a  +  6-c)3-(rt+6-c)(c+a-6) 
=  {b  +  cy  +  {b  +  c){b-}-c-a)  +  {b-}-c-a)^,  if  a(b-{-c)  =4:bc.      Or 
add  and  subtract  ('/  +  />-{-c)3,   and  apply  identity  in   q.  7,  page 
36,  Hand-Book. 

6.  (1)  Bookwork. 

(2)  Multiply  out  and  extract  the  root  in  the  ordinary  way ; 
tne  vault  is  x-  -xy  —  xz  —  yz. 

u+b  h 

x  —  y  a  —  b    ~     a  a^-^l>- 


l-\-xy  ri  +  h       1,  a^+b^ 

1       +  A      ' 

a  —  6       a 

(1)  x  =  ^a. 

(2)  Square  and  simplify,  and 

4^.4  _8a;3 +3  =  0 
or  (2.f2-l)(2.r2-3)  =  0 

.-.  (2^---l  =  0,  or.r=   •     ^ 


1. 


V  2 

and  2.6--  -  3  =  0,  or  .t  =  +  ]/  |  =  |-  \/Q. 
9.  Let  X  =  one  parf ,  then  'Ii-x  =  the  other  ; 

10.c  =  9(21-.f)  +  l;  .-.  ;c  =  10  and  21-a;=ll 
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Paper  XIX.,  page  227. 

1.  =iU-2a-\.l)(4x-a+l)x^{x-\-4:a-2)(4:X-a-\-l)^ 

i(x-2a  +  l){x  +  -ia-2)  =  i(4:X-a  +  l)K 

2.  From   the  conditions  xy-{-yz+zx  =  0 (1),  and  x^-hy^-{- 

2^  =  0 (2). 

Also  by  formula  [8]  and  (2), 

{x^  -hy^-j-z^)^  =x^  -\-y^  +z^  -Sx^y^z''  =0 (3). 

{x+y  +  z)^  =  x^+y^-}-z^-3xyz  =  0...{4:)  now  divide  (3)  by  (4). 

3.  (1)  {5x-l){4x-j-i),  and  {5x^  -l)(15x^-\-3x-\-'S)y  :.  bx"" -1 
=  H.  C.  F. 

(2)   {x4-ijy=7xy(x+y)(x'^-\-xy+y^)^ 
(x^  -y^y  =  (x-yy(x^+xy-[-y^)^ , 
.•.  the  latter  factor  is  the  H.  C.  F. 

4.  First  eliminate  xy,  and  find  the  value  of  x+y,  hence  (x+y)^ 
is  known  ;  second,  eliminate  x  +  y,  and  find  the  value  of  4a;.?/, 
which  subtract  from  that  of  {x  +  y)'^  and  (x—y)'^  is  found.     Or, 

ab-{a-\-b){x-^l/)+4:xy  =  0 (1), 

cd-{c-hd){x-¥y)+ixy  =  0 (2), 

and  let  (x-y)^=z (3). 

(2)-(4)  .-.  {a-[-b-c-d){x-{-y)  =  ab-cd (4) 

(l)-h(3)  .'.  ab-{a  +  h)(x-hy)-^(x+y)^=z, 

or  {a-(x+y)}{b-{x+y)}=4: (5). 

But  {a-\-b-c-d){a-{xi-y)\ 

=  a^  —  ac-ad-\-cd  =  {a-  c)[a—d) (6). 

And  {a-{-h-c-d){h-{x-\-y))  =  {b-c)(b-d) (7). 

(5),  (6),  (7).  :.(a-^b-c-dyz  =  {a  +  b-c-dY{a-{x-\-y)}x 

{h-{x+y)}  =  (a-c){a-d){b~c){b-d) (8). 

(3),  (8)        .-.  {.c-y)^  =  {'i-c){a-d){b-c){h-d)-^{a-\-b-c-d)2. 

5.  Add  (1)  and  (2)  and  z  is  found  at  once  =  bx-\-ay,  which 
substitute  in  (2),  and  we  get 

^2(1  _  a2)  =  x^{l  -  /;2)  =  (by  symmetry)  z2{l  -c^) 

..    a;3_j_(l_a2)=?/^--(l-62)=22--(l-c2). 

6.  Apply  (5)  page  122.     x  =  (a+2)2-^(4a2-f  4a). 
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7.  Extract  square  root,  remainder  is 

-a;(3^/3_^3r//v2^4-(2A2)2_i(353_^2)2^ 

whence  x  =  {lb^  -a^)-^l1a. 

8.  Let  ic  =  number  women,  then  ./;  + J:  =  number  men,  2a: +  14 
=  number  children      ;.  \x  -t- 18  =  00,  ^  =  18. 

Paper  XX.,  page  228. 
1.  {l-\-m^x-\-{l  —  n)y.     (2)  The  remainder  is  (m 2  _,i_  ^^^^^^^^ 
-\-vin-pn-\-r,  which  must  vanish  for  all  values  oi  x,  :. 
m^  —  n—pin-\-q  =  0,  or  p  =  {m^ —  n  +  q)  ~m  ;  also  mn—pn^r  =  0, 
.-,  p  =  [mn-\-r)  ^-n\  equate  these  two  values  of  p,  and 
nq  —  n^  =rm. 
3.  {x''-l){x^-px-hq),  and  (x'^ -l){x-^ -qu:-tp),    .-.  ^3-1  is 
the  H.  C.  F. 

•1.  (1)    ={x+}/-z)(y+z-x)(z-{-x-7j)^{x+j/+z)^. 

5.  Equation  reduces  to  2  -^  {8x  —  9)  —  1  -^  (4:x  ~S)  = 

1  -V-  (4a;  -  5)  -  2  -f-  (8a;  -- 7),  whence  a:  =  1 . 

6.  a'\cb'-bc')-hb'\ac'-a'c)-^c\a'b-ab')  =  0, 

8.  Let  a;  =  number  of  first  kind,  .-.  c  —  . -6-  =  that  of  second, 

.'.    —  _|_   -— ^  =  1,  whence  a;  =  r<(6  — c) -^  (6-a), 
a  b 

c  —  X  =  b(c  —  a)  -^  (b  —  a) . 

9.  Let  a;  miles  per  hour  =  rate  at  starting,     .-.  4i-^a;  =  time 
required  to  walk  distance,  and  Ih  -r  a;  =  time  for  1^  miles ; 

..   li^./,'+|  +  8-^(jj-f-li)  =  4i -^x-,  whence  a;  =  3. 

.-.  {a^  +  c^)  +-  {b^-{-d^)  =  a^c'^  ^b^d^.  (2)  2000. 

(3)  Quantity  vanishes  for  a  + 6  =  0,         .-.   (aH-6)(6+c)(c4-a. 
Numerical  factor  =  3. 
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NoTK  — References  are  to  the  "  Hand  rnoJc." 
Q.  5,  page  14.     By  No.  2,  Ex.  V.   (ax  +  h>/  +  rz)^-^((n/-bx)^ 
=  {a^-hl'-){x^+y^)-{-c^z-^+2cz{ax  +  hy).     Also 

Now  add,  .•.  &c. 

9,  p.  14.    By  Ex.  I.,  p.  11.     2(a^ +  h^--x-)^ +  ('i]  ^h] -x^)^ 
=  (a^  ^h2  ^a]  -^h]  -2x^)^  -\-  {{a'  -hb'^ )  -  {a]  -i-b\)}-^ .      Also 
{(a^-  +b^}  -  {a',+bl)}^-  -•^{ab  +  a.h^}^  =  {{a  4-b)2  -{a,  -b^Y'  X 
{{a-by--{a,+b,)^\=(a+b-ha,-b,)(a+b-a,-\-b,)x 
{a-b+a^-\-b^)(a-b-a^-b^); 
•■•  2{{a^+b^-x^y'  +  {a^^hb]-x^y'-2{ab-\-a,b,)2} 

X{a  +  b-  ai+bi)(-a-]-b  +  a^+h^)  ; 
similarly  for  2  { [a  ^ +al-x-)--{-kc.\. 

0,  p.  43,  is  not  a  case  of  exact  division  :  remainder  can  be  easily 
found. 

a+h  b+d 

70,  p.  164.  — 7   -     — 7— LLio-^r-A    = 

^  x-b         x-ia+b-\-2c-[-i() 

«+c  r  +  d  {a-d)x-aia  +  2h-^2r-{-d)-2bc 

x^c   ~    x-{u-{-2iy+c  +  d)    "  lx~-b){x—{<i+b  +  2c-\-d)} 

{a-d)x-a(a  +  2b+2c-{-d)-2bc 
~        {x^}{x-{'o  4-  26  +  c  ■^d) } 

:.  a-d)x-a{a'\'2b-\-2c-\'d)  —  2bc  —  0,  unless  llie  denominators 
are  eqaai,  i.e.,  6(a-h6+2c+(/)  =  c-(rt  +  2i^-f  c4- (<},  which  reduces  to 
b  =  c,  or  a4-6+c  +  £/  =  0, 
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80,  p.  165.      .-.  w(« -/>)/_!!!_    -    _?-^4. 
[X—vi  x  —  q^ 

^         Ma;-)?  x-q)    ^^v         ^  {x—x>         x-q) 

m(a—}))w  -q)x        n(b  -  c)(n  —  q)x        p(c-d)(p  —  q)x  __q 
{x-m)(x—q)  {x  —  n](x-q)  {x—p){x-q) 

.•.x  =  0   {or,  m(a—b)(m-g)-i-{x  —  m){x-q)  +  &c.  =  0}. 
Pp.  175,  176,  177,  Exercise  LVL 
75-87.     Let  a—x  =  k+y,  x  —  b  =  k  —  y,  a—'k-\-m  and  .*. 

—  b  =  k  —  m,  from  which  it  follows  that  2k- a— b,  2m  =  a-\rb^ 
and  y  =  i{a-^b)  —  :c=ni  —  x.  Also  let  j  be  defined  by  the 
equation  j- 4- 1=0. 

{k-\-yY  +  {k-yY-    -    (^.+,„)2  +  ^A;-m)4 
/.•^  +  6A-3y-^+7/4     ^    7^2  -I- y3 

2^4_;„4  +  G/j2(2/2_„,,2)  ^/3  _7,7.2 


77 


78. 


or 


A;4+6A;2„i2+„i4  ^2_f  ;;i2 

.'.  y^  -m^  =0,  and  .-.  2/j4-'m.  =  0,  or  ?/j  —  ?7i  =  0.     (By  J) 

or   -^—2— — Z- -    ,  and  .-. 

k^+Qk'hn-^-\-m^  k^  +  m^ 

„    ,      (5^•3+7?^2)^"2  ?-^(5^-3+77r2U2 

^•2+?;i2  ^•2_^,;j2  ' 

•■•  Vs  =J^^f'^  2/4  =  -i^'''.  ill  which  r-  =  (ok^J^m^)  -r-  {k--\-7n'^). 
^.4^6^-2y/2^,y4     ^    A-3  +  3/.7y2 

/.-4  +  6/r2/>i2  4_,„4      -      //3_|_3/-;;,2 
y4_,;^44.GZ:3(;y2_ffl2)     ^     3/,-(  ,y  2  _  „j  2  ) 
^4  +  6/V2m2^_;,i4  -        /, 3  473/7-3" 

.*.  y^—m=zO,  and  .-,  ^^ +?7i  =  0,  7/3  —  w  =  0, 

,^2 4. ,,,2  4.6^2      _      _3 ^^  ^2(3^-^  +  ^2)  _  0 

A'4  +  6^2m3  4./^,4   -   ^24.3„,3  ^  k^-^Sm^ 
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79 

^     (k-\-yy'^{k-yY          {k  +  mY-^{k-mY 

{k+y)^  +  \k-y)^    -    lh-^m)^  +  {k-m)^ 

lc^-\-10k^ir-^6'ky^          k^-\-Sky^ 

80. 


81. 


82. 


or 


5{y^-m^)-\-10k^{y^-m^}    _    S{y^  ~m^) 

1/2  _^j3  =0,  and  .-.  </i -t-wi  =  0,  y.^—ni  =  Of 
5(?/2+m2)  +  10^3     ^  3 

F+10p^PT5m4    "    k^-{-Bm^' 

k^+6k^y^^y^  y^-k'^ 

k^6kh^+m^    "    m^-k^ 
y^-m^+Qk^{y^-m'^)         y^-m^ 

2/2  -m^  =0,  or    '^     ' 


^4  4.6Z;3/„2^„,4  m^—k^ 

{ic+yY+{k-y)^    _    (>H-w?.)3-f(Z;-m)3 

3(?/'-2    -  w2  A;4  -  m4  _  2^2(i/2  -  m^) 

3  ^^2_|_„,2_2;j2 


y^-m^=0,  or 


^2+3,«2         A;4_2^2m3_j_^4 


4^2  -  '4,]i2"" 

A:4  4.6;^2,/3  +  /y4     ^  ^y2        ^     ^4  _  ^„4  ■4-6/c2(?/2  -m^)  _  y'^-m'- 
k^TQk^m^-irm^  ~  m/^     '''         k^-^-Qk^^ji^-^m^  "~      in^ 
y2^ni^^Qk^  1 

...  2/2_^  =  0,  or  p-^-gp;-^^-_^--,^  =  -,  z.^.,  m^^/^ 

.-.  y^+m  =  0,  2/2-m  =  0,  WT/g+yfc^^O,  mT/^-y^s^Q. 
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.      A:^  +  10^"-.V-H-5?/^  y^ 

"  k^  +  lOk-ur'  -{-Din*    "^    7^' 

5(v2-^>;^2)_|_l0^'2  1 

•••  {y  +  k){y-^){5y+jkV'So){5y-jky'3o)^^0. 

gg        .       (Z^  +  ?/)4-(^-,/)4      ^  2kc 

^k  +  y)-(k-y)      -    k-'-y^ 
^ky{k-' ■\-y^)    __        '2kc 

.-.  k^  -  ?/*  =  c,  or  ?/4  —  (il-*  _  c)  =  0, 
{y-jV{k^-c)}=0. 

.-.  ^-5  +10/r3^2  4_5;.,,4  ^^(^.4  _,^4)^ 

.-.  (5^-Hc)^/4-^.10^'3,/2  4.(/,_c)/.•4^0.     Let  A-52  =  5A'+c, 
.♦.  s^y^  +  10k''-s^-y^-  +[^  -s''')s-^k^  =  \.), 

...    (s2^3  +  5^2,2_|25-6s2+6-4}X-4=0. 

Letr2  =  25-t)6-2+.s4,  ...  {52^2  _^,._  5)7,2 }{s2^3.|.(,._^ .5  >^,2|  _o 
.-.  {sy-kV{r-6)){^y  +  hy\r-6)){sy-jky\r  +  5)}x 
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Let  s2  =  3/:^_c,  .-.  s^v*  _ 2^-2 (^_ 3^)522^2  -^4(^_c)s2  ^q. 
Letr2  =  (^'-3c)2+(/r-c)(3A:  +  c), 

...    {s2^3_^2(^_3(.+,.)||s2^2_^2(yfe_3c_r)}=0, 

.-.  5'//±^  \/(A--3c-z!z>-)  =  0. 
88.  Expand  and  collect,  3a;2(a:2-f_2a;+ 1)— 8  =  0. 

.•-  9.c2^^' 4-1)2-24-0,   .-.  3a^(;r+l)-|/24  =  0,       (By  B.) 
or  3a;(.c  +  l)+ V  24  =  0,   .-.  6u;  +  3±:i/(;.zrl2  v/24)  =  0.        (Byi).) 

89-102.  Work  with  a  new  variable  w;  such  that  v:x  =  x^  +  l. 
Having  determined  t^ie  value  of  w,  that  of  x  may  be  determined 

thus =   w,     .-.     =    —1—    -  r^  B2i,j 

X  \x—l  w  —  'l 


x+l  ,  r+l  r-1 

— —    =    +r     .-.  Xy   =  — — ,      Xo   =   

x-1         -  '        r-1'        ^        r  +  l 


'     "       "2a:(.^;2  +  l)'  ~     b       "       2w       ~     b 

M;4-4it'2+4    _    a-  .     u4  +  4ir2+4          a2 4-262   ^    § 

4if2  '         -    62"  *  *            4w;^            =         62         "    62   ^^^' 

2i<;                b  0 

wi-2          a-\-2h-+-s  ^    ,         1         , 

.-.    -    -J =1-  =  r2,  (as  above). 

w — 2  a — 2l>zhs 

QQ     .          (u:  +  2)it'  ^    _^    or  J*il+?«L     =   _^ 

(M;-2)(a--l)  6           w2  -  3jc-|-2           b 


Let  c  =  5u-2,  .'.  5m;=^  +  2. 

/I  A, 


Sit;  —  2  a  —  6 

^24.14^  +  24  25a  .     ^24.24         lla+146 
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(2-24  +  v/{(lla4-14/))2-96(a-6)2} 


t                                         a-b 

a—h                          a—b 

•' 

%a—b) 

3rt4-26-^.s- 
2[a-b) 

91. 

w-2             a       .     w2-6u'-|-9         6-4a    _     2 
(^•-1)2    -     b                (ti'-l)2       -        6             ^    ^^^^' 

w-S          ,                       3+s 
w-1   '      ^                       l±.s 

92 

w(u-  +  2)           6             '                    a-b 

93. 

11-2              «^        .      .2  _     2a 
1^2  +  2    ~   T      ■*         ~  b~a 

94. 

0f  +  2i2           a              /U-  +  2,  2            flf 

»■         -     6              \u-2/          a-86           '      ^ 

.:     (*+^|-.S        .•.•■*■  +  !   -   ±sov+js. 
x-ll                         x-1 

95. 

w+2              a 
•••(,,_ 2)2    -     ,•     Let. -.-2. 

(+4           a-          t2.Hl6f4-64          16a4-'^ 

t+S                   t+4          l  +  .s         «+2 
•'•      t    -±^"'-      f       -      2      -   w-2* 

96. 

tf  +  1        w-1        M'2_l          rt                               4«-6               S2 

W-2     u'-2"if2_4~  6    •  •  ^^    ~     rt-6  ~(a— 6)2  ^^y^ 

±s                                w  +  2      •  2(rt— 6)zbs 
••^~a-^                            ••w'-2   ~    2(6-a)d=s 

97. 

M?2  _  3           a                        4a  -  36 
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98. 

'Mj3-4              b 

w               a 

b-^s 
2a 

/^3_^4\2          62  +  16a2 
[     w      1       -          a2 

^.  say 

99. 

{w  +  2)(u--l) 
{iv-2){w-{-l) 

a           tv^+iv  —2           a 

.*.  w 


\       W       I 

a-\-b±s 
2{a-b) 


100     ^*+^^+»g^+^+l     _    (a;2+l)^+.r(a;^  +  l)-a;2 

«;2  +  jt;— 1    _     a  u'2  — 1  a  +  6 

'  '  w-  —w—1  h     *'        ■?/;        ~  a  —  b 

jw^i-lf  _    (rt+6}^+4(a  -6)2  _        s2 

•*•    \~iiri~  (a-6)2  -    (a-6)3^^7» 

a-hb±:s 


2{a-b) 


(if +  2)  2    _    _^  (irf2)2  2a 

^^^'     ^;;^"^=¥     -     b     •*•    w;24.2jr  +  l    ~    a  +  6-'     ^^^' 

it'+2  w;  +  2  +s 


its,  .-. 


•  •  it,.-j-l    -— "'  ••  w-2         4+ 3s 

(m'  +  2)2  a  (it'+2)2  5a 

t/?  +  2  2(;4-2  d=s 

10       ~  —  '   ■  *   ?t'  —  2   ~~   2  +  s 

103.  {a-x){x-b)iv  =  {a-x)^-\-{x-by- 

2{{a-x)*  +  ix-b)^}-9{a-x){x-b){{a-x)^^(x-b)2\ 
U(a-x)^x-b)^=0,  .'.  2(m;2_2)-9ii'  +  14=0, 
or  2i(;2_9i(;+10  =  0.  or  {w-2){2w- 5)  =  0, 
.'.iv^=2,  2jf2  =  5,  .*.  2{a-x)[x~b)=[a-xr  i-{x-by^, 
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and.-.  {(a-x)-(x-h)}^=0,  .-.  x^=i{a-^b), 

or  5{a-x)(x-b)  =  '2{{a-xy-{-{x-by-}, 
and  .-.  {2{a-x)-{x-b)}{(a~-x)  —  '2{x—b)\=0, 

.-.x^  =  ^{2a  +  b),  x^  =  k[u  +  '2,b). 

104.  4{(a-a:)4-2(a-a;)2(.c-6)2  +  (a;-6)4}- 
9{a-x)^{x-b)^=0, 

.-.  [2{{a-x)^  -(x-by-}  -B{a-x]{x-b)}  X 
l2{(a-xy-{x-by}  +  S{a-x){x-b)]=0, 

.'.  {2{a-x}-^(x-b)}{{a-x)-2{x-b)}x 
{2(a-x)-{x-b)}{{a-x)-\-2{x-b)}=0, 

.\Xi=2a-b,  X2  =  i{a  +  ^b),  x^  =  ^{'l-t-{-o),  x^=2b -a. 

105.  a;4-12a;34-49a;2-78j;  +  40  =  0, 
.-.  (aj2-6a:)2  +  13(a;2_6a;)+40  =  0, 

(a;3  _6^  +  .D)(a;-'  -  6a;+8)  =  0, 
.-.  (a;-l)(a;-5)(a;-2)(j:-4)  =  0,    .-.  .r  =  1  or  2,  or  4,  or  5. 

106.  (x-4-l)-6u;(a;2_l)  +  7(x-2-l;  =  0, 
.-.  {x^-l){x^+l-6x-i-7)  =  0, 

.'.  {x-l){x+l){x-2)[x-4:)  =  0,  .-.  x'=+l,  -1,2,  or  4. 

107.  (a;2-oa;)2  +  10(.c2-5a;)  +  24  =  0, 
.-.  {x--ox-\-4:){x''-5x  +  6)  =  0, 

.-.  {x-\)(x--^){x-2){x-S)  =  0,  .'.  x=l,  2,  3,  or  4. 

108.  2(4a;2_3a;)2- 7(4.^2 -3:?:) +  5  =  0, 
.-.  (8a;2-^a;-5)(4a;2_3a;_i)=o, 

.-.  (2:c+l)(4a;-o)^4.r-M)(a^-l)  =  0,   .'.x=-h  -J,   1  or 

109.  (a:3  +  l)-6(a;2-l)4-5(a;+l)  =  0, 

.-.  (a;4-lj{(a;2-.6'+])-6(x-l)  +  5}=0, 

.-.  (a;  +  l)(a;2_7a;+12)=0,  or  (a;+lj(a;-3)(.r-4)  =  0, 

.-.  »=  -1,  3,  or  4. 
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110. 

5(x-\-x- 

■4a) 

4(x 

-a-^x-  Bn) 

^x- 

-2«) 

x'-4.> 

IX 

x^ 

-4rta;  +  3rt3 

x'^ 

-4(a 

;  +  4a2 

T,pt,  : 

v^  -dax  = 

nv^ 

. 

10              8 

9 

:0, 

0, 


...  77/2-1177-120  =  0,  or  (2/- 5)(77/  +  24)  =  0, 
.-.  x^-4ax  =  Ba^,  or  7a;2_28ax' +  24^(2=  0, 
.-.  (a;-5a)(^-|-rt)  =  0, 

.*.  «!  =5a,  it'g  =  — rt.     (Two  other  values.) 
111.  Let257/  =  u;2_35. 

14(20+55)  5(5  +  40)     _   4(25- 10)  _ 

25?/-1100    "^   25?/  -200   ~    25?/ +250"    * 

70  15 4 

•*■  ^44    "^  ^;3~80   ~  7/i-10~    ' 

...  2/2_2^_163  =  0,  of  (2/  +  12)(?/-14)  =  0, 

.-.  a;2-35a;  +  30D  =  0,  or  a;^ -85a; -350  =  0, 

.-.  (a;-15)(a:-20)  =  0, 

.*.  x=15  or  20.     Two  other  values. 

5rt  9^/  2/       _       2rt  9a  5a 

■   ■■    ic      '     x-a         x—2a    ~    X — 3a         a; -4a         a; -5a 

25  27  2       ^ 

Let  a2?/=:a:2-5aa;,    .-.    —   -    — r^    +   — -^  =  0- 

.-.42/ =  25,    .-.    4a;2  — 20aa'  +  25a2=o, 
.-.  (2a;-5a)2=0,   .-.  x=2^a. 

110       2  2  5  5  2  2 

113.  -I 4-  =   +   J 

a;  +  2  X  x  —  1         x  —  2,         x-S         xo 

Let  y  =  x^  —  Sx  and  collecting  pairs  of  terms  as  in  preceding 
14  6  6 

solutions,     ^-pYQ   -^   y   +   yT2^^' 

...  52,2  _  14^ _ 24  =  0,  .-.  (2/-4)(5^+6)  =  0, 
...  a;2-3a;-4  =  0,  or  5a;2  -  15a^  +  6  =  0, 
.-.  (a;-4)(a;  +  l)  =  0,   .-.  a;  =  4or  -1. 
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114.  A.ssume  y=x-  —Qx,  and  collecting  in  pairs  and  reducing 

/the  term  _?_  must  be  written       ^^'"^  ~  ^^ 
\  a; -8  a;.i_6^+9 

the  equation  becomes  _.  _  .  i    ^_   _   n 

//  ?/  +  5         ?/-h8         7/  +  0 

.-.  41//^ +73// -2520  =  0  or  (//-7)(41.v+360j  =  0, 
.-.  a:2_G.c_7  =  0  or  41052-240^  +  360  =  0, 
.-.  {x-l){x-\-l)=0,     .-.  a^  =  7or-l. 

115.  .-.     ■/(^2_rt2_^2)  +  ^/(.,.2        /;2_    ^3)=,^_^/^3,3_c2_rt-') 

(a2^60)^/,2+^2)}=a;2  +  (a;2_c2_a3)-2.«^/(.c^-c2-«2)^ 

:,    644.^.4  _  (,,2  _^2/.2  4-e2)a;2+(«,2  4.i2)(i2+c2)_2/,2^  1^4  _,tc} 
=  a;4-(r2+fl2)^3 

.-.  262^--'  -  {a262+62c2 4.^2^,2+2^4^  =  -2/>2-/{^4  _&c.} 

.'.   4^4.^4  —  4//-'.c2(rt2/,3  4-^2^3  ^  r2rt-'  +2^4  ,  4. 
(rt262+62c2+c2/,24.  264)2  = 
4^4.^.4  _4/;*.c2(rt2  4.2^2+^2  |_|.i/,4(y,262 +52^.2  4.^2^2  4.^4) 
,-.    4.an^C^X   -  (u2P  +62,2  4-r2,?2j2  =  Q^ 

,   ,    /'  6c  crt  ab 

.'■   ^=  ±^     —    +    —    -f    — 
\  rt  6  c 

116.  Multiply  both  numerator -and  denominator  of  each  mem- 
ber by  the  denominator  of  that  member  and  reduce 

a2  m^x 

a-  —-^[a^  —  ix^)    ~    m'-x      \\ui^x'^  —  ^) 

-'•      -77-1 — ^^^    =      /(    A   0     IT-     Square  and  reduce 
fix^x'^  =  a^  .'.  mx=  +a  or  ±Ja. 

117.  Work  as  in  Ex.  115. 

Let  2s  =  «  +  6  +  c  and  2.^'^  =a^ +  h^ -hc^. 
2s{6-a){s-b]{.s  -c) 
/{(s'2-a2)(.s/2_62)(.s^3_c2^}  - 
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Or  thus,  let  «»  =  i(-a3+65  4-^-),  h]  =  ^a^  -  h^ -[- c-) .  c*  ^ 
^(a2_|_/;3  —  r2)^  and  the  equation  becomes 

of  which  (see  Ex.  115  above)  the  solution  is 
lb,c,  c.a,  a.b, 


x=-¥-h 


\  «i  f^i  Ci    I 


118.  .-.    ,/[a-x)-^{b-x)  =  c, 

.'.  a-x  =  e^  -\-b  —  x-j-'2cy'\b  - x), 
.-.  2ci/{b-x)  =  a-b-c^, 

2ab  +  2ac-^+'2bc^-a^-b^  -c^ 


x  = 


4t-2 


119. 


^{a  —  x)  a-x  a-x  {a  —  xY 

\-fx-  b)    ^     x-b       •*•       x-b     "    {x-b)^* 

.-.   {a-x)ix-b){(a-x)^-{x-b)^}=0, 

.-.  {a-x}{x-b){a-b){a  +  b-2x)  =  0, 

,'.x=^a  or  b  or  ^{a-{-b). 

hetw=\/{a+x)  an.dLv=y{a  —  x),  .'.    tt?  +  a;=  V(2-^), 
.-.  2a  =  2a4-5«/(rt2_;c2).t/(8rt3)_5y(„:2_a,2)2y(2/7), 

.-.    V{4«2(a3  _^.2)|  ^  y(^2  _^2  ,2. 

.-.  4a2(a3_^.2)  =  (rt2-a;^^)2,  .-.   (a2-^2^(3a2 4.^2^  =  0, 
.*.  x=  dz«  or  +ja-|/3. 

121.     .-.   ^^ , — -   =u;3+^'3 

.*.    ltw(M;  — 2?)-  =U, 

.  *.  w  =  0  or  v  =  0,  or  ic  =  v.  Cube  these. 
.-.  a—x  =  0ovx-b  =  0,OYa  —  x-x-b, 
.*.  a;  =  a  or  6  or  J(a+6). 


ADDENDA. 
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21.  p.  200,  .-.  {x-^y)Jr{y-\-z)  +  {z+z)  =  1{a  +  h-\-c),  and 
c(a-4-2/)  +  a(//+2)  +  6(2;4-a;)  =  2(a2  +  62  4.c-2), 
K^-\-y)+c{ij+z)-\-a{z-\-x)  =  'A{cih  +  bc-\-ca),  or 
n-\-v-\-iv  =  a-\-b-^c  .'.  u  =  c, 

bu  +  cv+aw  =  ab-\-hc  +  ca  v  =  a, 

cu  +  av-^bw  =  a'^ -i-b'^ +c^  u-  =  b,&c. 

15.  p.  205, 

x^-^x-\-l  _a^-ha-^l     ^     (x-a){x4-n+l)     a^+a-^1 
•'*  y^+y-^l^b^+b+1     '•    [y  -  b)[y+b^)"  b-^  Jrb  +l"-(^)- 
Assume  ic-l  =  (a  —  l)z;  and  .'.  y -l  =  {b  —  l)v,  .-.  also 

x-a  =  {a-l){v-l)  and  x-^a  +  l  =  {a-l){v  +  l)  i-S 
y-b  =  {b-l){v-l)  and  ^  +  ^  +  l  =  (6-l)(r  +  l)-h3. 

(-t-l)(i;-l){(a-l)(i-  +  l)  +  3}    _    a^^+a-^l 
(6_l)(,-lj{(6-l)(i;+l)4-3}    -    624-6  +  1 
.'.  v  — 1  =  0,  and  .-.  ic  =  <t,  y  =  b;  or  • 

(a-l)2(i'4-l)  +  3(r^-l)     _     a2-frt  +  l 

(6-1)2(^  +  1)4-3(6-1)    "    62-1-6-f-l 
.    3rt(t'4-l)  +  3(a-l)   _  rt2_|.a4.i 
36(y  +  l)- 3(6-1)    ^   62+6+1 
av+1  a2+a  +  l  a +  6  +  1 

o^  6^^    "    62+6+1  •'•  ""  =      l-a6     •*•  ^ 
=  (a2-6)---(l-a6),  ^  =  (62 -a)  -  (1 -a6). 
Ekkata. 
Example  iii.,  question  28,  "  Cube  of  the  sum." 
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